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SULTANAEV YAUDAT TALGATOVICH
(to the 70th birthday)

On 19th July 2018 was 70th birthday of Yaudat Talgatovich Sul-
tanaev, doctor of science (1990), professor (1991), honorary scientist
of the Russian Federation, laureate of State award of the Republic of
Bashkortostan in the field of science and technology, professor of the
Bashkir State Pedagogical University, member of the Editorial Board
of the Eurasian Mathematical Journal.

Ya.T. Sultanaev was born in the sity of Orsk. In 1971 he
graduated from the Bashkir State University and then completed
his postgraduate studies in the Moscow State University. Ya.T.
Sultanaev’s scientific supervisors were distinguished mathematicians
A.G. Kostyuchenko and B.M. Levitan.

14 Ya.T. Sultanaev is a famous specialist in the spectral theory of dif-
| ferential operators and the qualitative theory of ordinary differential
equations.

He obtained bilateral Tauberian theorems of Keldysh type, completely solved the problem on
spectral assymptotics for semi-bounded ordinary differential operators, suggested a new method
of investigation of assymptotic behaviour of solutions to singular differential equations which
allowed him to essentially weaken the conditions on coefficients.

Jointly with V.A. Sadovnichii and A.M. Akhtyamov, he investigated inverse spectral problems
with non-separated boundary conditions.

He published more than 70 papers in leading mathematical journals.

Among pupils of Ya.T. Sultanaev there are more than 20 candidates of science and one doctor
of science.

The Editorial Board of the Eurasian Mathematical Journal congratulates Yaudat Talgatovich
on the occasion of his 70th birthday and wishes him good health and new achievements in
mathematics and mathematical education.
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1 Introduction

Let w={z € C: |z| < 1} be the unit disk on C and v = dw be its circumference.
Consider the following Dirichlet problem for the Laplace equation

Au =0, in w,}
u|’Y:f7

where f: v — R is a real-valued function. Let u, (t) = u (re*) and
h, = {u: Au=0 in w, and [[ufl, < +oo},

where

[ull,, = s llwrll, ,

1
Hmuz(/ M@Wﬁ),1§p<+m.

Denote by P, (¢) the Poisson kernel for the unit circle
e + rett 1 — 72

P, () = Re— — = Lz =re' € w.
(%) “ev _ reit 1 —2rcos (t — ¢) + r? FTre sw

If f e L,(y) = Ly, then problem (1.1) is solvable in the class h,,1 < p < +oo (see e.g. [10])
and its solution can be represented as a Poisson-Lebesgue integral

O 1T 1—7?
wre) = 3- [ P o= [ e T (),

—TT —
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wherein a boundary value u |,= f in (1.1) is understood in the sense that the nontangential
values on 7:

u(e") = lim u(z),
z—e't

exist and almost everywhere on ~y coincide with f (e), i.e.

u(e")=f(e"), ae te(-mm), (1.2)
and moreover
dim lur () = fOll, =0. (1.3)

These results are well known and illuminated, e.g., in the monograph L.I. Danilyuk [10] .

In this paper Morrey-Poisson class of harmonic functions in the unit circle w is introduced,
Dirichlet problem (1.1) with the boundary value from the Morrey-Lebesgue space is considered.
The analogues of relations (1.2) and (1.3) in this case are proved.

It should be noted that the concept of Morrey space was introduced by C. Morrey [27] in
1938 in the study of qualitative properties of the solutions of elliptic type equations with BMO
(Bounded Mean Oscillations) coefficients (see also [26, 8]). This space provides a large class of
weak solutions to the Navier-Stokes system [23|. In the context of fluid dynamics, Morrey-type
spaces have been used to model the fluid flow in case where the vorticity is a singular measure
supported on some sets in R" [14]. There appeared lately a large number of research works which
considered many problems of the theory of differential equations, potential theory, maximal and
singular operator theory, approximation theory, etc. in Morrey-type spaces (for more details see
[26, 8, 23, 14, 30, 44, 22, 19, 33, 34, 35, 17, 18, 2, 28, 40, 5, 3, 29, 9, 12, 11, 20, 39, 38, 37, 16,
25,41, 42,43, 1, 6, 7, 15, 24, 31, 32|). It should be noted that the matter of approximation in
Morrey-type spaces has only started to be studied recently (see, e.g., [17, 18, 5, 3]), and many
problems in this field are still unsolved.

