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(to the 70th birthday)

On 19th July 2018 was 70th birthday of Yaudat Talgatovich Sul-
tanaev, doctor of science (1990), professor (1991), honorary scientist
of the Russian Federation, laureate of State award of the Republic of
Bashkortostan in the field of science and technology, professor of the
Bashkir State Pedagogical University, member of the Editorial Board
of the Eurasian Mathematical Journal.

Ya.T. Sultanaev was born in the sity of Orsk. In 1971 he
graduated from the Bashkir State University and then completed
his postgraduate studies in the Moscow State University. Ya.T.
Sultanaev’s scientific supervisors were distinguished mathematicians
A.G. Kostyuchenko and B.M. Levitan.

14 Ya.T. Sultanaev is a famous specialist in the spectral theory of dif-
| ferential operators and the qualitative theory of ordinary differential
equations.

He obtained bilateral Tauberian theorems of Keldysh type, completely solved the problem on
spectral assymptotics for semi-bounded ordinary differential operators, suggested a new method
of investigation of assymptotic behaviour of solutions to singular differential equations which
allowed him to essentially weaken the conditions on coefficients.

Jointly with V.A. Sadovnichii and A.M. Akhtyamov, he investigated inverse spectral problems
with non-separated boundary conditions.

He published more than 70 papers in leading mathematical journals.

Among pupils of Ya.T. Sultanaev there are more than 20 candidates of science and one doctor
of science.

The Editorial Board of the Eurasian Mathematical Journal congratulates Yaudat Talgatovich
on the occasion of his 70th birthday and wishes him good health and new achievements in
mathematics and mathematical education.




EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 9, Number 4 (2018), 22 — 60

ON THE MEAN CONVERGENCE OF MULTIPLE FOURIER SERIES
AND THE ASYMPTOTICS OF THE DIRICHLET KERNEL
OF SPHERICAL MEANS

K.I. Babenko

Communicated by E.D. Nursultanov

Key words: Lebesgue constants, Fourier transform, integrability.
AMS Mathematics Subject Classification: 42B15, 42B10.

Abstract. Preprint no. 52 (1971), Institut Prikladnoi Matematiki Akademii Nauk USSR,
Moscow (in Russian). Translated into English by E. Liflyand. See comments to this paper by
E. Liflyand in this volume of the Eurasian Mathematical Journal.

DOI: https://doi.org/10.32523 /2077-9879-2018-9-4-22-60

Introduction

In the theory of multiple Fourier series, problems of convergence of the so-called spherical partial
sums have been studied for a long time. A multiple Fourier series can be interpreted as an
expansion in eigenfunctions of the Laplace operator, and, moreover, the natural way of ordering
of the eigenfunctions which corresponds to the increasing order of the eigenvalues leads just to
the spherical means. This makes the interest in the spherical means understandable.

As is well known, spherical means differ drastically in their properties from the rectangular
means, and first of all, in such problems as convergence in C' and in L, p > 1, and almost
everywhere convergence. It is clear that in these questions of crucial importance are asymptotic
properties of the corresponding Dirichlet kernel, or, if one takes into account the relation with
the boundary problem, asymptotic properties of the spectral function.

Let z € R™, & = (21, ..., Tm), let Z™ be the lattice grid in R™, with n € Z™, n = (ny, ..., nm),
n; are integers; and set n - x = nixy + ... + Ny Ty,. Let T be the interval in R™

1
I:{xERm:]a:j\§§,1<j§m},

and let f(z) be defined in it and Lebesgue integrable. Let us expand f(x) in the multiple Fourier
series

f(z) ~ Z a, exp{2min - x}. (0.5)

nezm

The spherical means of order « of series (0.5) are of the form

> a, (1 - %—j)a exp{2min -z} = SS(z; f), (0.6)

0<[n|<N

where ’ after the sign of the sum means that the summands corresponding to |n|*> = N? are

taken with the factor %
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Sum (0.6) is associated with the Dirichlet kernel
pi) = 3 (1-2) o 0.7
vy = 0 (10 expamin . 0.7
0<[n|<N

asymptotic properties of which are investigated in the first part of the present work. But the
asymptotics of the kernel D% is intimately related with the classical and well studied problem of
the representation of numbers by the sums of squares. Denote by 7,,(k) the number of integer
solutions of the Diophantine equation

n? 4. +n =k

It is plain to show that

D8 () = INGEE 1)N%*a Z

ﬂ-a

Jmyo(27N|n + z])

In + x|zt

, xel, (0.8)

nezm

where for a < mT’l the series is summable by the Riesz means of high enough order. Taking
x = 0, we obtain

D0y = 3 <1—%> rm(k;):ﬁrr(o‘—“>zvm

0N (F+a+1)
Na+1) m ,~— Jm o (20 NVE)
+ o Nz Z Tm(k) : kzu'_, ) (09)
k=1

which, for a = 0, yields the Hardy-Landau formula |2] if m = 2 and that of Walfisch [13] and
Oppenheim [6] if m > 2.

Formulas (0.8) and (0.9) are inconvenient, therefore more convenient asymptotic formulas
are desirable for the study of summability of multiple Fourier series. It is advisable to establish
such a formula for the kernel

2 (0%
Sy(z) = Z’ (1 - ’;\Lf—’z) |n| ™" exp(2min - ),
0<n|<N

with x > 0, rather than for the kernel DS (z). Let T be some quantity subject to condition
T > CN, where C is a constant independent of N and T'. The following relation takes place:

1
Sy(z) = 2%N?n+1‘x|?+1/0 (1— UQ)QJ%,KQ?TN‘JJIU)U%*'{du

—Q—K

7Ta+1 Nz

« Re Z exp{2miN|z| — wm} < Z a,(|n + )

In +z|" o (In + z|N)¥

Intaz|<2TN—1
n#0

T
+ NmoRteTa Z In|"" e, (2T log m, T) exp(2min - x)
n

3 N<|n|<2N
o Do+ 1)
(6]
—1)V)N 2 ——— 2
2 N Ty )

+O (' NI4T 2 N (0.10)
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Here wy,, = (™ + a), ¢ = [2 + ¢ — a] + 2, and € is an arbitrary quantity from the interval
[0,1]. Further, a,(u), 0 < u < oo, are functions of the complicated concrete form; note only
that a,(u) € C'[0,00) and a,(u) = 0 for u > 2NT~*, 0 < v < ¢q. The quantity [ can be taken
arbitrary but fixed. The function ¥, (u,v) is such that |, (u,v)| < Clu|™ and |V, (u,v)] < Co
uniformly in « > 0. Finally, let us define the function 7(s,z). For Res > m, introduce the
zeta-function

C(s,2) = Z exp(2min - ) 27rm z) Z Z exp(2min - x), (0.11)

nezm k=1 |7’L|2 k
n#0

and if x # 0, x € I, it is easy to show that ((s, ) is an entire function. By definition,

ove) = Gls,0) — w3 T

Formula (0.10) is applicable for any x € I. If || > CN~!, then one can modify this formula
by changing the integral on the right-hand side of (0.10) in an appropriate manner. Despite of
the awkwardness of (0.10), it is convenient in applications and yields the following results.

Denoting by || f|| the LP(I)-norm of f, we set

| |s—m

AP(Na a) = Sup ||SJO\67(1”7 f)”
IflI<1
If p’ = B, then Ay (N,a) = Ap(N, ). Tt is shown by means of (0.10) that if p € [1,2%] and

1
Ogagap:%—mTH,then

Nplap—a) _ 1 ’
—)} , (0.12)

bl 0) 2 4 { play —a

where the constant A depends only upon m and p. Stein has shown in [9] that S (x, f) is
bounded in the LP norm, 1 < p <2, if a > o, + z%' Thus the question on behavior of the means
S (z, f) in the domain

1
{a,p:1§p<2,a20,o¢>ap,04§ozp+]7}

remains open. It is expected that the means S§(x, f) converge to f in LP(I).
It is quite probable that inequality (0.12) cannot be improved in growth of the order. In the

case p = 0o, it is shown that for a < ay = mT’l,
Nei—a ] Noi—« ]
A— <A (N,a) < B———. (0.13)
a1 — a1 —

Series (0.11) has remarkable properties. Say, if p € [1, ﬂf—fl), a < a,, and k satisfies the
inequalities m — % < K < m=l — «, then ((k,x) € LP(I), and its spherical means of order o
diverge almost everywhere. It would be extremely interesting to figure out the question whether
these means diverge everywhere.

