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the same year he entered the Faculty of Physics and Mathe-
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entered the Sector (since 1965 Institute) of Mathematics and
Mechanics of the National Kazakhstan Academy of Sciences,
where he worked until 1998 and progressed from a junior re-
searcher to a deputy director of the Institute (1980). In 1968 he
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contacts and associated singular integral equations”, and in 1990 his doctoral thesis “Mathemat-
ical models of thermo-physical processes in electrical contacts” in Novosibirsk. In 1994 S.N.
Kharin was elected a corresponding member of the National Kazakhstan Academy of Sciences,
the Head of the Department of Physics and Mathematics, and a member of the Presidium of
the Kazakhstan Academy of Sciences.

In 1996 the Government of Kazakhstan appointed S.N. Kharin to be a co-chairman of the
Committee for scientific and technological cooperation between the Republic of Kazakhstan and
the Islamic Republic of Pakistan. He was invited as a visiting professor in Ghulam Ishaq Khan
Institute of Engineering Sciences and Technology, where he worked until 2001. For the results
obtained in the field of mathematical modeling of thermal and electrical phenomena, he was
elected a foreign member of the National Academy of Sciences of Pakistan. In 2001 S.N. Kharin
was invited to the position of a professor at the University of the West of England (Bristol,
England), where he worked until 2003. In 2005, he returned to Kazakhstan, to the Kazakh-
British Technical University, as a professor of mathematics, where he is currently working.

Stanislav Nikolayevich paid much attention to the training of young researchers. Under his
scientific supervision 10 candidate theses and 4 PhD theses were successfully defended.

Professor S.N. Kharin has over 300 publications including 4 monographs and 10 patents. He
is recognized and appreciated by researchers as a prominent specialist in the field of mathe-
matical modeling of phenomena in electrical contacts. Using models based on the new original
methods for solving free boundary problems he described mathematically the phenomena of
arcing, contact welding, contact floating, dynamics of contact blow-open phenomena, electro-
chemical mechanism of electron emission, arc-to-glow transition, thermal theory of the bridge
erosion. For these achievements he got the International Holm Award, which was presented to
him in 2015 in San Diego (USA).

Now he very successfully continues his research and the evidence of this in the new monograph
“Mathematical models of phenomena in electrical contacts” published last year in Novosibirsk.

The mathematical community, many his friends and colleagues and the Editorial Board of the
Eurasian Mathematical Journal cordially congratulate Stanislav Nikolayevich on the occasion of
his 80th birthday and wish him good health, happiness and new achievements in mathematics
and mathematical education.
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Abstract. We define the distributions y*(—r,z) and 4~ (—r,x) from the incomplete Gamma
function y(—r, x) for negative integers. We then evaluate some convolutions and neutrix convo-
lutions of these distributions and the functions (z°), (2°)_ and x*.
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1 Introduction
The classical Gamma function, see for example, Sneddon [10], I'()) is usually defined by

T'(\) z/ tr et dt, (A>0).
0

It is easily seen that
CA+1) = A(N), (A >0).

This equality is then used to define I'(A) for A < 0 and A # —1,—-2,....
It follows by induction that if —r < A< —r+1,7=1,2,..., then

P(\) = /Ooo P [e*t - T‘_l (_f)i] dt.

It was then proved in [5] that

oo

I®(\)=N-lim [ t*letIn®tdt (1.1)

e—0 €

for s =0,1,2,...and A #0,—1,—2, ..., where N is the neutrix, see van der Corput [11], having
domain N’ = {e: 0 < € < oo} with negligible functions finite linear sums of the functions

AIn*te, Infe: A<0, s=1,2,...

€
and all functions which converge to zero in the usual sense as € tends to zero.

It was also proved in [5] that the neutrix limit in equality (1.1) also existed for A\ =
0,—1,—-2,..., and this suggested that I'®)(—r) could be defined by

I (—r) =N—lim [ t " e tIn’tdt

e—0 €
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forr,s =0,1,2,....
It was proved in [4] that

D(—r) = () ]
for r =0,1,2,..., where v denotes the Fuler’s constant and
Tl >,
w(r) — Zz_l 7
0, r=0.

The upper incomplete Gamma function I'(\, x) is defined by
L'\ x) = /OO et dt, (A>0)
and more generally, the function I's(\, x) is defined by
s\ z) = /00 et In tdt, (A>0)

for s =0,1,2,....
The lower incomplete Gamma function or incomplete Gamma function (A, z) is defined by

v\ x) = / t* et dt, (A>0,2>0)
0
and more generally, the function (A, x) is defined by

(A, ) = / t* et In® t dt, (A>0,2 >0),
0

Ys(\,z) = N-lim [ t*'e'In®tdt, (A<0,2>0) (1.2)

e—0 €

for s =0,1,2,....