In the present paper the class of Poisson-Morrey harmonic functions is introduced in the unit
circle, some properties of the functions of this class are studied. Nontangential maximal function
is considered and it is estimated from above a maximum operator, and the proof is carried out for
the Poisson-Stieltjes integral, when the density belongs to the corresponding Morrey-Lebesgue
space. The obtained results are applied to the solution of the Dirichlet problem for the Laplace
equation with boundary value from Morrey-Lebesgue space.

It should be noted that similar problems with respect to the analytical functions from Hardy
classes were considered in [5, 3, 4].

2 Preliminaries

We will need some facts about the theory of Morrey-type spaces. Let I' be some rectifiable
Jordan curve on the complex plane C. Denote by |M|. the linear Lebesgue measure of the set
M C T. All the constants throughout this paper (can be different in different places) will be
denoted by c.

By Morrey-Lebesgue space LP»*(I'), 0 < a« < 1, p > 1, we mean the normed space of all
measurable functions f (-) on I' with the finite norm

1

a—1 P
L rri)” < s

ey =510 ([ BT
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LP*(T) is a Banach space with L»! (T") = L, ('), LP"°(T') = L., (T'). Similarly we define the
weighted Morrey-Lebesgue space LF:® (I') with the weight function p (-) on I' equipped with the
norm

1z ey = Full gy » f € L (1) -

The inclusion LP* (T") € L»*2(I') is valid for 0 < oy < ag < 1. Thus, LP*(I') C L, ('),
Va € (0, 1], ¥p > 1. For I' = v we will use the notation LP* (y) = L»* and the spaces LP ()
and LP“ (—m, m) we will identify by usual method.

More details on Morrey-type spaces can be found in |26, 8, 23, 14, 30, 44, 22, 19, 33, 17, 18,
2, 28,40, 5, 3,29, 9, 12, 11, 20, 39, 38, 37, 16].

We will use the following concepts. Let I' C C' be some bounded rectifiable curve, t =t (o),
0 < o <1, be its parametric representation with respect to the arc length o, and [ be the length
of I'. Let du (t) = do, i.e. let 1 () be a linear measure on I'. Let

Li(r)={rel:jr=t|<r},Tyy(r)={r(oc)el:|o—s| <r}.
It is absolutely clear that Iy (r) C 'y (7).

Definition 1. A curve I' is said to satisfy the Carleson condition, if there exists ¢ > 0 such
that

sup (I (1)) < er,Vr > 0.
tel

A curve I is said to satisfy the chord-arc condition at the point ty =t (s¢) € I if there exists
a constant m > 0 independent of t such that |s — so| < m|t(s) —t(so)], Vt(s) € I'. T satisfies
the chord-arc condition uniformly on I if there exists m > 0 such that |s — o] < m|t(s) — t (o)|,
Vt(s),t(o) eT.

Let us recall some facts about the homogeneous Morrey-type spaces from the work [33]. Let
(X; d; v) be a homogeneous space equipped with the quasi-distance d(-; -) and the measure
v (-). Recall that a quasi-distance d : X* — R, = (0,400) is a function which satisfies the
following conditions:

)d(z;y) >0&d(z;y) =0 2=y, Vo, y € X;

i) d(z; y) < cld(z; 2) +d (2 ), Vo, y € X.

Let B, (x) be the open ball

B, (x)={ye X :d(z;y) <r}.
Set

V(BT(ZE)):/B()ldl/.

Assume that X has a constant homogeneous dimension & > 0, i.e. there exist ¢;, co > 0 such
that
cr® < v (B, (1)) < cr®, Yo € X,Vr > 0. (2.1)

In this case, the Morrey space LP* (X) is defined by means of the norm
1
1 » P
1fllzoscy = sup §— |f W) dv (y)
zeX,r>0 r Br(z)

Theorem 2.1 ([33]). Let (X; d; v) be a homogeneous space equipped with the quasi-metrics d
and the measure v with v (X) = 4+o00. If condition (2.1) is satisfied, then the mazimal operator
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1
M. (1) = sup / @l

r>0

where |B, ()|, =: v (B, (z)), is bounded in LP* (X) for 1 <p < +o00, 0 <\ < .