There are no analogs of the mentioned theorems for m = 1. Concerning the behavior of the
means of order a = a, 1 < p < 2’1‘1, the problem is open, but what is expected is an analog
of the famous Kolmogorov’s example [4]. More precisely, that there exists a function f € LP(I),

1<p< 2 +1’ such that the means of order o, diverge almost everywhere.
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Inequality (0.13) sheds light on the question about sufficient conditions, which ensure the
uniform convergence of spherical partial sums. Using (0.10), one may show that if f(z) is
representable as

1
@) = a0+ e [ 9(€)C(ma = ). (0.14)
where g € LP(I), p > ™, 0 < k < -1, then the Fourier series of f(z) is uniformly summable
by the means of order & = 5+ — . This result is sharper than the results of B. Levitan [5].

Much earlier, V. Ilyin [3| obtained theorems on the convergence of eigenfunction expansions
for the Laplace operator that are close to the formulated above. However, our theorem is more
precise for even m.

m—1

In the preceding theorem the order of the means o = 5= — x cannot be taken smaller, since

there exist functions f(x), satisfying the above assumptions, for which
lim |55(0, f)| = oo
N—o00

ifoz<mT_1—/<o.

§ 1

1. For the reader’s convenience, we present well-known facts on the theory of zeta-functions.
Let x = (21, ..., T,) € R™, let

m

f@) =" anzn

k=1

be a positive definite quadratic form of discriminant d, and let the form »_ Ayxiz; be its alge-
braically reciprocal. Set

1 m
g(z) = 7 Z Apxixy.

Let Z™ be the lattice of integers in R, n € Z™, n = (n4, ..., Ny, ), where n; are integers. Consider
the theta-series

O(f;t,x) =0(t,xz) = Z exp{—ntf(n)+2mn -z}, Ret >0,

neLm

and
v(g;t,x) =v(t,x) = Z exp{—7ntg(n+x)}, Ret>0.

nez™

It is easy to see that these theta-series are subject to the classical functional equality

O(t,x) =d 2t %v Gw) . (1.1)

We associate with the forms f and g the two zeta-series

(fisoa)=Cs,a)= Y exp(2min - )

nezZ™, n#0 [f(n)}i
and, if x & Z™,
1

C(g;s,7) =((s|z) = Z m

nezm
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These series converge in the half-plane Re s > m and define there regular functions of variable
S.

In what follows, we shall hold, not mentioning this in a special way, that point x belongs to
the interval

I={zeR":|z;| < -,1<j5<m}

l\DIr—\

If Res > m, it is easy to see that

N\rn

0/ (,2) — 1€t 1de.

l\'llm

Splitting the integral into the sum of two integrals, over [0, 1] and [1, 00|, applying (1.1) to the
function in the first integral and substituting further under the integral sign, we obtain, for

x # 0,

/[ (&) — 1) dE+d 2 /U(g,m)g’";s

1 1

[Nl

™

I

BBy (1.2)

C(S,ZL’) = )

N &

This formula delivers analytic extension of the function ((s, x) to the whole plane. Thus, {(s, )
is an entire function for z # 0. The following relation can easily be derived from the last formula:

cts.0) - T o= = 7 (€, 2) — 1)e+ e
+d 7 (g, 7) — exp(—m€g(x))
—d / €75 dg exp|— wfg(x)]dé} (1.3)
provided that Res > m.
Introduce the notation
o(os2) = Clov) = T S o) (14

Observing that

m—s

1
= m2 exp{—mg(x 4 279 x)/ﬁ > exp{—n€g(x)} dg,
0

we derive from (1.3) the inequality

[n(s,2)| < Cexp (Sl), s=o+it, (1.5)
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provided —1 < o < m + 1, [t| > 1. In the half-plane Res < 0, we transform the first integral
in formula (1.2) first by means of relation (1.1) and then integrating by parts under the integral
sign. This yields

o0

(o) = s el a5

2770

from which the next functional equation follows in a trivial manner:

7—775—% (mQ_S) m-—s|x
((s,z) = ) ¢( | ). (1.6)

In what follows, we shall denote by € an arbitrary quantity from the interval [0, 1].

N &

Proposition 1.1. In the strip —e < Res < m + ¢, the estimate

m-+te—

In(s,z)| < Be Y(|t| +1)" 2, s=o0+it, (1.7)

holds, where the constant B depends only upon m.
Proof. The function

s(m —s)['(3)

x(s,2) = (s+ 1)(m+ 1 — )l (7= — g)”(s’x)

is regular in the strip —¢ < Res < m + <. It follows from the asymptotic formula for the
gamma-function that for Ima = 0

= [t (1 +0@r ™), (1.8)

with a constant in O depending only on a. Therefore, (1.6) yields

IX(—e+it, )| <Cr Y || < o

neZ™ n#0
On the other hand, it is easy to see that
Ix(m + e +it,x)| < Cse™?,

where the constants Cy and C3 depend only on m. In the considered strip, (1.5) and (1.8) imply
the inequality
IX(s,2)] < Coexp(Gslt]), s =0 +it,

which yields, by the Phragmén-Lindelf theorem,
|X(S’ [L‘)| < 5_1 maX(CQ, Og)

From the last inequality (1.7) follows, because of (1.8). O

2. Let us give a few simple facts of auxiliary nature. Let ¢ € C*[a, b], and h(t) € C[a, b].
Set

b
I, = /tklh(t) exp{ip(t)}dt, k>0.
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Proposition 1.2. If h)(a) = k™ (b) =0, 0 < v <1 —1, and ¢(t) = kt, then
b
uﬂgn4/HM%wmn_qﬁ% (1.9)

Proof. Integrating by parts, (1.9) follows. O

Proposition 1.3. If h(t) satisfies the assumptions of the preceding proposition, and p(t) =
kpo(t), with |py(t)] > 1 fort € |a,b], then for b —a < oo,

1| < D (1.10)

Proof. By assumption, ¢o(t) is a monotone function. Introducing a new variable & = ¢q(t)
under the integral sign, we arrive at the situation of Proposition 1.2, and thus (1.10) follows
from (1.9). O

Let h(t) satisfy the assumptions of Proposition 1.2 and, besides that, the condition
W) <Ct™, 0<v<l, telab],a>0. (1.11)

Proposition 1.4. Suppose that h(t) satisfies the above conditions, and ¢(t) is such that
1. | t)>6>0
2. eVt < Ct ™, 0<v <L, telab]

Then forl >k + 2,

11| < Aja* (1.12)
where the constant A; does not depend on a nor on b.

Proof. Setting go(t) = t*"1h(t), we define functions g1, ..., g; by means of the recurrent relation

_ igu—l(t)
dt ¢'(t)

It can easily be checked by induction in v that

9u(t)

(1) = g (0 Pul),

with

(ur+1)

(“H'l)...(p ’

W)= ) AL L

1t pr=v—p
w20

where the coefficients Al are of the form #, with v integer and s natural. This implies
l9,(#)] < D",

From this inequality for » = [ and obvious relation

I, =i / qi(t) explip(t)] dt
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(1.12) follows. O

Let us find an asymptotics of the integral I by means of the Stationary Phase Method. For
our goals, it suffices to consider only such functions () that satisfy the conditions:

1. ¢/(t) has the only zero on (0,00) at ¢t = t.

2. The function ¥(€) = t5 p(to(1 + €)) is regular in the interval (—1,00) and is independent
of t().

3. There exists 0 > 0 such that

inf [¢/(§)] = do, € € (=1,00) \ [, +4].
Let function h(t) satisfy conditions (1.11) and the conditions

A (a) =h" (D) =0, 0<wv<[k]+2 (1.13)

In what follows, we shall set

T = tow//a)) .

Proposition 1.5. If the functions h(t) and p(t) satisfy the above mentioned conditions and
[ > 4([k] +2), then

o0 [k]+1
I, = I th exp{iv(te) + —sgnT} Z a,T a b, (1.14)
\/ T

where o = h(ty), and oy, v > 1, is a linear combination of the quantities h"(ty), 0 < p < 2v.

Proof. Let 0(t) € C*°(—00,00) be a "cap"-like function. It obeys the conditions:
1.0<o() <1
2. 0(t) =0fort € (—oo0,00) \ [1 — 0,1+ ]
3.0(t)=1forte[l—5 1+ 3]

Setting 0y(t) = 9(%) and 61(t) =1 — 0y(t), we correspondingly have

b

I = / 1105 (£)h(t) explig(t)) dt

+ /t’“_lé’l(t)h(t) exp(io(t)) dt = Iy + Ips.

a

The integral I can be split into the sum of two integrals, wherein to each of them Proposition 1.4
is applicable, with the quantity [k] + 1 assumed to be [. We will obtain Ikg = O(a™!) in this
way. Substituting t = to(1 + £) in the integral Iy;, we set (&) = ¥(0) + w 27042 then. Without
loss of generality, we may consider § to be such that for || < § the functlon (&) is expandable
in the convergent power series

V0 )

v ¢ (4]

and that the function

W( ) (14 a + ...)
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is schlicht in the disk || < d. Therefore, £ = &(u), with £(0) = 0 and £’(0) = 1. This substitution
will move the interval [—4, d] of the £ axis to the interval [—ug, u1], ug > 0, with the orientation
preserved. Hence, we obtain

ul

I = thexp(i(t) [ B H(w)exp( ) du + Ofa™)

—ug

where B
H(u) = [1+ &(u)* e (whlto(1 +&(w))],  0(u) = 0(E(u)).
The posed assumptions yield H(u) € C'[—ug,u], and, in addition, inequalities (1.11) imply

HY(u)=0(1), 0<v<l,

with the constant in O independent of ¢y. The Taylor formula gives

—

H(u) = Y

ul

ﬁH(l) (0) + Uqu<u)>

I
o

where

H,(u '/ VI HD (vu) dv, g = 2([k] + 2).

