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Abstract. The paper is devoted to linear differential operators defined on a tree. We aim
at obtaining complete descriptions of well-posed restrictions of a given maximal differential
operator on a tree. In this paper all self-adjoint restrictions of the maximal operator and also all
the invertible restrictions of the maximal operator are described. We also present the Lagrange
formula for a differential operator on a tree with the Kirchhoff conditions at its interior vertices.
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1 Introduction

Differential equations that arise in many in applications can be interpreted as equations on
graphs. Plenty of examples can be found in fields such as chemical kinetics, chemical technology,
biology, and in Markov processes. Therefore, the study of differential equations is of interest
beyond the field of mathematics.

Besides applications, mathematicians also intensively develop the theoretical foundation of
differential equations on graphs [5, 9, 10]. One of the main questions is: what conditions at the
vertices of the graph are the most "natural"? The standard answer is the Kirchhoff conditions.
However, there is a possibility to impose conditions other than the Kirchhoff conditions at the
vertices. The detailed answer to this question for second order differential equations can be
found in |5, 12|, and for higher order differential equations in [13]. In monograph [9], the vertices
of graphs are divided into two types: boundary vertices and interior vertices. If we assume that
the Kirchhoff conditions or conditions from |5, 12] hold at the interior vertices, there is still a
problem of determining conditions at boundary vertices. The problem of determining the general
boundary conditions at boundary vertices have not been studied in [5, 12, 13].

Five approaches (decomposition, scalarizing, vector, related and synthetic) of the study of
differential equations on graphs are presented in monograph [9].

In this paper, we exploit a related approach, according to which differential equations at
the edges of a graph and conditions at the interior vertices of a graph generate a differential
operator in some function space on the graph. Then, the problem of describing the general
boundary conditions at boundary vertices of a graph is reduced to determining the self-adjoint
restrictions of the above-mentioned differential operator. Similar constructions for any graphs
are given in [14]. In the present paper, in the case of a tree, it is possible to describe in a compact
form (more clearly than in work [14]) not only all possible self-adjoint boundary value problems,
but also well-posed problems for differential equations with the Kirchhoff conditions at interior
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vertices. In this paper all self-adjoint restrictions of the maximal operator (Theorem 5.1) and
also all the invertible restrictions of the maximal operator (Theorem 6.2) are described.

We note that a related approach to finding the asymptotics of solutions to differential equa-
tions on a tree was used in [15].

2 Basic concepts

Let &= {V, &} be a tree. Here V is the set of vertices and £ is the set of edges [1] of the graph
J. A directed graph is a tree, if at each vertex, except for one vertex, there is one incoming edge.
The vertex which does not have any incoming edges is said to be a root of the tree. We assign
the number 0 to the root. One of the important properties of a tree is the existence of a unique
path connecting the root and any vertex [11]. The length of the path determines the height
of the vertex of the tree. Vertices which do not have the outgoing edges are called boundary
vertices and denoted by I'. Non-boundary vertices we call interior vertices and denote them by
Z. First, we number the boundary vertices from 0 to p. Further, we assign the numbers from
p + 1 to r to the interior vertices by the rule: if the height of the vertex is greater, then its
number is greater. We denote by m; the number of edges outgoing from vertex j. Without loss
of generality, we suppose that each edge has unit length. The edge which ended at vertex j, we
denote by e;. Function y(x) defined on edge e; we denote by y;(z;),z; € e;. The path outgoing
from the root and ending at vertex j, we denote by s;, and its length by |s;| — 1. Further, we
assume that only one edge goes out from a root.