The existence of the neutrix limit in equality (1.2) follows from the existence of the neutrix
limit in equality (1.1).

Note that if —r <A< —r+1, r=1,2,... and x > 0, we have

Y\ z) = /OI ! [et - (_kt!)

— r—1
1)kx)\+k
k=0

<_
dH,; O+ R

It follows that

lim y(\, z) =T'(\)

T—00

for N\£0,—1,-2,....

Alternatively, the incomplete Gamma function is defined by

Y\ x) = / [t} et at, (A> 0,2 <0)
0
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and more generally, the function vs(\, z) is defined by

vhz) = / Tt [ dt, (A > 0,3 < 0) (1.3)
0

vOvz) = N—l(i)m/ Pl [l ., (A< 0,2 < 0) (1.4)
E—r B

for s =0,1,2,....
The corresponding locally summable functions 4+ (A, z) and v~ (A, z) were defined in [6] by

/ t"le7tdt, x>0,
0

"}/+()\,ZI3) =
0, x <0,
) / [t} e tdt, x <0,
v y L = 0
0, x>0,

if A > 0 and the distributions 7" (\, z) and v~ (), z) were defined inductively by equalities
TFAE) = AT La) + A (@) e
(AT = AT+ L) - AT (2 e
for A < 0and X\ # —1,—-2,.... It follows that
lim v (A x) = oc.

T—r—00

Note that the notations v(A,z4), y(A\,z_),z} and 23} in [6] are changed to v*(A, x),
v~ (\ ), (2*)_ and (2*),, respectively.

It was proved in [9] that, if 2 > 0, we have

10,2) = ezt (1), (1.5)
1 1 (1)
_ T 1.7)— Zg e @ 1.6
Hrm) = (et La) = et (16)
o [CY) )T - Dl (<L)
N ;[ il r! + 7! 70, ), (17)
r=12,....
For the case = < 0, one can prove from equality (1.4) that
7(07‘%) = —671111‘1"—’}/1(1,.1'), (18)
1 1 1
_ S 1 Zplmremr — — 1.9
Yra) = oyl La) el e = (19)
(-0 v 1
= Z . |z| "™ — . +ﬁfy(0,x) (1.10)
i=1
r=12,....

We now define distributions v (0,z), v~ (0,z), v (—r,z) and v~ (—r,z), r = 1,2,..., as
follow:

7 (0,2) = e *Inyx+(1,2), (1.11)

v (0,z) = —e ln_x— (1,2), (1.12)

YHere) = iyt - e+ ) (113
’ r ’ r rr! ’

(ra) = (e L) b (e — (), (1.14)
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where H (z) denotes the Heaviside function and the functions v/ (A, ) and v, (), x) are defined
by

M le tin®tdt, = >0,
W) = /0 (1.15)

0, x <0,

/ it} et In® [tdt, x <0,
0

v, (A ) = (1.16)

0, x>0,
for A\>0and s =0,1,2,.... It follows that

lim 7+ (\2) = TP,

T—r+00

lim v~ (\z) = —o0,

T—r—00

for A\>0and s =0,1,2,....
Note that

T@(\) = (A, 2) + T,(\, 2)

for all A and s = 0,1,2,.... This suggests that the locally summable function I'Y (A, z) could be
defined by the relation

PN =97 (A 2) + T (A 2) (1.17)
forall A and s =0,1,2,....
The locally summable functions In, x,In_z, (2")4, ("), (z7")4 and (z7")_,r =1,2,... are
defined as follow:
Inz, x>0, In|z|, =<0,
e In, = e In_z=
0, r <0, 0, x>0,
. x", x>0, |z|", = <0,
o (T — T =
(@) {0, x <0, * (@) {0, x>0,
—r <_1 ! r —r 1 r
. (z )+:r)1)!(1n+w)”, o (1) =—(T_1)!(1n—x>( )

The distribution z" is defined by
2 = (@) + (~1) (@)

forr=0,£1,£2,....

Note that the distributions (z7"); and (z~")_ are not the same as in Gel’fand and Shilov’s
definition and we denote those distributions by " and 2_", for r = 1,2, ..., respectively. That
is, for any ¢ € D, we have

wete) = [ o [gow:)— >~ Ze00)
O - o) (115
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r—2 (_

(@ (@) = /oo [w—x)—z o) o)

i=0
(=)
—— 0\ H(1 - dz. 1.19
e O H( )| e (119)
Note also that
(", p(x)) = N-lim x "p(x)dz, (1.20)
e—0 e
@ p(e) = N-lim [ ] p(a)ds (1.21)
E—r —0
for r =1,2,..., where N is the neutrix defined in Section 1.
It was proved in [7] that
—r - (_1)7"1/)(,',. — 1) r—
(I )+ = Iy + (T . 1)' 5( 1)('T>7 (122>
—r . —r (_1)7’w(7, - 1) (r—1)
(") = 2" — = 1)1 O () (1.23)
for r =1,2,..., where § denotes the Dirac delta function.
It follows that
—x (- -z, —r —1 Tw r—1 —z s(r—
e (z7")y = ez + ( ()7’ _(1)! )e 6 V(2), (1.24)
-1 -1
efx(ajfr)_ L ( ) ’QD(T' )6715(7"71) (I‘) (125)

- (r—1)!

forr=1,2,....