3 hL“ classes and Hardy-Littlewood operator

Let p : [=m, 7] — R, be a weight function. Consider the weighted Morrey-type space hb“ of
harmonic functions in w equipped with the norm

[ullpge = sup |Jur (-) p C)l a0

e 0<r<1

where
u, (t) = u (re) = u(rcost; rsint).
Assume that the weight p (-) satisfies the following condition
1 1
-1
p €Ly, —+-=1 3.1
v 5 (3.1)

Applying Hoélder’s inequality we obtain

[ wenae< ([ |ur<->p<->|”dt); (/:p-w)dtf <

<(2m)7 sup <m%/l\urp|pdt);”leLq:

Ie[—m 7]

= (2m) % (oI, Nl

It follows immediately that if condition (3.1) is true, then u € h;. Consequently, every function
u € h?* has the nontangential boundary values u™ (¢*) on . Then, by Fatou’s lemma (sce e.g.
|21, 36, 13]) we have u, (") — u™ (e") as r — 1~ a.e. in [—m, 7. Applying Fatou’s lemma on
passage to the limit, we obtain

r—1—

/|u+ (e p@)"dt < Lim [ |u, (") p(t)|"dt <
I I

17
< lfullgy 1112,

because

u () p ()| = |ut (") p(t)],r = 17, for ae.t € [-m, 7.

It follows immediately that u™ € L2* and

+
”U Hpgnp S HuHh%a'

If the relation

p ' € Lyo(—m, m), ie. there exists ¢ > 0 such that p~' € Ly, (—7, 7), (3.2)

true, then we have
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B |

148 ™ pq 1_
P ) q
[rworas ([Cwoora) ([0 a) <

where 6 > 0 is a sufficiently small number, and c¢s is a constant depending only on 4. Then, in
view of the classical results, the representation

. 1 g
u (re) = 2—/ ut (s) P(r; s —t)ds, (3.3)
™ —T
is true, where u™ (s) =: u™ (%), s € [, 7], and P, (p) =: P (r; @ — ) is a Poisson kernel for
the unit disk
P(g) = (0= 9) = Pl 0 ) = oo T
> — r —_ = 7'7 — = — 5 Z=Tre .
7 7 4 211 —2rcos (0 — p) + r?
Thus, if u € k> and p (-) satisfies condition (3.2), then u™ € L and relation (3.3) holds.
Now let us prove the converse. In other words, let us prove that if ut € LB and represen-
tation (3.3) holds, then u € h¥*. To do so, we need some auxiliary facts. First, in the following
section we will consider a more general case.

4 Nontangential maximal function

Consider an arbitrary nontangential internal angle §, with the vertex at a point z = e € #,
t € [—m, w|. Denote by M, f (t) the Hardy-Littlewood type maximal function (or the Hardy-
Littlewood operator) of a function f (-):

1
Mof ) = st |1 (@)l au(e).

where sup is taken over all intervals I C [—m, 7] which contain x, and p (-) is a Borel measure
on [—7, 7|, which satisfies the condition

p(l)>0,for VI:|I|>0.
Let us show that there exists a positive constant Cy,, depending only on 6y, such that

sup ’u# (Z)’ S C@oMuf (t) JVt € [_7-(7 ﬂ-] )

z€0p
where
it 1 " +
u“(z):u(re):% P(r;s—t)u™ (s)du(s).

For the usual maximal operator, this fact was established in [36, p. 237] and [13, p. 30].
Let us first prove this property for the Poisson kernel P, (¢) in the upper half-plane

1 Y )
Pz(t> = Py(x—t):;m,zzx+zy,y>0

Namely, let f € L, (‘fi(g ) and consider the Poisson integral

u, (x y)z/RPy(x—S)f(S)du(S)-
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Let us show that there exists A,, > 0 such that

sup |u, (25 y)| < Ay M, f (), Vt € R, (4.1)

T (1)

where

Puao (0) = {(25 9) » p((= e =1, |z = #])) < agy, 0<y < oo},

and A,, is a constant, depending only on ag > 0.