3 Definition of the maximal operator on a tree

We consider the space
Ly(S) = [ ] Laley)
j=1
with the elements

?(X) = [yj(xj)uj =1,... 7T]T7

(where X = (z;,j = 1,...,7) and [I}—, is the Cartesian product of the subspaces) and with a
finite norm

V0o = | S0 / lyy () .
j=1"¢

In the standard way we introduce the space
W3 (Q) = [wie)).
j=1

We introduce the set of functions D(A..) C W2(S) with the elements that satisfy the following
Kirchhoff conditions [§]

Ye(1) = Y50 (0) = ... = ¥s,,, (19(0), (3.1)
ve(1) = Yoy (0) + - 0, 19 (0) (3.2)
at each interior vertices k = p+ 1,...,7. Here s1(k),...,sn, (k) are the numbers of outgoing

edges from vertex k (Fig.1).
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S,

Fig. 1. The distribution of the solution at the interior k-th vertex.
An operator A4, with the domain of definition D(A,,4,) and given by the differential expressions
—y; (z5) + a5 (x5)y;(;) = pyi(x;), €5 €E, 0 <z <1, (3-3)
jg=1,...,r

is called a maximal operator. Here {¢;(z;),z; € ¢; € £, 0 < z; < 1} is the set of real-valued
continuous functions, usually called potentials. We note that the total number of the Kirchhoff
conditions at the interior vertices is equal to 2r — p — 1.

4 Lagrange formula for differential operators on a tree

The Lagrange formula plays an important role in the study of differential operators on an
interval. In this section we present the analogue of the Lagrange formula in the case of differential
operators on a tree. The Lagrange formula for arbitrary connected graphs without loops is stated
in [14]. When a graph becomes a tree, the Lagrange formula has a more illustrative form. First,
we formulate some auxiliary lemmas [14].

Lemma 4.1. The following identity

S [ Aty
j=17¢

= > o)) + e (D] + Y 1 (0)0k(0) — ye(0)2,(0)

+Z;/evyj($j)md‘”j (4.1)

holds for all Y (z) = {y;(x;),7 = 1,...,r}, V(&) = {v;(x;),j = 1,...,r} from W2(S), where z
1s a complex conjugate of the number z.

Lemma 4.2. The following identity

p

z;/e Amaoyi (@) 05 () dry = " [=yh(Dor(1) + y()v(1)]

k=1

+ [?J;H(O)vpﬂ(o) — Yp+1(0)v,,1(0)] + Z / Ui () Amazvj(x)dr;  (4.2)

holds for all Y (z) = {yj(z;), 7 =1,...,r}, Vi(z) = {vi(z;),7 = 1,...,7} from the domain of
definition of the maximal operator A,,q..
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Lemma 4.2 is proved in [14]. Here is a more illustrative proof of Lemma 4.2.

Proof. We assume that j takes one of the values p+1,...,r. Then the contribution of the vertex
J to the terms

7 s

> FukWoe() +uW D]+ D b 0)or(0) — 5(0)v, (0], (4.3)

k=1 k=p+1

that do not contain the integral, can be written in the following form

mj

(=5 (Dv; (1) + 5V (D] + Y15y ()06 (0) = Y5y (0)0], 5, (0] (4.4)

k=1

By condition (3.1) we calculate the value of sum (4.4), and get

[—yi(L)v (1) + y]<1) )]+ v;(1 Zysk —y;(1) ngk(j)(o)‘

By Kirchhoff condition (3.2) we compute the last expression. We obtain

(=5 (Dv; (1) + (Do (D] + 0515 (1) — y3(1)wj(1) = 0. (4.5)

Relation (4.5) means that the contribution of interior vertices p + 1,...,r to the terms that
do not contain the integral (4.3) is equal to zero. Therefore in (4.3) it is necessary to take
into account only the contribution of boundary vertices 0,...,p. Then we have the values of
the functions y;(z), y}(v), W, W,j = 1,...,p at the point x = 1. We recall that these
functions are defined on the incoming edges e, ..., e, to the boundary vertices 1,...,p. There
are also the values of the functions y,,1(), y,,11(), vp41(¥), v, () at the point x = 0. These
functions are defined on the outgoing edges e, from the vertex 0 and directed to the vertex
p+1 (Fig.2):

> -y ) + (DU (D] = [=9p41(0)0p41(0) + yp+1(0)v) 1, (0)].

k=1

1
°
T / 2
BoD i
B S P+/C’/'O\“

z

Fig. 2.Tree with r vertices (black vertices are boundary vertices).
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Lemma 4.2 implies that the contribution of interior vertices to the terms that do not contain
integral (4.2) is equal to zero. In other words, the terms that are outside of integral (4.2)
contain only the contribution of boundary vertices. By monograph [6] similar formulae are
called Lagrange formula. Formula (4.2) can be generalized in the following direction.