Integrating by parts, we get for even pu, u = 2s,

u1

Ju = /a(u)u“ exp (Zng) du

—ug

i T iU
— | — — 1 7")
(T> / {(23 1) 9 )+ Z'ysru } exp ( 5 > du,

—ug

where 7y, are certain constants, which depend only upon s and r. The function

Z 'VSTuTa(T)<u>
r=1

is identically zero in a neighborhood of the point u = 0. Therefore, by Proposition 1.3,

. S U1 S
(1) /Z%rurﬁ(”)( exp (ZT 2) du = O(r7F71).
T = 2
o

Thus,




On the mean convergence of multiple Fourier series 31

The integral
s 2
/[Q(U) — 1] exp <%) du (1.15)

can be split into two, over the intervals (—oo, 0) and (0, 00), and the change of variables u? = v
can be made in each one. The obtained thus integrals are estimated by means of Proposition 1.2.
This leads to the bound O(77%7!) for integral (1.15). Finally,

. i\° |2« e b
Ju=(2s=1)!l (;) 1/7‘exp(zsgn7) + 0> .

If p is odd, u = 2s + 1, similar argument will give j, = O(77"71). It is also clear that

u
! 2

/ B(w)u? H, (u) exp (%) du = O(r4) = O(r—1-2),

—ug

Finally,
. [k]+1 .
27 , i i%(2s — 1! _ _
4k 2T oo MRSV AME & ( ()] s 1
1=ty 77 e (et + ommr) 3 PO IR0 0
which is equivalent to (1.14). O

3. We are going to derive auxiliary asymptotic formulas for the Riesz means of a multiple
trigonometric series. Assume that the form f(z) = 22+ ...+ 22, = |z|%. Then g(z) = |z|?* as well.
We shall denote the corresponding zeta-functions by ((s,z) and ((s | ) as above. Let a@ > 0,
m>k>0,and x € I, x # 0. Set

Spn(@) = S%(z) = ' (1-'}@—5) In| ™ exp(2min - z), (1.16)

0<[n|<N

where ’ after the sign of the sum means that the summands corresponding to |n|? = N? are
taken with the factor %

We will derive a formula for S (z) by means of contour integrals. This argument is well known
in the theory of zeta-function and can be found in Chapter 3 of monograph [10]. However, we
shall insert in it a technical novelty, due to which the problem of the estimate of the remainder
term will be trivialized. Introduce a function

[+ 1)I(s)
Vis) = Is+a+1)

It is known that for Res > 0,

U(s) = /e”s(l —e ") dv, (1.17)

or

U(s) = /us_l(l ) du. (1.18)



32 K.I. Babenko

It follows from (1.17) that

U(s) = Z_: sab+y+1 +O0(s7* ), (1.19)

v=0

where by, = I'(aw + 1) and b,, = 0 if v > 1. In the last formula, the branch of the function s is
taken which is positive for s > 0. Formula (1.17) after simple calculations reduces to the relation

V(g 4it) = O(Jt| ">, v >0. (1.20)

Now, let us introduce a smoothing function. Let [ be a natural number considered to be
large enough as compared with m. Introduce parameter T', and assume that T > CyN. Set

2—u

x(u) = 4 / v (1 — ) do, (1.21)

0

where the constant A; is determined from the condition x(1) = 1. Let 6(t) = 0 for |t| > 2T,
O(t) =1 for |t| < T, and 0(t) = X(';—‘) for T < |t| < 2T. Tt is clear that 6(t) € C'(—o0, 00) and

V(6 < BT, 0<v<l, (1.22)

where the constants B, are independent of 7.
For o > 0, by Mellin’s theorem,

2w 0, ifo<y<l1

T—100

o+100
1 1—y hHe, ify>1
I(y) = — U(s)y’ds = {( yo)n ity (1.23)
On the other hand, we can represent this integral as

zw/e (o +it)y"tdt + L (y),

—2T
where .
Yy’ it
Liy) =L | o@)ytar
) =5 [ eyt

with ®(¢) = [1 — 0(¢)]¥ (o + it). It is easy to see that

2

)

_v / 0()] { ¥ (o +it)y" + ¥(o —it)y™"} dt.

Based on (1.19), after simple calculations the relation follows

ﬁ
,_.

= prw dt +O(y’T™*7").

=)

e T sm (tlogy — Z(a+v))
Il(y o al/a
T

Il
o

v

Setting r = m + 2 and introducing

;_n

r—

Q

U,(z,T) =

V°‘71—9 sin Zt__(OH_V))dt,

TV ta+y+1

>1|»—‘
I
o

1%
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we then have

o2

L(y) = %\I/a(Tlogy,T) +0 (T‘ZM) . (1.24)

By Proposition 1.2,
[Wa(z,T)| < Clz| ™" (1.25)
A routine calculation shows that uniformly in «, for a > 0,
[Wa(2,T)| < Co. (1.26)

Defining og from the relation x + 209 = m + €, where € > 0 and € < 1, and taking ¢ = gy in
(1.23), we derive from this formula

Sp(r)= > In|™I (E> exp(2min - ).

et [nf*
This yields
o
Sy (x) = % / O(t)V(s)¢(k + 25, 1) N*dt + Ry(x), (1.27)
—or

where s = o +it. By (1.24) and condition r = m + 2,

N
Ry(z) = Z |n| " "20w,, <2T log m,T) exp(2min - x)
0#nezZ™

+O(eIN~IET),
Note that in accordance with definition of S§(z), we have

r—1 .
ay, Sin =7

— v IV

Uy =Vy(0,7) = —

Using inequality (1.25), we can simplify a little the last formula for Ry(x) by moving a part of
the summands to the remainder. Thus,

«

N2oo N
Ry(z) = Z [n|""20w,, <2T log —, T) exp(2min - )

$N<|n|<2N Inl
+0 (lNlﬁTa> )
5
Set
. 27
J(z) = by / O(t)U(s)((k + 25, 7)N**dt (1.28)
s
—2T
and

N
RY(x) = N™ e« Z |n|~™E0, <2T log ek T) exp(2min - x).
$N<n|<2N "
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Then
S (z) = J(x) + R (x) + O(e ' N~1AT ), (1.29)

By this, derivation of asymptotic formulas for the means of high order trivializes. Consider an
analogue of the de la Vallée-Poussin means of the function ((k, z).

Let a function ®(z) € C(—00,00) and satisfy the conditions: a) ®(z) =1 for 2 < 5 and
b) ®(z) = 0 for z > 1. Denote by ®(s) the Mellin transform of function ®(z). Clearly,

1 1

d(s) = /x“cb(x) dr = —1/x8<1>’(x) dr,

0

which implies that s&)(s) is an entire function of exponential type, and &)(3) is meromorphic with

the unique pole of first order at s = 0 and residue equal 1. It is clear that 5(5) decreases faster
than any power of |t|™! as |t| — oco. Therefore,

2
Vn(z) = Z |n|"® (%) exp(2min - x)
0<Inl<N

00+100

1

-— [ @ 25, 1) N*ds.