2 Convolution of distributions

If f and g are locally summable functions then the classical definition for the convolution f % g
of f and g is as follows:

Definition 1. Let f and g be functions. Then the convolution f x g is defined by

(e = [ " f(Ogle — e

for all points z for which the integral exists.

It follows easily from the definition that if the classical convolution f * g of f and g exists,
then g % f exists and

frg=g=f (2.1)
Further, if (f % g)" and f x ¢’ (or f’ * g) exist, then
(fxg)=[fxg (orf xg). (2.2)

The classical definition of the convolution can be extended to define the convolution f * g of
two distributions f and g in D’ with the following definition, see [1].
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Definition 2. Let f and g be distributions in D’. Then the convolution f x g is defined by the
equality

((f x9)(@),(x)) = (W), (9(x), p(z + 1))
for arbitrary ¢ in D', provided that f and g satisfy either of the following conditions:
(a) either f or g has bounded support
(b) the supports of f and g are bounded on the same side.

It follows that if the convolution f x g exists by this definition, then equalitys (2.1) and (2.2)
are satisfied.

We first of all prove the following results that are needed to prove the next convolution
products.

Lemma 2.1.

H@) = ()4 = — (), (2.3)
H(=0) () = — = (). (2.4)

fors=20,1,2,....

Proof. 1t is obvious that H(z) * (z°); = 0, if z < 0. When z > 0, we have

= /0 (x —t)°dt

H@)x ) = [ H@w- o3

— 1 s+1
s+1
proving equality (2.3).
Equality (2.4) follows from equality (2.3) by replacing = by —uz. O

Lemma 2.2.

[e760 "V (x)] * 2* = ‘S (r B 1) il e (2.5)

fors=0,1,....r—1andr=1,2,... and

(50 ()] 2° = 7?_1 (T R 1) L (2.6)

fors=rr+1,...andr=1,2,....

Proof. We have

e~V (z) = 7?_1 (7" - 1) 59 (), (2.7)
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for r =1,2,.... It follows that

r—1
1\
—zé(r—l) s r 5(1) s
SUSCTEIED S (P LUCRE
r—1
—1
- X (" e 28)
=0 t
where
8' S—1 >
(@) =L -t T (2.9)
0, s < 1,
fori,s=0,1,2,....
Equalities (2.5) and (2.6) then follow easily from equalities (2.8) and (2.9). O
Lemma 2.3.
e e = 3 (T ) e 8 (), e
i=0 VACE S\ 7
fors=0,1,....;r—2andr=1,2,... and
X r—1 s! 4
e @ =3 (7] ) e 2.11)

fors=r—1,rr+1,...andr=1,2,....

s ey =3 (1) ey 0 5 (7 s, e

1=0

fors=0,1,....;r—2andr=1,2,... and

[e—wé(r—l)(x)] % ($S)_ 4 (7’ _ 1) (_1)2.8? (xs—i)_, (2'13)

fors=r—1,rr+1,...andr=1,2,....
Proof. The proof of (2.10) and (2.11) is similar to the proof of Lemma 2.2 on noting that

s! 4

. — (2% ")y, s>1,
(@))® = G-

160571 (), s < i,

fori,s=0,1,2,....
The proof of (2.12) and (2.13) follow from (2.10), (2.11) and Lemma 2.2 on noting that

[e700 ™D (@) x 2® = [e776" D (@)] + (2°).] + (=1)°[e70" " (@)] * ()]

for s =0,1,2,.... O
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Theorem 2.1.

(s 2) x () = (310,

]

(e ln_z) * (z°). = (—1)8—12<f)%—(z+1,x)ﬁ—i,

=0

fors=20,1,2,....

Proof. Tt is obvious that (e *Iny x) % (%), = 0 if x < 0. When x > 0, we have

(e Ing x) x (2°)y = / e 'Int,(x —t)5dt
-y (‘?)(—1)%8 / UIn tdt
im0 \' 0
- S i,.,5—1
= (Z>(—1) (i +1,2),
1=0

proving equality (2.14).
It is obvious that (e *In_ ) % (z*)_ = 0 if x > 0. When z < 0, we have

0
(e™In_x)x (z%)_ = / lz — t|°e™" In [t|dt

= )8 (S> |t|l “ln |t|dt

— (—1)811 S (j)yl(z’Jrl,a:)x”

=0

proving equality (2.15).