The method of proving Theorem 4.2 in [13] is also applicable to our case. Without loss of
generality, it suffices consider the case t = 0. Following that method, we first consider the case
x = 0. We have

%@W—A%@f@@@-

Let I, = (—=h, h), Vh > 0. Consider the sequence of step functions h, (s), which are nonnegative,
even, nondecreasing for s > 0, and tend to P, (s) as n — oo (for every fixed y > 0). Then it is
clear that h, (-) has the following form

hn (s) = Za’“XIhk (s),Vs € R,
k=1

where aj, > 0. Assume that the measure p (-) satisfies the condition

m, = sup /pr (s — |x|) du (s) < +o0. (4.2)

y>0; z€R

Then we have

/Rhn (s)dp(s) =Y arp(In,) < /pr (s)du(s) < my, < +o0.

Thus

sAjM@u@MM@:

1

— ;akﬂ(fhk) m/lhk If (s)]du(s) <

<Y anp (Ing) M f (0) < my, M, f (0).
Hence, applying Fatou’s lemma, we obtain

[ RS ©ldn(5) < mdt,f 0).

and, consequently

rwwmséﬂwwwW@sW%ﬂw

In the general case, the existence of a number A; > 0 such that
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Jup (25 y)| < ArM,,f(0),V (25 y) € Diizag (0)

can be proved in a very similar way to [13] with the use of the above method.
Indeed, following the work [13], let us consider the function ® (s), which is even on R and
majorizing P, (x — s), defined by the expression

¥ (s) =sup Py (v —t),5 > 0; and ) (—s) = ¢ (s),Vs € R,

[t]>s
where (z, y) € [, (0) is an arbitrary fixed point. Paying attention to the parity of the function
P, () : P, ( t) = P, (t — x), for ¢ (s) we obtain the expression

_ Py(s_yx‘)’ 82’1",
WS)‘{ P(0), 0<s < ],

for Vs > 0. Let us approximate the function # (-) by step functions h,, (-), as in the case P, (-),
that is even, non-negative, not increasing, and, as n — oo, increasingly tends to v (-). So, let

S) = ZakX(—zk,g;k) (8), seR, a,>0.

We have

[ 61 (s) = S anp (s 1) < [ 5)ds) =

|| —|z| 400
[ P@duts)+ [ R lahdu(s)+ [ Py~ le)dus) <

—l| —00 |z
< %N’((_Ljv |{L‘|)) +/OOOOPy(S—|I|)dM(S).

Let @ > 0 be a fixed number. Suppose that condition (4.2) holds. Then we have

[ ()i (s) < 2 9.9 (@5 ) € Ly 0,

Consequently,

< [ o)1 ) dnts Zak/ ()] dia (s

—Tp

= Zakﬂ((—il?k, 1)) ;/xk |f (s)|du(s) <

% ﬂ((—l’k, xk)) —T
< Zaku((—l’k, 1)) My f (0) < AaM,.f(0),Y(z, y) € Tpa (0),

where A, = % + 7.
So the following main lemma is true.

Lemma 4.1. Let p(-) be a Borel measure on R with

p(l)>0,VI:|I|>0; sup /Py(3—|w])d,u<+oo.
R

y>0; z€R
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Then, for f € Ly ( )> the function

w (o g) = [ Pyo=s) 1 (5)du(s),
R
which 1s harmonic on the upper half-plane, satisfies the relation
sup  |u, (2)] < Ao M, f (1), € R,
2€0 ;g ()
where M, is the Hardy-Littlewood type mazimal function
M, f () =S /\f )| dp (t)
Lpiao (1) ={(z3y) € C: p((— |z —t], |z —t])) < aoy; y > 0}, a0 > 0,

and Aq, s a constant depending only on «y.

By M we denote the usual Hardy-Littlewood operator, i.e.