- / (s)C(k +2s,2)N*°ds
g0—100

This yields

oo+ioco

1
Vin(x) = 5 / O(s)n(k + 2s,2)N*ds
g0—100
oo+i00

1 2s
o / B(s)h(s, ) N>ds, (1.30)
o0—100

where

P(m5 — s)

L5 +s)

h(s,z) = n"" 212 || 2ot (1.31)

Denoting the integrals on the right-hand side of (1.30) by Jy(z) and J;(z), we have
V() = Jo() + Ji(2). (1.32)

4. Transform integral (1.28) by shifting the path of integration to the left in such a
way that using the functional equation becomes possible. However, if we wish to obtain an
asymptotic formula operable for arbitrary x € I, x # 0, then it is better to apply the mentioned
transformation to the function n(k + 2s, z) rather than to ((x + 2s, z). Setting

f(s) = U(s)n(k + 2s,2)N** (1.33)

and

et — )

2 T —m+n+23N25’ 1.34
g (1.34)
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we obtain

27r/9 d”—/@ = Jo(z) + Ji(2), (1.35)

—2T —2T
with s = 0y + it in the last formula. Observing that

oo—iT oo+iT

1 S — 0y 1
e =gm [ M@ ds o [ s
oo—2T oo—1iT
1 oo+2iT
tor | XCTEOI) s = ule) + ala) + o)
oo+iT

and shifting the path of integration to the left, we transform each of the integrals Joi(x), 1 <
k < 3, to have lain on the line Re s = o1, where

K+e¢
5

01 = —

m_ T(af1)I(m5*)

Setting A,, = ot 14 =5 (2

we derive that A, N " is the residue of f(s) at the pole

. M—K
§= "3

n+£}

: N ['(a+1) _
— —1N 2v —9 A N™mE
JOQ( ) ( ) V|F<a+1_y)n( v, .Z')+ m
01+2T oo+iT oo+iT
o1—T Ul+lT o1—iT

If we proceed in the same way to the integrals Jy; and Jy3 and then sum up the obtained expres-
sions, the integrals over the horizontal intervals will interfere, which make their contribution to
move to the remainder. Indeed, taking, for example, the integral Jy;, we have

o1—iT oo—iT
1 s — 0y 1 5§ — 00
Inte) = o [ 2@ s s [ =T ) ds
o1—21T o1—iT
o0—2iT
1 s — 0y
- — . 1.
— [ s as (1.37
o1—2iT

By Proposition 1.1, the function in the last integral of formula (1.37) will be an O(s~!N?°T%~7)
quantity, where § = -l — 1 — a + m_T’”g Hence, considering T > N?, § > 0, we can choose [
in such a way that this integral be O(e"*N~1). The difference of the last integral in (1.36) and
that before the last one in (1.37) gives

oo—1iT"
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and since x(—522) = 1+ O(T™) for s = 0 —iT, 01 < 0 < 0y, the last integral is O(e"*N~')
as well. Thus,

[

Jo(@) = j(z) + io](—l)”NQVV!F?io:rllz V>77(Ii )
+ AN+ O™ 'N 7Y, (1.38)
where o1+1T
i) =g [ €@rs)as
oL

with the function £(s) defined by

x(—%52), if —2I'<t<-T

E(s)=¢&(o+it) = ¢ 1, if lt| < T
x(=g2), if T <t<2T.
If x € I and
lz| > CoN (1.39)

where Cj is a constant, then it worth transforming the integral J;(z) in (1.35) in an analogous
manner as well. On the basis of the above arguments, we obtain, for [ large enough,

@) = i)+ 5 [ €y
=
+ Z (—1)”N—2”V!F€LO‘:112 V)g(/-@ —2u,2) + O ' N 7). (1.40)

5. The study of integral (1.38) and its estimation are fulfilled in a different way accordingly
to whether the quantity 7, = N?, f = m+"2§f2a7 is greater than 7', or smaller than 7". Using
functional equation (1.6), we get

m—k

w]\ﬂs [C(m— K—2s|z)— |z 2

(5 +s)

Fls) = W(s)a

Since z € I, it follows from (1.8) and (1.19) that

[flor+it)| < C([HZH + N > o
0#£nezZ™
Ci, im
S _1(|t|7+a—a—1 + 1)N—fi—6'
€

Therefore, if Ty > T', then

2Ty
K+e

1 m
lj(2)] < — / Cre "N (t]z+ "+ 1) dt < Coe™'N ™2 . (1.41)

- 27
—2T
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In the case where Ty < T we introduce a partition of unity by means of the function ®(t) €
C|—o00, 0], subject to conditions: a) 0 < Po(t) < 1, b) &g =0 for ¢ < 3, and ¢) &y = 1 for
t > 1. Further, set ®(t) = ®o(7-) and ®(¢) = 1 — &(t). Then

2T To
j(:c):% / <I>(t)§(01+it)f(01+it)dt+% / B(1)¢(01 + it) (o + it) .

Taking into account the preceding estimates, we obtain

2T
j(x):% / B(0)¢(01 + it) for + it) di + O(e "N~
—2T

Kkte

)

or
2T
i(z) = Re % / B(t)E(o1 + it) fon +it) dt b+ O(e ' N~

K+e

2).

Due to the classical asymptotic formula for the gamma-function, if |args| < 7 — 4, § > 0,
and |s| is large,

1 1 90 (_1)1/—1
log'(s) = (s — 5) logs — s+ 3 log 21 + ; ( B,s~2 1 4 O(s~ 201,

2v—1)2v

where log s is the branch of the logarithm positive for s > 1, and B;, 1 < j < g, are the
Bernoulli numbers. By a simple calculation, we derive from this

(o + 1)L (s)I(75E — s)
[(a+1+s)(5 +s)

— 7T2s+nf% F<a + 1)
8a+1

U(s) = n2tm =%

-1
exp{—m2 i+ (2+ m)(g +5)

q—1
B
> 06T

m K
+ (5 — Kk — 2s) log(§ + s)} 2

Setting s = oy + it for t >> 1, we get after simple calculations

U(oy +it) = A exp {m + 2itlog %} [i % +o(t|, (1.42)
v=0
where
A=13"T(a+1)exp {—% (% +a) } (1.43)
and
y=gte-a (1.44)

Note also that ag = 1.
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Setting ¢ = [y] + 2 in formula (1.42), we will use that formula for transforming the integral
j(x). After simple calculations, we obtain

2T

j(z) :Nz‘”Re{A Z |n+x|_m_5%/<1>(t)§(al+it)t7_1

0#£nezZ™ To

q—1
x exp(2ign(t) Y ‘;‘— dt} +O(eINTT), (1.45)
v=0
where ;
on(t) =t +tlog 7”,
On the interval [T, 2T, we introduce the auxiliary polynomials

tn, = mn + z|N.

" W) (= = ;
X272 +1+7) (t=T — 4T
(t)_z 1/! T

) +]_17 jzovla
v=0

and then extend the functions P;(t) to (0,00) by letting them be zero for ¢t € (0,00) \ [T, 27].
We shall denote the obtained functions by P;(t) as well. By means of the function ®y(t), defined
in the beginning of this subsection, we introduce on (0, c0) the function

&(t) = E(oy +it) — [1 — ®, (2#)] Py(t) — {1 — ®, (22TT_ t)] Py (t).

The following properties of &,(t) are obvious: 1) & € C*(0,00), 2)

) =0T, v=0.1..m (1.46)
It is easy to check that
Pi(t)=0(T""),  j=0,L (1.47)

Choose [ so large that r = [£] >> 4([7] + 2). If we replace the function (o1 + it) by &.(t) in
the integral in (1.45), the error we make will not exceed O(e~*N~"3%) by (1.47). Applying then

Proposition 1.5 to the obtained integral and setting wy, = 2(™ + a), we will find that

. F(O“/ + 1) m=l_ g
j(z) = WN 2

exp{27iN|n 4 2| — iwn } <= a,(|n + z|)
x R
(§] Z |n+ 77L+1+a Z ‘n+x|N

ol<2 T
|n+@\< N
n;ﬁO

+

+0(e 2 ), (1.48)
where «a,(|n + z|) is a linear combination of the quantities

W (x|n + z|N), w=0,...2v,
with

ap(|n + z|) = &(m|n + z|N). (1.49)
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Recall that

m

q=[5+5—a]+2. (1.50)
Formulas can be given for calculating o, (|n+z|) but they are cumbersome enough if 7|n+z|N >
T, and we will not dwell on them.

Let us now proceed to transforming the integral Jy(x) in (1.32). The Cauchy theorem yields

o1+ic0

~ - _ 1 -
Jo(x) = (m 5 K) AN +n(k,x) + 9 / O(s)n(k + 25, ) N*ds.
01 —100

Denoting the last integral by I(z) and applying the functional equality, we obtain

o1+1i00

71'”7% 1 ~ F(mfﬁ—s)
I(x) = _— D(s)—2— 2 (7%|n + z|>N?)* ds.
(z) U;A%:Zm n 4 x|m* 2mi / (5) F(g—l—s) (] | )

o1 —100

Since EIS(S) decreases faster than any power of |t|~!, the line of integration can be shifted to the
left arbitrarily far away. Therefore,

[1(z)] < C.NTH,

where any arbitrary positive quantity can be taken as u, and C), is a constant depending only
on p. Thus,

~ M —K

Jo(x) = ®(

YA N™% 4 (s, ) + O(N ). (1.51)

6. Let us find the asymptotics of the integral J;(x) and of the integral

1 o1+2iT
i) = 5 [ elolate) ds
o1—2iT

In virtue of the calculations of Subsection 5 for tq > Ty, where ty = 7w|z|N,

| (o + 1)N "5 -an | e )
= , R 2 N —iw,
J1(z) S, " e exp{2mi|x| w }Vz% (2lN)”
+ O(Q(N, x)), (1.52)

with Q(N,z) = e '!N~"3°. If 1 << ty < Tp, then only Q will change in the last formula. To
prove this, it suffices to observe that taking %0 in place of Tj in the calculations of Subsection
5 and, in accordance with this, setting ®(t) = @0(5—5) and ®(t) = 1 — ®(t), we get that for the
integral
o7
% B()E (o + it)g(or + it) dt
—ar

asymptotic formula (1.52) holds, with

m—1 m—+1

Q(N, $) = NTi_a_H_q_”x'_T—a—q—l.
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It is easy to see that

! (1.53)

2 5(.[:)g(a-l + Zt) dt = O(N_”_5|x|—m—5)'

«\M‘Oﬁ,

_t
2

Indeed, for this, it suffices to observe that

. {at)\p(al Lit) ”F”;+ _afl_@-:)t)} o,

where ~ is given by formula (1.44). Therefore, from Proposition 1.2 estimate (1.53) follows, and

taking ¢ so that
m—1

qg+12> + €,

we conclude in the general case that

Q(N,z) = 'N~5° 4 N7 e[z " (1.54)

Consider now the integral Ji(z). It is clear that

o9+100
1
Ji(z) = o g(s)ds — Ay N7 + Ji1 (),
09 —100
where the quantity o, satisfies the inequalities 0 < oy < 5% and
1 r :
Tule) = o= [ 166) = lglon + it) .