For k=1,...,2(p+ 1) we consider

p

Uk(Y) = Doy (1) + Bty (D] + [@hpp+1(0) + Brps19a (0], (4.6)

j=1
where ag;, Brj, Qkpt1, Brpt1 are some constants.
Theorem 4.1. [Lagrange formula] Let {Uy, ..., Uspi1)} be a set of linear independent boundary

forms. Then there exists a unique set of boundary forms {14, ..., Topi1)} such that the following
identity

S~ [ At @51 = U7 Tty (7) + Ua(P) iy 2 (7) + .
).,
+ U1y ( Y +Z/ yj(z;) marv](xj)dxj (4.7)

holds for all functions Y (x) = {y;(z;),j =1,...,r}, Viz) = {vj(z;),j = 1,...,r} from the
domain of definition of the maximal operator A,,qz.

Theorem 4.1 is proved in [14]. Here it is specified that the boundary forms {71, ..., Top41)}
can be represented as

p

T2(p+1)—k+1(‘7) = Z [_GJ_'kUj(D +WU9(1>] + [ej,p+lvp+1(0) - 7j,p+1U;+1(0>] )
k=1

where €, vjx is some set of numbers (may be complex).
Formula (4.7) is called the Lagrange formula.
Theorem 4.1 immediately implies the following statement.

Corollary 4.1. Let A be a restriction of the operator Ap.. in the domain of definition
D(A) = {Y € D(Amaz) : Ur(Y) = 0,..., U1 (Y) = 0}. Then the adjoint operator A* is
also a restriction of the operator A, in the domain of definition D(A*) = {‘7 € D(Apaz) -
Tl(V) =0,... ,Tp+1(‘7) = 0}, and for all Y € D(A) and Ve D(A*) the following equality

T

S [ Auteitis =3 [ v A,

j=1 "¢

holds.

5 Self-adjoint restrictions of the maximal operator A,

In this section we give the complete description of all self-adjoint restrictions of the operator
Asnae- First we introduce the minimal restriction Ag of the operator A,u... We denote by D(Ag)
the set all functions Y (z) € D(Aq:) which satisfy the conditions

y;(1) =0, y;(l) =0 for j=1,...,p, (5.1)
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yp+1(0) =0, y;+1(0) =0.

Furthermore, we introduce the minimal restriction Ay by formula
AoY = AmaaY, Y € D(Ay).

The following assertions are valid
I) the equality
(MY, V) = (¥, ApaaV) (5.2)

holds for all Y € D(Ay), Ve D(Aaz)s
IT) the equality

<A057, ‘7> - <?7A0‘7>
holds for all Y,V € D(Ay). From equality (5.2) it follows that A, C A

To study the properties of the minimal operator it is convenient to introduce the operators
A1 and A, which are the restrictions of the maximal operator A,,q.. Let

D(A) ={Y € D(Apmaz) 1 4;(1) =0, 5 =1,...,p, yp41(0) = 0}

and AY (z) = Ao () for Y € D(Ay).
Let
D(A2) ={Y € D(Apaz) 1 95(1) =0, j=1,...,p, 4,1,(0) = 0}

and AyY () = ApaaY (z) for Y € D(A,).
Assumption 1. The equation

AY (z) = F(z), i=1,2 (5.3)
has a unique solution in D(A;), i = 1,2 for all functions F(z) in Ly(S).