Mf (z) =sup — / |f (t)] dt,
VEY ’I‘
where |I| is a Lebesgue measure of the interval [ C [—m, 7).
It is not difficult to see that the Lebesgue measure on R satisfies all the conditions of Lemma
4.1. Therefore we get, in particular, the following corollary.

Corollary 4.1. Let f € L ( Then there exists Aa, > 0 such that

1442 ) ’

sup |u(z)| < A, Mf (t),Vt € R,

2€lq (1)

where u () is the corresponding harmonic function on Imz > 0, and M is the usual mazimal
operator.

Let us go back to Theorem 1 [33]. Let condition (2.1) be satisfied. Note that Theorem 1 [33]
is true in the case p (X) < 400, too. Since its proof is based on the Fefferman-Stein inequality
which is also true in the case p (X) < 4+o00. Let us apply this theorem to our case. In our case
we have X =R, d(z; y) = |r — y| and & = 1. So, if the measure p (-) satisfies the conditions of
Theorem 1 [33] in our case, then we have

[ au < e,
I
where |I| is the Lebesgue measure of a set / C R. Then from (4.1) it directly follows that

u, € h»*(dp), where h? (dp) is the class of all harmonic functions on the upper half-plane
equipped, for which the norm

/:
Yy
N supsup(|l|1 [ s P et >) < .
y>

So we get the validity of the following theorem.
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Theorem 4.1. Assume that the measure pu(-) satisfies the conditions (I is an interval)

p(l) ~[I[,VI CR; sup /Py(s—\:c|)du(s)<+oo.
R

y>0; zeR

Let

u, (2) = uy, (x; y)—/RPy(x—t)f(t)du(t),fGLp’a(d,u),Og1—&<1,

where LP* (du) is the Morrey space equipped with the norm

1 , z
i =0 s [ O )}

Then for Yoo > 0, there exists A,, > 0 such that

sup  Juy, ()] < AggMf (t),Vt € R, (4.3)
(z;y)€Lag (1)

and uj, € h»* (dp):

*
Uy,

(4.4)

where u, (+) is the nontangential mazimal function for u:

B> @ (dp) < AOAO ||f“p,o¢;d,u’

wy, (t) = sup |u,(2)],teR.
2€Tq (1)

In fact, the validity of inequality (4.3) is already proved, and inequality (4.4) follows directly
from (4.3) and from the boundedness of the maximal operator M, in M? (du).
In the sequel we will need some properties of the Poisson kernel for the unit disk, namely
i) 5= [T P (t)dt =1,Vr € [0; 1);
it) sup P, (t) = 0,as r — 17, V§ > 0;
[t|>6

i11) f|t‘>6 P.(t)dt —0,asr — 17, V§ > 0.
Using these properties of the kernel P, (-) we obtain

! /WPT(t)f(t—s)dt—

2 ),

MR*fMO—fOMWPZ‘

1

s
2 J_,

B (t) f(s)dt

1 s
Py a;p = %/WPT@) Ilf(t—-)—

1
Oyt =52 | [ PO

T Ol + | Fuwwu—»—fcmmmﬁ]

[t|<&
We have

L R - O, gt <

21 Jiy<s

< E&%Hf(t— )= T Ollpass =0, as 0 =0,
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if f e M. Assume

BMP* = {f e My sup | f (- =9, 0, < +OO}'

seR

Let f € BMPe () MP <. We have
1FE=) = F ey < NFlp i + I1F E= 0y <
250 I (= )y, [ P00 a1
[t|>d

seR

Thus, the following theorem is proved.

Theorem 4.2. Let f € BMP*(YMP®, 1 <p<+o0, 0 <a <1. Then ||P.xf— f, ., —0,

asr — 17.

This theorem has the following corollary.

Corollary 4.2. Let f € BMP*(\MP*, 1 <p < +00, 0 < a < 1. Then Dirichlet problem (1.1)

18 solvable in the classes hg’“.

Acknowledgments

The authors would like to express their deep gratitude to corresponding member of the National
Academy of Sciences of Azerbaijan, Professor Bilal T. Bilalov for his attention to this work.
The authors would like to express their sincere gratitude to the anonymous referee for his/her

helpful comments that helped to improve the quality of the manuscript.