, then the classical Weber formula in the theory of Bessel functions

m—K

Ifm—ﬂ—%<Res<

gives
T m m F(miﬁ - S)
Jm_q(t)t2 Q=20 2~

0
and hence the convolution theorem for the Mellin transform yields

( ) o 2mlz|N )
2m)F T2 t @ m
_ =’ 1—- — m_4(t)t2 " dt
hl@) = s / ( <2w|x|N>2) Tgill)

0

- 147,1]\[7717'$ + Jn(l’)- (155)

It is easy to see that for |t| > T,

dv [(2E — gy — it)
—[0(t) — 1] ) —2 = O(t| P
7o 180) = 1wt it — o,
where 8 = 7 + « + €. Therefore, by Proposition 1.2,

Ji(zx) =0 {Nm‘“+€]a:|5T‘5‘”| log(m|z|N)|7"},
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which yields, by choosing an appropriate v,

m

m—k T2
o) = O N e (150

The final formula for the integral J(z) will be obtained on the basis of (1.35), (1.38), (1.48),
(1.55) and (1.56). Moreover, it is advisable to specify the case where condition (1.39) is valid.
Set

EaN<x) = 7T01+1 —Qa—kK
exp{27miN|n + x| — iwm } o= au(|n + z)
X Re Z = Z
+a
In+a|<2TN-1 n + x| ™2 (|n +z|N)¥
and
g Dl + DN~ N 1o aulle])
Liy(z) = Ly(z) - g Re < exp[2miN|z| — iwp, _

v(7) v(7) 7Ta+1|x’T+1+a { [ || ] Vz:; (z|N)"

In this notation
1

J(fL’) = 2WN%‘R+1|x‘_%+1 /(1 . UQ)QJ%_1(27N|[E|U)U%_H du
0

[=52]

+L%(z) + VZ_O (—l)VN_QVV!FI(‘éa_illz V)C(Ii —2u, 1)

+ O{eIN"5 4 N T 5 o) (1.57)

If condition (1.39) is valid, that is,
Nl|z| > Cy,
then, by (1.40), (1.48), (1.57) and (1.60),
[
J(x) )+ Z VV!FIQ(E(&_:_lll V)C(H —2u,x)
+O{e'N"2 4 N7"8|g| ™= 4 N™RT T2 0E ) (1.58)

Now, (1.29) and (1.57) imply the basic relation
1

Sy x(T) = 277N%_““|x\_%+1 /<1 _ u2)aJ%_1(2ﬂN|x|u)u%_n du
0

[=5=]

+L%(x) + RG(z) + ) (=1)VN~%

v=0

+0 {5_1]\7_; +

I'(a+1)
vil(a+1—v)
Nm—an%fafs }
(14 T|log(wN|z[)|)™

((k —2v,x)

(1.59)

If here |z| > CoN~!, then
Siv (@) = Lyy(x) + Ry ()

n+5]

INa+1
+Z VV!F(O(z++11V)C(H_2V’x)

+ 0{5 IN=F 4 NmoRp-Eoame 4 NoRee | Tme), (1.60)
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7. The integral .Jy(z) in (1.32) is calculated in a trivial way. Indeed,

o9+1i00

) ApN™TF — L / ®(s)h(s, 2) N*ds.
2mi

09 —100

m—K

Ji(z) = —513(

Applying, as above, the Weber formula and the convolution theorem, we obtain

1
- Nm—n—i-l . . _
Ti(z) = zﬂﬁT / T 1 (2N |z|)tE 50 (%) dt — & <m “) AN
v 0
In virtue of (1.32), (1.51) and the last formula, it turns out that
1
N7Z—rtl m )
VN(ZL’) = QW’y—nl/Jfg_l(Qﬂ'N|$|t)t2_H¢’(t )dt
|2
+n(k, ) + O(N™H). (1.61)

If |z| > CyN~!, then the integral J;(z) can be processed in the same way as the integral Jo(z).
Hence,

Vn(z) = ((k,x) + O(|z|""HN™TH), (1.62)

where any arbitrarily large fixed quantity can be taken as p.

§ 2

1. Let us consider the question of the boundedness in the LP metrics of the Riesz means

S ().
We shall need a few simple statements of auxiliary nature concerning the asymptotics of the
number of integer solutions of the Diophantine equation

ni+..+n2 =k,
denoted above by r,, (k).

Proposition 2.1. For an arbitrary small quantity é > 0,
P (k) < Crogh? 7110, (2.1)

Proof. By a classical result,
d—1
T2<k) = 4Z<_1)77
d|k

where the sum is taken over the odd divisors of k. If 7(k) denotes the number of divisors, it
follows from this that

ro(k) < 47(k).
The next argument concerning the estimate of 7(k) can be found in [12]. Let py,...,p, be the

prime divisors of k, so that k = p{* ... p%. Then, as is known, 7(k) = (ag + 1)...(a, + 1), and

ké p?aj

< Cy,

T(k) Haj+1
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since for p > 2%, the inequality holds
a+1

ad
p
while for an arbitrary p, there holds ‘;j,;l < %. Thus, (2.1) holds true for m = 2, where from the
general case can easily be derived by induction. Indeed, for m > 2,

rm(k) = Z -1 (k= v%) < Crcig Z (k—v?)"7 ~

<1,

v|<Vk lv|<VEk
m—1 m_14§
S Om—1,6 m,Ek 2 1t )
[v|<VE
where 3C,,_1,5 can be taken as Cy, 5. O

Remark. The bound (2.1) is can be easily proved for m > 4, since it is well known, [14], that

(k) = k2718, (k) + O(k%), m >4,

%
I(3)
where S, (k) is a so-called special series, and if m > 4, then S,,,(k) < C,,.

Proposition 2.2. Let 7> 0,0 <~v <1 and v > 2. Then

"}/ m
2 <T|fo(/]§|)+ T S O T HNETED, (2:2)

1 N2<k<4nN?

Proof. The following chain of inequalities holds, each step of which is obvious:

(k) 2
N'y(2 —1+9)
2 (T|N? — k|+) Z (T|N? — k|+)

1 N2<k<4nN?

< C1N2V(%71+6)

o 1
242 —_—
+ 21: (kT + 1)V

<20, NP0 ] / <20, (14— ) N,
(Tz + 1 T(v—1)
0

Proposition 2.3. The relation holds

5 ull) = gy 0 (W), 3

0<k<N2

Proof. We will make use of formula (1.59) in §1, with a = k = 0, by setting x = 0 in it.
Elementary calculations yield then

M‘E

Z/ (k) = m]\fm + L£3,(0) + R(0)

+O(1+e'N"5F + N"T—279). (2.4)
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It is easy to see that

Lol <aNT > o7

0<|n|<TN-1

m—1 d m—1
< CyN™ / <G (2.5)
|z|<2TN-1 |I| ’
Since

)

N2
|R%(0)] < 2m+¢ Z rm(k) ‘\IJO (T log ?,T)

IN2<k<an?

it follows from inequalities (1.25), (1.26) in §1 and Proposition 2.2 that

|R%(0)| < CN™=22(1 4 N2T71). (2.6)
Setting T' = N and taking into account that J is arbitrary, we derive (2.3) from (2.4)-
(2.6). O

Proposition 2.4. If 7 < N-w10 gnd v > 2, then

rm (k) —2_—1
g < CON™ 2177, (2.7)
IN2<k<4N? (TIN? = k| + 1)
4 —v =

Proof. Set
§ :/ § :/
Oy = Tm(k)y Wy = Tm(k:)a
—1 —1
N2—Z<k<N2-2> N2 2= <k<N2+ %

where the prime ' after the summation sign means that the summands corresponding to the

minimal and to the maximal values of k£ are taken with the factor % It is easy to see that

(k) %TNQ-F]. y %TN2+]. »
r o w
i <2 — +2 —. 2.8
Z (TIN? — k| +1)v — ; o~ ; vy (2:8)

LIN2<k<4N?
Since, by Proposition 2.3,
o, = O(NmfZTfl)’ w, = O(NmfZTfl)’

inequality (2.7) follows from (2.8) in an obvious way. O

2. In what follows, we shall consider 1 < p < 2, and denote the LP-norm of the function
f(z), defined on the interval I, by ||f|. Let &€ C I be an arbitrary Lebesgue measurable set,
x(x) be its characteristic function, and |£| be its measure. By the triangular inequality,

2

—K —Q N
By @) <2 N Y %(Tlog—,T)'

1N2<k<an?

x |Ix Z exp(2min - z)||.