Remark 1. Operator equation (5.3) in the set D(A;), 1 = 1,2 is equivalent to the system of
second order linear differential equations on the set of edges € with 2|E| — p — 1 the Kirchhoff
conditions at the interior vertices T and p + 1 conditions at the boundary vertices I'. Thus, we
have the system of second order non-homogeneous linear differential equations on the set of edges
E, whose general solution contains 2|E| constants. There are (2|E| —p—1)+p+1 = 2|E| linear
conditions to determine them. Consequently, one can write some determinant D;, 1 = 1,2 of size
2|E|. Then the unique solvability of equation (5.3) is equivalent to the fact that the determinant
D;, i =1,2 is not equal to zero.

By following monograph [6], we formulate two lemmas.

Lemma 5.1. Let A, be a maximal operator on the tree S that was introduced in Section 3,
and let F(z) be a function in Lo(S). If assumption 1 hold, then the equation

Amaw}_}(‘r) = ﬁ(l’)

has a solution Y (x) that satisfies condition (5.1) if and only if F(z) is orthogonal to all elements
from KerA,,q..
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Proof. By assumption 1 we denote by 37'(1’) the unique solution of operator equation (5.3) for
1t = 1. We denote by \71, ceey ‘7]34—1 the fundamental set of solutions of homogeneous operator
equation Amaxv = 0 that satisfies the following conditions: all boundary forms v;(1) for j =
L,...,puvy1,(0), except for one of them, are equal to zero, and one of the forms is equal to 1.
There exists such a fundamental system. This follows from Remark 1, because the condition of
solvability is equivalent to the fact that the determinant D, is not equal to zero.

By applying the Lagrange formula to the functions ?(m) and Vk(m), we have

—

<ﬁ7 Vk) = <Amax?7 Vk) — <?7 Amam‘Zc)- (54)

However A,,q.Vi = 0. Moreover, the inclusion Y € D(A;) implies that

S ()0 (1) = Y1 (0)0 41 (0) = 0.

Hence, formula (5.4) has the following form

—

(F, V) = Zyl Okt (1) + Y11 (0) vk p11(0)

_ { —y(1) i ou(1) =1, (5.5)
Yp1(0) i 0 pia (0) = 1.
Relation (5.5) implies the statement of Lemma 5.1: equalities (5.1) are valid if and only if

(ﬁ, Vk) =0, k=1,...,p+ 1 Namely, ﬁ(m) is orthogonal to all solutions of the equation
ApazV = 0. O

Lemma 5.2. Let assumption 1 hold. Then there exists a function such that 37(95) € D(Apnaz)
which satisfies the following conditions

y;ﬂ<1):/8k7 yk<1):ak7 k:]'?"'7p7

?J;a+1(0) = Bps1, Yp+1(0) = apa

for any numbers oy, B for k =1,...,p and a,i1, Bpi1.

Proof. First, we prove Lemma 5.2 for the case o, = 0. We choose ﬁ(m) € Ly(3) such that

R A —61 lf Ukl(l)zl,
(F Vi) = { Bpr1 if vkpia(0) =1, (5.6)

where Vk, k=1,...,p+ 1 is the same system of fundamental solution, that in the proof of
Lemma 5.1. There exists such an element and moreover it is in KerA,,.,. Indeed, if we take

p+1
— Z ,ukvku
k=1
then condition (5.6) is the system of equations with respect to the constants Has e Mt whose
determinant is the Gram determinant of linear independent functions Vl, ceey V;)H Consequently,

it is not equal to zero. We denote by V the solution to the equation A1V = F. Then the Lagrange
formula implies

VI(1)=p8; for j=1,...,p,
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‘7/(0) = 6p+1-
So, the constructed function V() € D(Apas) and
VI(1)=8;,VA)=0 for j=1,...,p,

V'(0) = Bpy1, V(0) = 0.

Replacing the set o, a1 by B;, Bpt1, and replacing the operator A; by Ay, we obtain the proof
of Lemma 5.2. O

Now we formulate the statement about the minimal operator Ay.
Lemma 5.3. Ay C A{ = Anaw, AJun = Ao

Lemma 5.3 can be proved by arguing as in the proof of a similar statement in monograph [6].
We state the main theorem of this section.