1]
2]

3]

4]

[5]

[6]

7]

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

On the Dirichlet problem for the Laplace equation with the boundary value in Morrey space 19

References

D.R. Adams, Morrey spaces, Lecture Notes in Applied and Numerical Harmonic Analysis, Birkhauser, 2014.

H. Arai, T. Mizuhar, Morrey spaces on spaces of homogeneous type and estimates for O, and the Cauchy-
Szego projection, Math. Nachr. 185 (1997), no. 1, 5-20.

B.T. Bilalov, T.B. Gasymov, A.A. Quliyeva, On solvability of Riemann boundary value problem in Morrey-
Hardy classes, Turk. J. Math. 40 (2016), 1085-1101.

B.T. Bilalov, F.I. Mamedov, R.A. Bandaliyev, On classes of harmonic functions with variable summability,
Reports of NAS of Az. 5 (2007), no. LXIII, 16-21.

B.T. Bilalov, A.A. Quliyeva, On basicity of exponential systems in Morrey-type spaces, International Journal
of Mathematics. 25 (2014), no. 6., 1450054-1-1450054-10.

V.I. Burenkov, Recent progress in studying the boundedness of classical operators of real analysis in general
Morrey-type spaces I, Eurasian Math. J. 3 (2012), no. 3, 11-32.

V.I. Burenkov, Recent progress in studying the boundedness of classical operators of real analysis in general
Morrey-type spaces II, Eurasian Math. J. 4 (2013), no. 1, 21-45.

Y. Chen, Regularity of the solution to the Dirichlet problem in Morrey space, J. Partial Differ. Eqs. 15
(2002), 37-46.

F. Chiarenza, M. Frasca, Morrey spaces and Hardy-Littlewood maximal function, Rend. Math. Appl. 7
(1987), 273-279.

LI. Daniluk, Nonregular boundary value problems on the plane, Nauka, Moscow, 1975.

D. Fan, S. Lu, D. Yang, Boundedness of operators in Morrey spaces on homogeneous spaces and its appli-
cations, Acta Math. Sinica (N.S.) 14 (1998), 625-634.

G.D. Fario, M.A. Ragusa, Interior estimates in Morrey spaces for strong solutions to nondivergence form
equations with discontinuous coefficients, Journal of Functional Analysis 112 (1993), 241-256.

J. Garnett, Bounded analytic functions, Mir, Moscow, 1984 (in Russian).

Y. Giga, T. Miyakawa, Navier-Stokes flow in Rs with measures as initial vorticity and Morrey spaces,
Comm. in Partial Differential Equations. 14 (1989), 577-618.

V.S. Guliyev, Generalized weighted Morrey spaces and higher order commutators of sublinear operators,
Eurasian Math. J. 3 (2012), no. 3, 33-61.

Y. Hu, L. Zhang, Y. Wang, Multilinear singular integral operators on generalized weighted Morrey spaces,
Journal of Function spaces. 2014 (2014), 12 pages.

D.M. Israfilov, N.P. Tozman, Approximation by polynomials in Morrey—Smirnov classes, Fast J. Approx.
14 (2008), no. 3, 255-269.

D.M. Israfilov, N.P. Tozman, Approzimation in Morrey—Smirnov classes, Azerbaijan J. Mathematics. 1
(2011), no. 1., 99-113.

V. Kokilashvili, A. Meskhi, Boundedness of maximal and singular operators in Morrey spaces with variable
ezponent, Govern. College Univ. Lahore. 72 (2008), 1-11.

Y. Komori, S. Shirai, Weighted Morrey spaces and singular integral operators, Math. Nachr. 289 (2009),
219-231.

P. Koosis, Introduction to the theory of spaces, Mir, Moscow, 1984.

N.X. Ky, On approzimation by trigonometric polynomials in Lyu-spaces, Studia Sci. Math. Hungar. 28
(1993), 183-188.



20

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

N.R. Ahmedzade, Z.A. Kasumov
P.G. Lemarie-Rieusset, Some remarks on the Navier-Stokes equations in Rz, J. Math Phys. 39 (1988),
4108-4118.