In|?=k

k
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Holder’s inequality gives

2-p 1
Ix Y exp(@min- )| < |E]= ri (k).

In|2=k
Applying estimates (1.25) and (1.26) in § 1 and Proposition 2.2, with v = %, we obtain
B || < ONEHiomroteje 5, (2.9)
3. Let us proceed to the study of the function £ (x). Let ¢(z) € C°°(—o00, 00) satisfy the

conditions: a) ¢(z) =0if 2 < 1 and b) ¥(x) =11if > 1. Let M be a quantity to be
specified further, and let

p(ln+al) =2 (|n]\—|/—[3:|) ZM (2.10)

2 (n+ 2N
Set
2miN — W,
x)=Re Y CRUTNnEAZond 211)
In+z| <2 |n+x’T+a
and
¥(z) = Re Z [1_¢(\n+x\)} exp{2miN|n + | — iw, }
e M |n + ;plmT-H-f-a
q
a,(|n + x|)
—_—. 2.12
X;(]n—i—azﬂ\f)” (2.12)
Then
o F(Oé—l—l) m=l_ g
LY (z) = WN 2 [@(z) + V(x)]. (2.13)

While estimating || £%/]], essential and the most complicated is the estimate of the integral
i= [P
T

Expand ®(z) in the Fourier series
O(x) = Z ¢y exp(2miv - x).
veZL™
In virtue of Parseval’s equality,
J= Z |Cl/|27 (214)
vezm

and it remains to estimate the coefficients ¢,. A simple calculation gives

21y -
o= [ SUZEY e fexplaniNin+ o] — iwnlp((a])} dr

o]
|z|<R
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where R = %TN‘l. Let us pass to the polar coordinates in this integral and then, for simplifi-
cation, make use of the classical integral

Jm_y(2mr|v])

/ exp{—2mirv - y} dw, = 21 —=2—F——,
(rfvh)=""

Sm—l

where S,,_1 = {y : y € R™, |y| = 1} and dw, is the area element of this sphere. We remind the
reader that Jm_; is the Bessel function of index 3 — 1. Thus,

R
2 d
¢, = TﬂlRe / Jm _(27|v|r)e(r) exp2miNT — iw,y,] —Tl, (2.15)
lv|2~ 2 rots
im
if v # 0. For v = 0, the last formula undergoes a trivial modification. It follows from formula
(2.10), on the basis of the definition of functions a,, that ¢ € C* where an arbitrary fixed
quantity can be taken as k, provided a natural [ is chosen in an appropriate way in formula

(1.21) in § 1. It comes out from formula (1.21) in §1 and definition of the function ¢ that

W) =0 K%)u + M‘“] =0(1), 0<pu<k, (2.16)

provided that "> C'N.
According to the asymptotic formula for the Bessel functions,

1 P
2 2 . w(m—1) (0%
m = (= ilz—=7—] E v
J7—1(1’E> (7T$> Re {6 4 v (2%(;)1/

where «,, are real-valued quantities, ay = 1. Note also that

} + Oz F2), (2.17)

M
drt

Ty (27r|v) = O(|v|~2r2).

Hence, by Proposition 1.2,

_ _m1 (| F R
L, =0 M () log— %,
¢=0 { i (N &0
and therefore if |v| < N172,
¢, =0(M™y|" N™%), ¢=0(N"%). (2.18)

If [v| > N*° and ||v| — N| > 5N, we will use relation (1.23), specifying the quantity P in an
appropriate way, and then apply Proposition 1.2. This results in

¢, = O(M~|v|~"= | |v| = N|7%). (2.19)
It follows from (1.24) and (1.25) that

i= ). el +om M) (2.20)

1
[v[=N|<3N
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If | [v| = N| < 3N, then we get a satisfactory bound for ¢, by taking only the leading terms in
formulas (1.16) and (1.23). Thus,

)
]
I
<
i
SN
=
)
\..:U

(%W - M)

4
im
. . r dr
X exp[2miNT — iwy,] ¢(M)GO(T)T1+a

m—+1

+O(|v]7 5 M,

We have, by formula (1.49) in § 1, that ag(r) = &(7rN), from which, in turn, in virtue of (1.47)
in § 1 and definition of the function &,,

ao(r) = E(mrN) + O(T™) = 0(7rN) + O(T™ 1) (2.21)

follows. Taking into account that the function € is real-valued, we conclude that the real part
of the integrand will be equal to

cos (27r|1/|7’ — %) cos |:27TN’I“ - g (% — a)]

X zp(%)e(m“]\f)r_l_o‘
1 T _l-a . T
= S UGN siloa( — i)+ Sl
+ cos[2m(N + |v|)r — g(m - O‘)]}'

It is clear that the integral with the cosine will be O(|v|"'M~'=%), thus taking into account
(2.21), we obtain

R
1
6= T [ OB sinl2e(N ~ e+ Sl
im
2

V| 2

.
+O{M lv|~ 2 <M —i—TlogM)},

with a constant in O independent of . It is easy to see that the last integral is
O{M™[L+ M| |v| - N[]7'},

with a constant in O independent of a. Hence,

C N R
— |1+ M — N[t M+ = log — .
e 0 M= N (M o )

It follows from this, by (2.20), that

j < OlM—M{ 3 Fon( )

m—1
1N2<k<an? [+ %’NQ — k[2k

N, RY’ 1
-1 4V v —m \ f—2a
+ (M + 7 log M) E |y|m+1} + O(N"" M=),

SN<v|<2N

ley| <
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Since

- - Cy
> owrte [ e R

it follows for
M < Nwii™?, (2.22)

by Proposition 2.4, that
N 2
j < CoM ™2 {M—l + (M‘1 + —log —> N—l} ,
and since T' > C'N,

/ycl>(a:)|2dx < CgM 2 (2.23)

1

As above, by means of Holder’s inequality, we get

IX®|| < Cyl€| 7 M2, (2.24)

4. Let us find the lower bound for ||S(x)]|. We will assume that p € [1, 2%]. For each
p, define the critical order o, by

m m+1
oy = — — ———.
P p 2
In the sequel we shall assume that
a < .

Restricting ourselves to the case £ C T\ {z : |z] < CoN ™'} so far, we make use of the formula
(1.60) in § 1, putting 7' = N? in it. Take the constant Cy large enough to have, for |z|N > Cy,

> | < 2o - . -
It is easy to see that (1.5) in § 1 yields
[“gs](—1)vN_2y T(o+1) C(k — 2v,2)| < Ap|a|~™+" (2.26)
s vil(a+1—v) )| S Am . .

By estimates (2.9) and (2.24) and inequality (2.26), it follows from (1.60) by means of the
triangular inequality that

o INa+1 m=1_ .\,
syl < 2Ot D st ey g 4 (2.07)
v
and
o Na+1 m=1_
esel > SO s g - (2.28)
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where

m—1__

J — C’E‘QQTPN 3 OI*K[N(Sflea +M7%7a]

P

3 =

+ A, /X(x)]a:|p(m”)dx +CN™"* /X(x)|x]p(m+€)dx
T T

+CE|P N5, (2.29)

It is easy to check that the estimates hold

(mte) v 1 N p(m+e)—m
Py < e 2.30
R =i () (230
1
and
_p(m_"i)d < Um—1 1—(C N—l m—p(m—k) 231
[ xt@lal e < 1 = (G (2.31)
I

where v,,_1 is the volume of the m — 1 dimensional unit sphere. Keeping in mind that N > M
and taking into account the last two inequalities, we obtain

['(a+1)

ISRl > =y

Ve vl - el arie

1— (CON_I)V’”} ’
Yrm
— C.IE|P N8, (2.32)

_ C’lc’o(lp)mENoz—Oép} - |:

where 7, = m — p(m — k).
Let us estimate ||[x V|| from below. Since

Re Z [1 —v ('n +$|>} exp[2miN|n + x| — iwn] o= a(|n + z|)
|nta| <M M |n+$|mT+l+a V=0 (|TL—|—I|N)”
n#0

m

<B, Y | <BMT (2.33)

0<|n|<M+y/m
it follows from formula (2.12) and inequality (2.25) that
XV > Jo =S, XV < Jo+ h,

where
D
m+1
Jo = /X(Q?) |cos[2m N | 2| — wy,]|” ym‘—p(%ﬂx) .
1

and

1

p

Cm —p(mtl i 1. m-1_
h=a /x<x>|xr P gy |+ Clef M
I
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Considering A to be a small constant, we take in the previous formulas the spherical layer
E={z:CoN ' < |z| <A}

as €. It is easy to see that the following relations take place:

A
JE > v / PP cos (21 N p — wyn) dp

CoN—1
U AP@—0) _ (C()N_l)p(ap_a)
9 play — @)
NA
4 2 o) / prer=) = cos[dmp — 2op) dp.
Co

From this, by means of simple calculations, we obtain for N > N,

» V1 Ap(ap—a) _ (CON—l)p(ap—a)
Jt .