Theorem 5.1. If assumption 1 hold, then any self-adjoint restriction A of operator A, can

be determined by k =1,...,p+ 1 linear independent boundary conditions
p
Up(Y) =D [anys (1) + Bty (D] + [@p1,49p+1(0) + Bpras9pa (0)] = 0, (5.7)
j=1

where ok, Bik, Opt1k, Bpt1,k are some constants. Moreover

p

Z[%‘k@jk — aBik] = i1 kBprik — AprikBprik (5.8)

J=1

fork=1,...,p+1.

Conversely, if assumption 1 holds, any linear independent boundary conditions of form (5.7)
which satisfy relations (5.8), specify the domain of definition of some self-adjoint restriction A
of the operator A,,q..

An analogue of Theorem 5.1 can be found in [14].

Proof. In monograph |[6] there is a similar theorem. Following monograph [6] we introduce the

functions Vi, . . ., ‘7p+1. More precisely, V. € D(An4z) with conditions
v (1) = ajp, vy (1) = =B for j=1,...,p, (5.9)
Uopi1(0) = =01k, Vkps1(0) = Bpir e

By Lemma 5.2 there exist such solutions. Then condition (5.7) for k = 1,...,p+1 has the form

p

Up(Y) = > [95(1)vi (1) = 45 (Dors (1)] = [yps1 (00041 (0) = 91 (0)0p,p44(0)] = 0.

j=1

By results of monograph [6] boundary conditions (5.7) specify the domain of definition of a
self-adjoint restriction A of the operator A,,... Suppose that the domain of definition of the
restriction A is defined by boundary conditions (5.7). Then the following equalities

—

Un(V)=0, kj=1,... p+1

hold. Hence, A is the self-adjoint restriction. The inverse statement is true. The proof of
Theorem 5.1 is complete. O
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6 Well-posed restrictions of the maximal operator A,,,,

In the preceding section, we gave a complete description for all self-adjoint restrictions of the
maximal operator A,,.,. Now we will describe well-posed restrictions of the maximal operator
Ao

An operator A is called a well-posed restriction of the maximal operator A4, if the following
conditions

(1) A C Mpaa,

(i7) IA~!is a bounded operator in Ly(J)
hold. Well-posed restrictions of various classes of differential operators have been studied in
[4, 7]. Motivated by works [4, 7], first, we need to choose some fixed well-posed restriction Ay of
the maximal operator A,,q,. Afterwards, knowing the inverse operator A;"', we need to describe
all well-posed restrictions.

6.1 Green function for a fixed well-posed restriction

Further, we suppose that assumption 1 holds for : = 1. By assumption 1 there exists a bounded
operator A;' in the space Ly(J) for 4 = 1. In this subsection we find out the structure of
the inverse operator A;'. So, we consider operator equation AY = F for an arbitrary F
from L,(S). We need to express its solution Y = {y;(z;),z; € e;,j = 1,...,7} € D(Ay) by
F={f(x;),z;€e;,5=1,...,r} € D(Ay). It is well-known [6] that on the edge e; the function
yj(x;) that satisfies the equation

v (z5) + q;(%;)y;(z5) = fi(25), z; € e;
has the following representation

yj(75) = y;(0)cj(x;) + y;(0)s;(z;) + /Oxj gi(ws,t) f5(t)dt, (6.1)

where {c;(z;),s;(z;)} is the fundamental set of solutions of homogeneous equation —y/(z;) +
qj(z;)y;(z;) = 0 subordinated to Cauchy data s’(0) = ¢;(0) =1, s;(0) = ¢;(0) = 0. In formula
(6.1) the Cauchy function §;(z;,t) also appears. It is defined by the formula

gj(xju t) =

',t<x]’.

Further, it is convenient to introduce the notation

(o t) = 0 fora; <t<1,
9i\xj:t) = gj(zj,t)for 0 <t < x;.