P. G. Lemarie-Rieusset, The role of Morrey spaces in the study of Navier-Stokes and FEuler equations,
Eurasian Math. J. 3 (2012), no. 3, 62-93.

Y. Lu, D. Yang, W. Yuan, Interpolation of Morrey spaces on metric measure spaces, Canad. Math. Bull.
57 (2014), 598-608.

A.L. Mazzucato, Decomposition of Besov-Morrey spaces, in Harmonic Analysis at Mount Holyoke. American
Mathematical Society Contemporary Mathematics 320 (2003), 279-294.

C.B. Morrey, On the solutions of quasi-linear elliptic partial differential equations, Trans. Amer. Math. Soc.
43 (1938), 207-226.

E. Nakai, The Companato, Morrey and Holder spaces in spaces of homogeneous type, Studia Math. 176
(2006), 1-19.

D.K. Palagachev, L.G. Softova, Singular integral operators, Morrey spaces and fine regularity of solutions
to PDE’s, Potential Anal. 20 (2004), 237-263.

J. Peetre, On the theory of spaces, J. Funct. Anal. 4 (1964), 71-87.

H. Rafeiro, N. Samko, S. Samko, Morrey-Campanato spaces: an overview, Oper. Theory Adv. Appl., 228,
Birkh&user/Springer, Basel AG, 2013, 293-323.

M.A. Ragusa, Operators in Morrey-type spaces and applications, Eurasian Math. J. 3 (2012), no. 3, 94-1009.

N. Samko, Weight Hardy and singular operators in Morrey spaces, J. Math. Anal. Appl. 35 (2009), no. 1,
183-188.

W. Sickel, Smoothness spaces related to Morrey spaces—a survey. I, Eurasian Math. J. 3 (2012), no. 3,
110-149.

W. Sickel, Smoothness spaces related to Morrey spaces—a survey. II, Eurasian Math. J. 4 (2013), no. 1,
82-124.

E. Stein, Singular integrals and differential properties of functions, Mir, Moscow, 1973.

1. Takeshi, Weighted inequalities on Morrey spaces for linear and multilinear fractional integrals with ho-
mogeneous kernels, Taiwanese Journal of Math. 18 (2013), 147-185.

I. Takeshi, S. Enji, S. Yoshihiro, T. Hitoshi, Weighted norm inequalities for multilinear fractional operators
on Morrey spaces, Studa Math. 205 (2011), 139-170.

F.Y. Xiao, Z. Xu SH., Estimates of singular integrals and multilinear commutators in weighted Morrey
spaces, Journal of Inequalities and Appl. 2012 (2012), no. 32.

D. Yang, Some function spaces relative to Morrey-Companato spaces on metric spaces, Nagoya Math. 177
(2005), 1-29.

W. Yuan, D. Haroske, S. Moura, L. Skrzypczak , D. Yang, Limiting embeddings in smoothness Morrey
spaces, continuity envelopes and applications, J. Approx. Theory. 192 (2015), 306-335.

W. Yuan, W. Sickel, D. Yang, Interpolation of Morrey-Campanato and related smoothness spaces, Sci. China
Math. 58 (2015), 1835-1908

W. Yuan, W. Sickel, D. Yang, Morrey and Campanato meet Besov, Lizorkin and Triebel, Lecture Notes in
Mathematics. 2005.

C.T. Zorko, Morrey space, Proc. Amer. Math. Soc. 98 (1986), no. 4, 586—592.



On the Dirichlet problem for the Laplace equation with the boundary value in Morrey space 21

Nigar Rahib Ahmedzade

Institute of Mathematics and Mechanics of NAS of Azerbaijan
9. B. Vahabzade St,

AZ1141, Baku, Azerbaijan

E-mail: nigar sadigovall@mail.ru

Zaur Aliyar Kasumov

Institute of Mathematics and Mechanics of NAS of Azerbaijan
9. B. Vahabzade St,

AZ1141, Baku, Azerbaijan

E-mail: zaur@celt.az

Received: 20.02.2017
Revised version: 06.11.2018