Y]

4 ploy — a)
Set )
| — (oA N yplar-a) |5 2
\I}N,a = [ ( . ) U:;Lfl‘
p(O‘p — )
Thus,

T > A% (475 — CuCy )Ty 0 — CLAY M T,
Take relation (2.32), with ¢ = 1, and make use of the last inequality. Then

2

\MS%HZAN@f0~{A%0¢MQ—BAmnﬁw%fl

m—1__

—BAY M7~ — Bco—lNa—%} —ye [

1 (CON—I)%} z
TYm
— CQA%N_%.

Consider the expression in the brackets. After elementary transformations, it can be written as
A= [§y, — BA™ 3 M370(1 4 M%A%)} — BCyINo—o,

Taking A = M~! and choosing M large enough, we conclude that, for N > N, the last
expression will be not less than

1
EA%_O‘\I/N,Q.
Assuming that
m—1
T—a—mZO, (2.34)
we obtain, for N > Ny,
_ _p(ap_a) % m— _ —1\vm %
312 a0 [ oIS e g [LEOT (2.3
play — ) Ym
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5. Let us introduce the Lebesgue constants of spherical means of periodic functions in the
LP class. If f € LP, we will denote by S$(x, f) the Riesz mean of order « of a function f. We
will call the quantity
Ap(N, @) = sup [|S¥(z, f)

IfF1I<1

the Lebesgue constant of these means. It is well known that if p > 1, z% + % =1, then
Ay(N,a) = A, (N, ). (2.36)

By this, it suffices to consider the case 1 < p < 2. The critical order «,, has been defined above
for p € [1, nf—j’:l] For p/ € [22-, 00), set

Theorem 2.1. Ifp e[l 0 <a<a,, then

’m+1]

Ay (N, a) = Ay(N, ) A[Np(apa)_l]p (2.37)
a)=Ay(N,a)>A|— = 2.3
g ! ploy — a)
Proof. Let p € [1, m+1] Let us specify some quantity x so that
m —p(m — k) < 0.
We define S§  (v) and Vaon () according to this k. Setting f(x) = ‘H/%g](fu)’ we derive that
S0, ) = 10— So).
T
Y Va7V
Therefore,
SOé
Ap(N,a) > 1551l (2.38)
[Van||

Let us estimate ||Van || from above by making use of relations (1.61) and (1.62) in § 1. It follows
from (1.61) in § 1 that for N|z| < C,

[Van ()] < CN™7F,
and from (1.62) in §1 and (1.3) in §1 it follows that for N|z| > Cy,
|‘/2N(~T)‘ <C [|x’fm+n + |x”’v*#Nm*”v} .
Hence,
[Vall” < CLNPm=97 4 Cy / [J] =m0 - [Pl N#OmT iy

ON-1<z|<1

N (m—r)p—
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where the constant Cy depends only on m and p. The last estimate and inequalities (2.35) and
(2.38) give (2.37). O

Remark 1. It is quite probable that inequality (2.37) is sharp in power degree and

NPlap—a) _ 1] v
=

h(Va) < B { ploy —

However, we have failed to prove this in the whole range. Mention that it is easy to do this for
p = oo. It is clear that
~ [ D3l ds,
1

where D% (z) is defined from formula (1.16) in § 1 by letting x = 0.
Theorem 2.2. If0 < a<a; = ’”T_l, then

Nei—a _ 1 Nei—a _ |
A <A (N,a)<B——~ (2.39)

o] — o] —

Proof. Tt suffices for us to establish the right inequality in (2.39), since the left one is contained
in (2.37) as a particular case. Note that

Dy (z)] < ON™,
therefore
| DY (z)| dx < C4. (2.40)
‘x|§CON71

To estimate the integral over the domain & = I\ {x : |z| < CoN7'}, let us apply inequality
(2.27), with K = 0 and M =1 in it. It follows from (2.29) that

J < Cy(N“ ™ +1log N). (2.41)
The upper estimate for ||y V|| is trivial, and we get

1 — N—(a=)
vl < Cs—— — (2.42)

The right inequality in (2.39) follows now from (2.27) by (2.40), (2.41) and (2.42). O

Remark 2. It could be tempting to find an asymptotics of Ay (N, @), but this question seems
to be extremely difficult.

§ 3

1. Let us apply previous results to the problem of divergence almost everywhere of multiple
Fourier series. Consider the means of a function

((k,x) = Z |n| ™" exp(2min - x) :i —3 Z e, (3.1)
k=1

O#HEZ"L |TL‘2:]€
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Theorem 3.1. Ifp € [1, 7721—:[3), a < a, and Kk satisfies the inequalities

m m—1
m-—— < KR
P 2

- a, (3.2)

then ((k,x) € LP, and its spherical means of order o diverge almost everywhere.

Proof. 1f the left inequality in (3.2) holds, then ((k,z) € LP trivially follows from (1.4) and (1.5)
in §1. If we show that for an arbitrary measurable set & C I, |€| > 0,

lim / 152 ()P dz = oo, (3.3)
N—o00
£

then the divergence almost everywhere of the S% (z) means will be proved. Indeed, if the sequence
{S%(x)} converges on a set &, |E| > 0, then the Egorov theorem yields the uniform convergence
onaset & C &, such that |E] > |Ey|—e > 0, and thus (3.3) is invalid for this £. This contradiction
proves the divergence almost everywhere of the sequence {S§(x)}. Note that it suffices to prove
(3.3) only for sets & which do not intersect with a small enough neighborhood of the point = 0.
So, the following will be devoted to the proof of (3.3). Make use of the relation (2.32) in §2, in
which y is the characteristic function of £. It is clear that

N—oo 7Ta+1

m— r 1
lm N2 e sy | > DOt {N—

lim [V — clyg\%fM%a}, (3.4)
—00

and it remains to study lim |x¥||. Since the quantity M is fixed, we have, by (1.49) in § 1 and
N—o00
(2.12) in §2,

Y- 3 [1_¢(|n+x|)} cos(2aN|n + | —wm) | oy

m+1
ntal<M M |7L—|—J]|m2 +a

and, consequently,
IXV[| = [ x(2)¥(z) cos(2mN|z| — wy) dz

cos?(2rN|x| — wp)
e

Tt Tt

x() dr+j+O(NY, (3.5)

]

where

jz/x(az) cos(27N|z| — wp) Y [1 _ 3 (!n;f\)]

Ji |n|#0
2n N — W
y cos(2rN|n + x| — w >d9€

In 4 x|"2 to

In order to estimate the obtained integrals, we shall prove a few simple statements.

2.

Proposition 3.1. If f(x) is integrable on R™, then

A—00
]Rm

lim / F(@) exp(iXa]) dz = 0. (3.6)
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Proof. 1t is clear that

e}

[ f@ expirfel)d / ) exp(iNg) dp,

0 v,

with

where dvy,—1 is the element of the volume of the m — 1 dimensional unit sphere. Therefore, (3.6)
follows from the classical Riemann-Lebesgue theorem. 0

Proposition 3.2. If n # 0, then

lim {1 — ¢ (|n + a:‘])] cos(2n N|z| — wp,) coiglﬂ]\f]n + 2| — wm)
M In 4+ x| 72t

x x(z)dx = 0. (3.7)

—00

Proof. Since the system {exp[2miv - x]} is dense in L(I), we will have (3.7) if for any v € Z™,

: ’n + ‘1" 2miv-z
R [1 —¥ ( M )€
I

y cos(2m N |z| — wy,) cos(2nN|n + x| — wp,)

n + x| e

dz = 0.