Then formula (6.1) for x; € e; has the following form

yi(z;) = y;i(0)c;(w;) + y;(0)s;(z;) +/ gi(w;,t) f5(t)dt. (6.2)

€j

Since A; ' exists, the values y;(0) and y}(0) can be uniquely determined by F'. The inverse opera-

tor Ay is linear because A is linear. Consequently, the functionals y;(0) and y}(0) depend on F
linearly. From the boundedness of A" it follows the boundedness of the linear functionals y;(0)
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and y;(0) in Ly(). Hence, the Riesz representation theorem on continuous linear functionals in
Ly () implies the following statement: there exist functions /Tj and B?j in Ly(S) such that

50 =3 / a;1(2) fu(z)de, (6.3)

y;(0) = Z/ bir(x) fr(z)dx.

From relations (6.2) by (6.3), it follows that

yj(2;) :Z/ {ajlc(t)cj(l“j)+bjk(t)3j($j)}fk(t)dt+/ gi(z;, 1) f5(t)dt. (6.4)
k=1 "¢k €j

Thus, for fixed x; € e; the right-hand side of relation (6.4) has the form of inner product of the
space Ls(S). Therefore, formula (6.4) for j = 1,...,r can be rewritten in the form

yj(x;) = Z/ dj (2, t) fi(te)dty, x5 € e, (6.5)
k=1" ¢k

where d;i(x;, 1) is some set of functions.
So, the inverse operator A;! is defined by formulae (6.5). The matrix D = ||d;j.(x;, )] is
usually called the Green function of the operator A;.

Remark 2. Instead of restriction Ay one can choose other invertible restrictions of maximal
operator Nq.. Finally, we arrive at the following question. Which restriction has the inverse
operator to be of the simplest form? For example, the inverse operator of the restriction A3 C
Az in the domain of definition

D(A3) ={Y € D(Apar) 1 y5(1) =0, j=1,...,p — 1, yps1(0) = 3/,,,1(0) = 0}

has the following form

|sj]—1
yiz) = ) / (25, 8) fr, ()E, 5 € €5 (6.6)
k=2 Y 6ng,;
Here s; = {nlj,ngj,...,msj‘,j} 1s the path connecting the vertices 0 and j. It is clear that

nyy = 0,n9; = p+1,...,n4; = j. In contrast to formula (6.5), only edges that form the
path s; appear in formula (6.6). At the same time in the right-hand side of formula (6.5) it is
essential that the graph is a tree, i.e. all the edges will participate in formula (6.6).

6.2 The description of the well-posed restrictions

In this subsection, the full description of well-posed restrictions of the operator A, is given by
following the scheme proposed by M. Otelbayev [4, 7].

Let H = {h;(z;),z; € e;,7 = 1,...,7} be an arbitrary element of the set D(Apqy). We
introduce a new function Z = {zj(z;),z; € €j,j=1,...,r} by formula (6.5)

zj(x;) = Z/ dj(j,t) (—hi(te) + au(te) hi () dty, 5 € e;. (6.7)
k=1"Y°¢
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It is clear that the function Z has the following properties:

—25(x5) + qj(x5) 25 (7;) = =R} (x;) + qi () hi(7;), 75 € e, (6.8)
2p41(0) =0, 21(1) = 22(1) = ... = 2,(1) =0, (6.9)
Z € D(A1) C D(Apaa)- (6.10)

On the other hand, using Lagrange formula (4.2) to the right-hand side of relation (6.7) we
can rewrite in the following way

XL'] Z/ l’j,tk —|—qk(tk)djk(:cj,tk)) hk(tk)dtk

0
+Z —hi()djp (5, )+hk<1)a_tkdjk(xjal>]

, 0
[hp+1(0)dj,p+1(xj> 0) — hp+1(0)a

t—dj,pﬂ(l‘ja 0)].
p+1

Hence, by (6.8) and (6.9), we have
0 Z 0

—atp+1dj,p+1($j,0) + ;hk(l)a—mdjk(xj, 1). (6.11)

zj(x;) = hj(x;) — hp41(0)

Thus, the following statement is valid.
Lemma 6.1. Identity (6.11) holds for all functions H= {hj(z;),z; €ej,5=1,...,r} , where
Z = A7 (Amﬁ>

Lemma 6.1 immediately implies the following corollary.