Theorem 2.2.

+ s 1 s—l—l + . S (_1)i+1 5 i+
71 (171') * (ZL’ )+ = T (17'17) + . . TN (Z+2,ZL‘),
s+1 o \1

) e ) = a1, 4 () CD™ i (i 42,0,

s+ 1

fors=20,1,2,....
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(2.14)

(2.15)
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Proof. Tt is obvious that v{ (1, x) * (z*), = 0, if x < 0. When x > 0, we have
7 (L z)* (2%) 1 = (n(Lty), (z — 1))
= [t - o
0

T t
:/ /e_ulnu(x—t)sdudt
Z <) )it Z/ / ~UInut'dudt
:Z <) )it Z _“lnu/ t'dtdu

l>(2+)1 (1, 2) + () D 2y (i 4 2, )

i=0
1 1 i+1
=71% ’)/1156—1-2() Sy (i + 2, 1)
proving equality (2.16).
The proof of equality (2.17) is similar to the proof of equality (2.16). O
Theorem 2.3.
+ s 1 25t (_1)i+1 s—i 4+ (;
77(0,2) * (%) = parEC (0,z) +Z I (i +1,2), (2.18)
=0
B . 1)s+1 . B S —1)st1 i
7(0,:5)*(33)_:% iy (0, 1) +Z<)(H—)1 'y (4 1,x), (2.19)
fors=20,1,2,....
Proof. We have from equality (1.11) that
vH0,2) * (2%)4 = [(e7" Iny @) * (%) 4] + [ (1, @) * (27)4], (2.20)

for s =0,1,2,.... It follows from equalities (2.14), (2.16) and (2.20) that

P00 = 3 (0) i)

- (3
1=0
14+ 1

3 (S,)<_1>u~s—i [ﬁ(z‘ +1,0) = =T (14 2,2)

- 7
1=0

1 S
+S+—1 (1, 2)

H—l ] 1
+Z<) SZ’Y1+(Z+2>3?)+m (1, 2)

s s 7,+1 ) ) 1 s
- ( ) ) x5 ’7+(z+1,a:)—|—8+—1x3 (0, x),
0

1=

on noting that

| I I I
fyfr(z—irl,x)—i_i_—lvf(z—l—lx):H—lx“e 1n+x—i+—1’y+(z—|—1,x),
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for i =0,1,2,.... This proves equality (2.18).
Equality (2.19) follows from equalities (1.12), (2.15) and (2.17) by noting that

—1)¢ .
( ) ZL'H_l

1
fori=0,1,2,.... O]
Theorem 2.4.
s s ' ' .
le"a7] * (2%), = Q)&JVfﬂVW—T+Z+Lw% (221)
i=0
e % (2°)_ )it (s) YT (=r+i+1,2) (2.22)
=0

fors=0,1,2,... andr=1,2,....
Proof. 1t is obvious that [e™*2}"] * (2*); = 0, if < 0. When z > 0, we have

T

ez x (z°)y = N-lim [ e %" (x—t)°dt

e—0 e

= Z (S) (=1)'z**N—lim [ e "t "Hdt
i

=0 e—0 c
—~ (s i s—i .

— Z (z)(_l) 7 y(-r+i+1,7),
i=0

proving equality (2.21).
It is obvious that [e™*2Z"] * (z°); = 0, if x > 0. When z < 0, we have

£

[e 2" % (z°). = N-—lim [ e "|t| "z — t|°dt
e—0 z
5 S ) € .
— —1)8 S=IN i —t t —r+zdt
( >;;(Jw —tim [ e

S

= (=1 O(j>xs_i7_(—r+i+1,x)

proving equality (2.22). O
Theorem 2.5.

e*aT] + Z (S> Jart (Cr i L)+ Y (f) (z:)_"ﬁ(:)!l)(xs—m

(—1)79(r —1)s! <~ (r—1 181*
R S ZH< Z )6( )(z), (2.23)

fors=0,1,....,r—2andr=1,2,... and
e "o x (2°)y = Z (S) (1) Iy (—r +i+1,2)

X —: (S> (~1)(r = .1)(903—@’)% (2.24)
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fors=r—1,r,r+1,...andr=1,2,....

e @) = (- 0 <§)x5ify (—r+i+1,z)

- —1)"p(r — 1)
( (r—1-—1) (2")-

.
I

5201 P Z ( B L} (225)
fors=01,...r—2andr=1,2.... and
) = Y ( )x (= it 1,7)
3 (5> (1 T_Hf_rz_ Y (i) (2.26)

=0
fors=r—1,rr+1,...andr=12,....