Let
IN = /F(x) exp{2mifi(x)} dz,
T
where
va 1 — (el
f:l:() || | | N () |n+x‘;+a

First of all, note that if g4(z) = || £ |n + x|, then gradgs(z) = 0 if and only if x = tn,
—00 < t < oo. Hence, if we construct a cylinder with axis © = tn based on the ball |z| < h
of a sufficiently small radius, and then remove from [ the corresponding part of the indicated
cylinder, then in the remaining set Iy,

min |gradfy(z)| = § > 0,
xely

provided N > Ny(v). Mention also that if x € I, then

82fi (.Z')
(’935;8%

<, k,il=1,....m

Make use of the obvious identity

L Alexp@riNfe(@)] i A@) s
4PN? T Jgradfi(@)F 27N |grad fi(o)P ’

exp[2miN [ (x)] = -
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where A is the Laplace operator. This yields

Tn = / F(a) expl2miN £y (2)] da

Iy,

1 Alexp(2miN fi(x))] o
==~ TN /F(z) arad 2 (2)2 dx + O(N™).
I,
Making obvious transforms, we obtain
Alexp(2miN f(x))]
[ e
Ip,
_ S i 2miN f+ () 0 1
) I/F(x) kzjzl Oz, <6 )aﬂfk |grad f+.(z)[? 4o+ O
h )
0% fi(w) 2)% dx
=0O(N +O(N)=O(N).
0 [(E 55820 e o0 -0
Lk
Thus,
JN,h = O(N_l),
and since

JN = JN,h + O(hm)a

we have A}im Jy = 0, by the arbitrariness of h, and hence, in turn, relation (3.7) holds true. [
— 00

3. It follows from Proposition 3.2 that

lim 7 =0,

N—o0
and by Proposition 3.1,
, cos?(2n N|z| — wy,) 1 dx
lim /X(ﬂﬁ) o dr = §/X($)W-

I

Therefore, it follows from (3.5) that

' 1 dx
tim ¥ > 5 [ x@)
N—ro0 T ’I| ?

and from (3.4) we derive, by the arbitrariness of M,

. —L_l-i-a-i-ﬁl o Oé + 1
Nh~>_nioN 2 ||XSN|| - ratl m+1+a
T
which proves (3.3) and hence the theorem. O

Remark. In the plane of the variables o and p* consider the set R, by relating to it the points
(a, p), p > 1, for which f(x) € LP exists such that the Riesz means of order « diverge almost
everywhere.
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If m = 1, then the known result due to A.N. Kolmogorov asserts that (0,1) C R;. As is now
became known, the set R; consists of one point. For m > 2, the picture is essentially different.
In virtue of the proven above,

2m
R, D p0<a<a,l<p< )
{ap <a<aq, P m+1}

In our next work we shall study the set of the points

2m
apra=a,l<p< 0

It is quite possible that the conjecture

2m
Rn={ap:0<a<a,l<p<
{ap == _p_m—l—l}

can be proved in affirmative.

§ 4

1. The results in § 2 shed light on the problem of summability by the Riesz means of order
a < "‘T_l It is well known that if o > mT_l, then the Fourier series of a continuous function is
uniformly summable by the means of order .. This is not the case for a < mT’l, and additional
constraints should be posed on the function for the summability to take place.
We will consider one type of such constraints connected with the extension of the fractional
differentiation to the case of many variables. More precisely, we will consider the classes of
periodic function which admit the representation

1

@) = a0+ e / 9(6)C(x — €) dE, (4.1)

where g(¢) € LP(I), p > 1.

Theorem 4.1. If f(x) is representable in form (4.1), where g(§) € LP(I), p > ™, k < md
then the Fourier series of the function f(x) is uniformly summable by the Riesz means of order

Oé:T—Ii.

Proof. 1t is clear that

f(z) - S, f) = (2m) / o(e — €) [C(a.€) — 5%,.(6)] de.

Alter this integral, assuming g € L*(I) so far. Make use of formulas (1.59) and (1.60) in §1
by taking T'= N? in them. In virtue of (2.9) in §2 the convolution of R%(x) and g(z) will be

O(N®~27%%) = O(1), and in virtue of (2.23) in § 2 the convolution of ® and ¢ will be O(M_%_O‘).
It follows from (1.5) in §1 that for N|z| > Cy,

[“%2)

; (_1)VN_2VV!F1;LQ++111 V)C(’f —2v,x) = O(N~F|z| " %),
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Finally, mention that S§  (z) = O(N™"). Taking into account all these remarks, we get

@) = S3to ) = —gatd [ oo - wie) de
T / g — €)[C(. €) + O(N™) de

Iy

Lo / 9z — )] |l de + O+ + o(1),

where Iy = I\ {z:|z|] < CoN~'}, and ¥ is given by formula (2.12) in § 2.
Applying (1.49) in §1 and (2.33) in § 2, we obtain after obvious transformations

cos (27N |&| — wim)
ot - opwierae - / .

In /Z { (|n+€|>} COS(27TN|n-L§|—Wm)g<I_§)d§

In+ |7 e

[n|#0
oM / gle — &) de + O(N~ M7=,
|€|<CoN—1
Set
—m-‘r,‘{’ < C N—l
Kg(f,N) — |§|7E 7m+ﬁis |§| 0 71
N=<[e]ms Je] > CoN-,
and

(%@%:E:{l_w(m+§01C%@ﬂ“n+ﬂ—wﬁ

m—+1 a
[n20 M n+&le

Estimating ¢(k, z) by means of (1.5) in § 1, we obtain, for an arbitrary g € L*(I),

fa) - S f) = L@t L) [ote-¢ [COS@”NK =) | yy(e)] ae

2/{7r0¢+,‘£+1 |£|mf/$

) / 9 — E)K.(6, V) de
+OM 2+ M™ N7 + o(1). (4.2)

Now, taking g € LP(I), p > ™, we easily estimate the integrals in (4.2). Indeed, it follows from
Holder’s inequality that the second integral is o(1) uniformly in = and M, and Proposition 3.1
easily yields that, for any fixed M, the first integral tends to zero uniformly in x. By the
arbitrariness of M, this implies

|f(z) = Sy (z, f)] <6
for N > Nj. O

Remark. Changing slightly the final part of the proof of Theorem 4.1, it is easy to get formally
more general
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Theorem 4.1'. Let f(x) be representable in the form (4.1), where g(&) € L*(I), k < mT_l Let
T C I be an open set, and g € LP(I), where p > ™. Then, uniformly in any inner subdomain
I, C I,

lim Sj(a,f) = fla),  a="og— -k

It is absolutely clear that Theorem 4.1 is sharp in the sense that the order of the means

o= m74 — k cannot be taken smaller with the assertion of the theorem still to be valid.

Theorem 4.2. Let 0 < k < mT_l and p > ™ be constants such as in Theorem 4.1 and let

0<ax< mT_l — k. Then there ezists a function g € LP(I), and such a function f(x), defined by
(4.1), that

lim [SF(0, f)| = oo (4.3)
N—o0
Proof. Since p > =% we have that p’ = pp satisfies the inequality p’ < =. Since a < —1 —K,
it is easy to check that a < ay and v, =m —p'(m — k) > 0. Hence it follovvs from 1nequahty

2.35) in § 2, taken for the L -norm, that
( : ,

hm /|SO‘ W da =

and thus there exists g(§) € LP such that

Tim / 9(—€)55(€) de| =

N—oo
I

By this, (4.3) holds for the function f(z) defined by relation (4.1). O

2. Condition p > ™ is essential in the formulation of Theorem 4.1, since for p < ™,

generally speaking, f(z) ¢ C(I), where from its Fourier series cannot be uniformly summable.
It is clear that if 2 < p < =, the Fourier series of f(x) will converge almost everywhere, and
hence will be summable almost everywhere by the Riesz means It is not difficult to characterize
the set of divergence points for the means of order a = — k. Indeed, by Proposition 3.1, it
follows from (4.2) that

2

—1
lim Sy(z.f) = f(z), a=""r—k (4.4)
N—oo 2
provided
LI

Taking e > 0 sufficiently small and applying the Sobolev-Kondrashov theorem [8], we conclude
that (4.4) holds almost everywhere in every k-dimensional hyperplane, provided

k>m — pk. (4.5)

Theorem 4.3. Let f(x) be representable in the form (4.1), where g € LP(I), 2 < p < ™. If

a = mTl — k and a natural k satisfies (4.5), then in any k-dimensional hyperplane (4.4) holds

almost everywhere.
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In the theory of Fourier series for functions of one variable a number of results is known [1],
[7] in which for those or another classes of functions with almost everywhere convergent Fourier
series additional information is pointed out on the exceptional set, for instance, in terms of its
capacity. Though for functions of one variable such a setting may look somewhat precious, for
functions of several variables it seems to be necessary. Say, for functions which satisfy Holder’s
condition of order v, 0 < v < mT_l, it seems natural to give a subtle characteristic of the
exceptional set of measure zero, where the Fourier series may be not summable by means of
order av < mT’l — 7. Though Theorem 4.3 gives an example of such a characteristic, it might
be more fruitful to characterize an exceptional set by means of either its Hausdorff measures or
capacity.
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