Corollary 6.1. The following equalities are valid
0

at dp+1,p+1 (prrl? O)’l’p+120 == 17
p+1

0
a_tkdp+1,k(xp+1a Dlzyi=0=0,k=1,...,p,
0
mdj,p-l—l(xjaoﬂxj:l =0,
p
0
8tkd] k(l‘]a )|xj:1 = 5_]k7 k= 1a RNy 4

forg=1,...,p

It follows that firstly, identity (6.11) holds for all He D(Ajnaz), and, the function 7 satisfies
relations (6.9).
Now, we form new functions

0 & 0
wy(25) = () = hp1 (0) 5—djpia (27, 0) + Y hi(1) 5 ~dju(5, 1), a5 € ¢ (6.12)
OtpH | atk
for j =1,...,r, where H is an arbitrary function from D(Apaz), and y;(z;) are functions defined

by (6.5).
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Theorem 6.1. Function W = {wj(x;),z; €e;,j=1,...,1} , introduced by formula (6.12), is
the solution of the following problem

ApaaW = F, W € D(Amaz), (6.13)

wp+1(0) = hp+1(0), UJJ(]_) = h](l), j = 1, BN (614)

Moreover, a solution to problem (6.13)-(6.14) is unique, i.e. a solution to problem (6.13)-
(6.14) depends only on the set {h,+1(0),hi(1),...,hy(1)}, but does not depend on the functions
hj(z;),xj €ej,j=1,...,r

Proof of Theorem 6.1. Corollary 1 implies the validity of equality (6.14). To verify equality
(6.13) it is enough to recall that the Green function d;x(z;,t;) is the solution to corresponding

homogeneous equation for X = (x1,...,2,) # T = (t1,...,t;). Assumption 1 implies the
uniqueness of a solution of problem (6.13)-(6.14) for j = 1. Thereby, the proof of Theorem 6.1
is complete. O

Now we show how to construct well-posed boundary problems for the equation Az = F
by applying Theorem 6.1. It suffices to prove that H depends continuously on F in Theorem
6.1, i.e. there exists a continuous operator K mapping F belonging to Ls() to H belonging to
D(Amaz)-

So, let H = KF. Then problem (6.13)-(6.14) have the form

AmazW = F, W € D(Amaz), (6.15)

w;(1) = (KA,,MVT/> (1), 5 =1,...,7, wppa (0) = (KAWW> (0). (6.16)
J p+1
Conditions (6.16) imposed on the functions W can be interpreted as additional conditions in
order for equation (6.15) to have a unique solution for any right hand side F. Thus, each
problem (6.15)-(6.16) present a well-posed problem with new "boundary" condition (6.16).
Thus, the next statement is true.

Theorem 6.2. For all continuous operators K mapping the space Lo() in D(Apaz), problems
(6.15)-(6.16) have unique stable solutions for all F'in Ly().
The inverse statement is also true.

The restriction corresponding to the operator K from Theorem 6.2 we denote by Ag. The-
orem 6.1 implies the proof of the direct statement of the theorem. The proof of the inverse
statement is similar to that of Theorem 5 in [2].

Example. Let K be the operator in Theorem 6.2 defined by formula

(Kﬁ)j () = Z / o 1) fults) e

Then the well-posed restriction Ag C A4 corresponds to the boundary value problem, i.e. its
domain of definition is given by the following boundary conditions

D(Ag) ={Y € D(Apae) : U;(Y) =0, =1,...,p+1},

where Uy(-),...,Ups1(-) are boundary forms defined by formulas (4.6) with some scalar coeffi-
cients.

The presented scheme of M. Otelbaev for the description of well-posed restrictions is used
for partial differential equations in works |2, 3].
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