Proof. The proof of equalities (2.23) and (2.24) are quite straitforward on using equalities (1.24),
(2.10) and (2.21).

The proof of equalities (2.25) and (2.26) are quite straightforward on using equalities (1.25),
(2.12) and (2.22). O

Theorem 2.6. The convolution vt (—r,z) * (x%)y and v~ (—1,2) x (x*)_ exist for s =0,1,2,...

and r =1,2,.... In particular,

S N R 1 ) e B e R ]

7

i=0
Losvi o+ 1
——1zf 0,7) — ——astt 2.27
S+1x 7(7'7’.) 5+1x+ ) ( )
s ' 1
(=1 sy — _1s+1 s 5—1 — (s 1 — (s
e = (Y (e [ e v
1
s+1, — . s+1
—|——S+1JJ7 v (0, ) POt (2.28)

fors=20,1,2,....

Proof. We have proved that the convolution y*(0,z) * (2*), exists. Now assuming that the
convolution 4+ (—r, x) x (z°), exists for some r. We have from equality (1.13) that
S 1 S
o= La) e (2)y = —— [y (—ra)  (a%)s] -

r+1
H(x)* (2%)4.

1
r+1

ey (),

(="

C(r+1)(r+ 1)

Since each term of the right-hand side exists, therefore the convolution y*(—r — 1,z) % (z%)4
exists.
In particular, we have

Y(=La)x (@)= = [T 0,2) % ()] = [e"w + (2)4] - [H(z) x (2%)4],  (2.29)
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for s=0,1,2,....

Equality (2.27) then follows from equalities (2.3), (2.18), (2.24) and (2.29).

We have proved that the convolution vy~ (0, z) * (z°)_ exists. Now assuming that the convo-
lution y{ — 7, ) * (2°)_ exists for some 7. We have from equality (1.14) that

1

[e—xm:r—l % (lL‘S)_]

7 (er—La)x (@) = o [y (na)x (@) +

- H(—x)* (%) _.

(r+1)(r+1)!

Since each term of the right-hand side exists, therefore the convolution v~ (—r — 1,z) * (z°)_
exists.
In particular, we have

T (La) (@) = [ (0,2) () ] + [ x (20) ] - [H(—2) % @) ], (2.30)
for s=0,1,2,....
Equality (2.28) then follows from equalities (2.4), (2.19), (2.26) and (2.30). O

3 Neutrix convolution of distributions

The definition of the convolution is rather restrictive and so the non-commutative neutrix con-
volution was introduced in [2]. In order to define the neutrix convolution product we first of all
let 7 be a function in D satisfying the following properties:

The function 7, is then defined by

1, |z] <mn,
To(2) = { T(n"z — "), x> n,

r(n"x +n"t), < -n

forn=1,2,....

The following definitions were given by van der Corput [11].

Definition 3. A neutrix N is defined as a commutative additive group of functions (&) defined
on a domain N’ with values in an additive group N”, where further, if for some v € N, v(§) = v
for all £ € N’, then v = 0. The functions in N are called negligible functions.

Definition 4. Let N’ be a set contained in a topological space with a limit point b which does
not belong to N’. If f(¢) is a function in N’ with values in N” and it is possible to find a
constant ¢ such that f(£) —c € N, then c is called the neutrix limit of f as £ tends to b and we
write N—lim¢_;, f(§) = c.

Note that f tends to ¢ in the normal sense as £ tends to b, then it converges to ¢ in the
neutrix sense.
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The following definition was given in [2].

Definition 5. Let f and ¢ be distributions in D’ and let f,, = f7, for n = 1,2,.... Then the
neutriz convolution f ® g is defined as the neutrix limit of the sequence {f, * g}, provided that
the limit A exists in the sense

N—lim(f, * g, ) = (h, )

n—o0

for all ¢ in D, where N is the neutrix, see van der Corput [11]|, having domain N’ =
{1,2,...,n,...} and range N”, the real numbers, with negligible functions being finite linear
sums of the functions

n*In" 'n, In"n (A>0,r=1,2,..)

and all functions which converge to zero in the usual sense as n tends to infinity.
In particular, if

Tim (o * g,) = (h, ¢)

for all ¢ in D, we say that the convolution f % g exists and equals h.

Note that in this definition the convolution f, * g is as defined in Gel’fand and Shilov’s sense,
the distribution f,, having compact support. Note also that because of the lack of symmetry in
the definition of f ® g, the neutrix convolution is in general non-commutative.

The following theorem was proved in [2], showing that the neutrix convolution is a general-
ization of the convolution.

Theorem 3.1. Let f and g be distributions in D’ satisfying either condition (a) or condition
(b) of Gel’fand and Shilov’s definition. Then the neutriz convolution f ® g exists and

J®g=[=xg.

For our next results, we need to extends of our set of negligible functions to include finite
linear sums of

n"~te", e"lnn, n "'y (i,—n), vy (G,-n): ri=12....

The following results were proved in [8] and [6], respectively:

s+1

1 s+ 1 . )
+ s _1)\¢ -\ s—i+1
YT\ )@t = 3+1;1< ) )( )'T(N+4d)x ,

v (Nr)®a® = 0,

for s =0,1,2,...and A #0,—1,—-2,....
We now prove

Theorem 3.2. The neutriz convolution H(x) ® x° exists and

H(z)®z® =0, (3.1)
H(—z)®2® =0,

fors=20,1,2,....
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Proof. We have

n+n="

[H(z)7,(z)] * 2° = / (x —t)°dt + / To(t)(x — t)°dt
0 n
for s =0,1,2,.... It is easily seen that
N—lim[H (z)7,(x)] * 2° = 0,

n—oo

proving equality (3.1).
The proof of equality (3.2) is similar to the proof of equality (3.1). O

Theorem 3.3. The neutriz convolution (e " Iny x) ® z° and (e *In_x) ® x° exist and
(eIn,x)®2® = Z (5) (—=1)T’(i + 1)z* ", (3.3)

i
=0
(e In_x)®2® = 0, (3.4)

fors=0,1,2,....

Proof. Put (e *In; x), = (e *Iny 2)7,(x). Then

n n—+n
(e ¥Ingx), xa® = / e 'Int(z —t)°dt + / e 'Intr, (t)(z — t)°dt
0 n

= J+ . (3.5)
Now
5 S . . n .
J, = —1)'5 " U Intdt
= R (e [
S S ) . .
- (,)(—l)zxs ‘(i +1,n)
1=0 t
and so

N—lim J; = Z (S> (= 1) T (i + 1). (3.6)

n—oo - (3
=0
Further, it is easily seen that

N—lim J, = 0. (3.7)

n—oo

It follows from equalities (3.5), (3.6) and (3.7) that

N—lim[(e™*In, z), * 2°] = Z <S) (=)' 'T'(i + 1)

n—oo - 1
=0

proving equality (3.3).
Put (e *In_z), = (¢ *In_z)7,(x). Then

0

e 'n|t|(x — t)°dt + / e tn|t|T,(t)(x — t)*dt

—n—m—n

(e ¥In_x), x2® = /

—-n

— I, + L. (3.8)
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Now

0 /s -0 ,
_71:/ e 'Int|(z —t)dt = <,)x5_’/ e[t In |t|dt
i

It follows that

N—-lim I; = 0.
n—oo
Further, it is easily seen that
N—lim I, = 0,
n—oo

Combining equalities (3.8), (3.9) and (3.10), we get

N—lim[(e *In_ ), * 2°] = 0,

n—o0

for s =0,1,2,.... This completes the proof of the theorem.

Theorem 3.4. The neutriz convolution i (1,x) ® x° and vy (1,2) ® x° exist and

%WL@®%S=:§;(3<£KTF(+Q

7;(17x)®$8 = Y%
fors=20,1,2,....

Proof. Put v, (1,2), = v (1,2)7,(x). Then

n+n—"

Y x), x2® = / v (1, t)(x —t)°dt +/ Y (L )7 (t) (= t)°dt
0 n
- Jg —|— J4.

We have

J3 =

- // ““lnu(z — t)°dudt
>

(v [ o
— Z (S> Z s~ ’ “lnu/ t'dtdu

ZH%(l n) — (i + Q,n)] .

(1 t)(@ — t)dt

\3

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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It follows that

N—lim J; = Z (3) CU™ b 4 gy

n—00 0 7 1+ 1
Further, it is easily seen that

N—lim J; = 0.

n—oo

It now follows from equalities (3.13), (3.14) and (3.15) that

. + s - S (_l)iJrl 1 s—i
N—limyy (1, 2)a * 2°] = > 1 (i+2)z

1=

for s =0,1,2,....
This completes the proof of (3.11).
Put v (1,2), =7, (1,2)7,(x). Then

0

—n

v (1, ) (z —t)°dt + / v (L, 8)7, () (z — t)°dt

—n—m—"n

v (1,2), *2° = /

-n

- 13+I4.

We have

o= [arne -

0yt
= / /e‘“ln]u\(m—t)sdudt
-n JO
(,)xs_’/ /e‘“ln|u||t|’dudt
: t —n JO
1=0
S s . -n B -n )
_ ()x / e uln\u|/ ]/ dtdu
im0 \! 0 u

1=0

It follows that

n—oo
Further, it is easily seen that
n—oo

Combining equalities (3.16), (3.17) and (3.18), we get

N—lim[vy; (1,2), *x 2°] =0,

n—oo

for s =0,1,2,....
This completes the proof of the theorem.

i S 1 o 5 S 1 .
— s—i,,1+1 1. — . 5—1 ; 2 —n).
O(i)z’+1x (L —n) Z(z’)i—l—lx n(i+2,-n)
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(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Theorem 3.5. The neutriz convolutions v+ (0,z) ® x° and v~ (0,z) ® z° exist and

oner = 3 ()L 4 e (3.19)
r)®ax’ = i x :
T 2 \i) it1 ’
v (0,z)®2® = 0, (3.20)
fors=20,1,2,....
Proof. Equality (3.19) follows from equalities (3.3) and (3.11) by noting that
Fe+1)=T"6+2)— GG+ I+ 1),

fori=0,1,2,....
Equality (3.20) follows from equalities (1.12), (3.4) and (3.12). O

Corollary 3.1. The neutriz convolutions v (0,z) ® (x*)_ and v~ (0,x) ® (z*), exist and

7(0,7) ® (2°)- = XS: ° ﬂVJ’(Z' +1,2)z° "+ ﬂ:ﬁ“f(o ) (3.21)
’ o =\d) il ’ s+1 Y '
— s _ 1 s+1_— - S S—i.— (7
7 (0,2) ® (2°) 4 = e LA (0, ) —l—; (z)z—l— T (i+1,2), (3.22)
fors=20,1,2,....
Proof. We have
V0, z) @2 = [y7(0,2) ® (2°)1] + (=1)°[y"(0,2) ® (2°)-], (3.23)
v 0@t = [y (0,2) @ (2°)4 ]+ (=1)°[y7(0,2) ® (¢°)-], (3.24)
for s =0,1,2,....
Equality (3.21) then follows from equalities (1.17), (2.18), (3.19) and (3.23).
Equality (3.22) then follows from equalities (2.19), (3.20) and (3.24). O

Theorem 3.6. The neutriz convolution [e” x| ® x° exists and

ez ®a® = Z (f) (=)' 2" "T(—r +i+1), (3.25)

fors=0,1,2,...andr=1,2,....

Proof. We have

n n+n—"
le ™ a"T(x)] x 2® = N:ém e "t (x —t)%dt + / e "t () (z — t)*dt
= J5 + Js, (3.26)

where

Js = Z (5) (—1)iz* iy (=1 + i+ 1,n).
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It follows that

N—lim J5 = Z (3> (=1)'z* ' D(=r +i+1), (3.27)

n—oo - 1
=0

for s=0,1,2,...and r=1,2,....
Note that from equalities (1.5) and (1.7), we have

(="

e nn+ L (1,m),

(="

rl

forr=0,1,2,..., where the sum is being empty when r = 0. Applying the neutrix limit, we get

N—lim~y(=r,n) = ~—=[(r) =] = I'(-r),
n—o00 r
forr=0,1,2,....
Further, it is easily seen that
N—lim Jg = 0. (3.28)

n—oo

It now follows from equalities (3.26), (3.27) and (3.28) that

N—lim[e "2 (2)] # 2° = Z (S> (—=1)iz* T (—r + i + 1),

n—oo - 1
=0

fors=0,1,2,...and r=1,2,....
This completes the proof of the theorem. n

Theorem 3.7. The neutriz convolution [e”*x_"] ® x° exists and

e 2" @2 = Z (j) %m (3.29)

i=0

fors=0,1,2,....r—2andr =1,2,... and

e 2" @2 = i (j) %x (3.30)

i=0
fors=r—1,r,r+1,... andr=1,2,..., where the sum is empty when r = 1.

Proof. We have

e 2 ", (2)] % 2°= N—lim [ e '|t| " (z — t)sdt—l—/ et T (t) (2 — t)*dt
e—0 _

—-n n—n-—"

= Iy + I, (3.31)

where

—n

~ (5 i S
Is; = ;(i)xs Ne—_}(l]m et dt

= — <S) ¥y (= i+ 1, —n). (3.32)
i
i=0
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We now have from equalities (1.8) and (1.10) that

(- =Y (=D i () " 17—(07 “n).

rl rl rl
i=1

It follows that

N—lim~~ (—r,—n) = ——=

n—o00 ?"! ’

forr=1,2,....
It now follows from equality (3.32) that

fors=0,1,2,...,r—2and r=1,2,... and

r—2
I = =Y (j) 'y (=r+i+1,-n)

fors=r—1,r,r+1,...andr=1,2,....
It now follows from equalities (3.33), (3.34) and (3.35) that

) * /s Y(r—i—1) .
N—lim 5 = —
Ml ;(z) r—i—1l"
fors=0,1,2,...,r—2and r=1,2,... and

N-limls =Y (j) %x

n—oo

i=0
fors=r—1,r,r+1,...and r =1,2,..., where the sum is empty when r = 1.
Further, it is easily seen that
n—oo

Equality (3.29) follows from equalities (3.31), (3.36) and (3.38).
Equality (3.30) follows from equalities (3.31), (3.37) and (3.38).

Corollary 3.2. The neutriz convolution [e™*(x~"), ] ® x* exists and

e (z7")] ® z° :;] (‘:) x“[(—l)ir(—r i+ 1)+ <_(:)_1§(i I)!l)} ,

fors=0,1,....r—1andr=1,2,... and

S

, 1 : 1
1=0 1=

@)@t =) (S> (—1)i* 7T (—r +i+1) + : (S) CUWr=1) o

(r—i—1)!

fors=rr+1,...andr=1,2,....

Y

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)



On the incomplete Gamma function and its neutrix convolution for negative integers 49

Proof. 1t follows from equality (1.24) that

(=1)"y(r —1)

o e @es], 341

e @) @t = [ 2y ® '] +
fors=0,1,2,...and r=1,2,....

Equality (3.39) follows from equalities (2.5), (3.25) and (3.41).
Equality (3.40) follows from equalities (2.6), (3.25) and (3.41). O

Corollary 3.3. The neutriz convolution [e™*(z™")_] ® z* exists and

e=*(z7")_] ® 2° _Z(?),;[w(r—i—1)-(-1)%@-1)} 25 (3.42)

—~\i)(r—i—1)!

fors=0,1,....;r—2andr=1,2,... and

r—2 r—1
xy s\(r—i—1) vir—1)
x — _5 st 3.43
e (@ Z(z) (r—i—1)! () r—@—l) o (3:43)
=0 1=0
fors=r—1,r,r+1,... andr =1,2,..., where the first sum is being empty when r = 1.

Proof. 1t follows from equality (1.25) that

(=1)"y(r—1)

(1) eV (z)® 27 (3.44)

e (@) @ a*=le" e ® %] =
for s =0,1,2,...and r=1,2,....
Equality (3.42) follows from equalities (2.5), (3.29) and (3.44).
Equality (3.43) follows from equalities (2.6), (3.30) and (3.44). O

Theorem 3.8. The neutriz convolution v (—r, ) ®x* exists for s =0,1,2,... andr =1,2,....
In particular,

vH-1,2) ® 2" = i(:)<—1)ix8—i [iilmﬂ)—m) , (3.45)

fors=0,1,2,....

Proof. We have proved that the convolution 7% (0,z) ® 2* exists. Now assuming that the con-
volution v (—r,z) ® x* exists for some r. We then have from equality (1.13) that

1
+(_ -1 s _ +(_ s _
e —1,2) @2 —— [ @] - —

(=" ’
“rrne ot @e

e (@) @2

Since each term of the right-hand side exists, the convolution v (—r — 1,z) ® x* exists.
In particular, we have

TH(-La)®a®=—[y10,2) ®2°] — [e “(z7 ")y ®2°] — [H(z) ® 2°], (3.46)

for s =0,1,2,....
Equality (3.45) follows from equalities (3.1), (3.19), (3.39), (3.40) and (3.46). O
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Theorem 3.9. The neutriz convolution vy~ (—r,x) ®x® exists for s =0,1,2,... andr =1,2,....
In particular,

v (-lz)®z® = 0, (3.47)
fors=0,1,2,....

Proof. The existence of the convolution v~ (—r,x) ® z° is easily proved by induction.
We have in particular,

Y (-La)@a' = [y (0,2) @] +[e"(a7)- ®a] - [H(—2) ® 2] (3.48)

for s=0,1,2,....
Equality (3.47) follows from equalities (3.2), (3.20), (3.43) and (3.48). O

Corollary 3.4. The neutriz convolutions v (—r,x) ® (z°)- and v~ (—r,z) ® (z%)4 exist for
s=0,1,2,... and r =1,2,.... In particular,

L) e @) = fj (}) vt | i Lo - )

( 1)1 250, ) + (__I_—l)ls(x5+1)+, (3.49)
(L)@ (), = Z() [ <z‘+1,x>+v-<z’,x>]
( s+1 (_1>s+1

(@) (0,2) — Ca (3.50)

s—i-l s+1

fors=20,1,2,....

Proof. The existence of the convolution y*(—

convolutions 41 (—r,z) ® z° and v (—r,z) * (
The existence of the convolution v~ ( r,T

lutions vy~ (—r,z) ® ° and v~ (—r,x) * (z°)_.
Equality (3.49) follows from equalities (2.27) and (3.45) by noting that

r,x) ® (z°)_ follows from the existence of the

%)+
) ® (z°), follows from the existence of the convo-

Pii+1)=7"(+La)+7"(i+12),

fori=0,1,2,....
Equality (3.50) follows from equalities (2.28) and (3.47). O
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