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Abstract. In this article, the boundary behaviour of the Schwarz-type operator on the half lens
2 will be discussed and the existence of boundary values at corner points is proved. Finally, two
basic boundary value problems, namely, Dirichlet and Neumann problems for analytic functions
and more generally the Dirichlet problem for the inhomogeneous Cauchy-Riemann equation in
() is investigated.
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1 Introduction

The solutions of boundary value problems on some special domains have been explicitly obtained.
Those special domains include the unit disc [4], [3], the half-plane [5], [9], the quarter plane [1]-
[2], the circular ring [12], [11], lenses and lunes [8] and so on. In particular, the Schwarz problem
for the half lens domain is considered in [10]. Let Q = {z € A|lmz > 0}, where A is the lens
defined in 8],

A =DNDy(r),

where D= {z: 2| <1}, Dp(r)={z:]z—m|<r}, 0<r<l<m,and r*+1=m?
In [10], by the reflection at the boundary of the half lens Q and by using the modified
Cauchy-Pompeiu formula on €2, the following Schwarz-Poisson formula was obtained:

wz) = == Rew(t)[ ()+ut( )+ (==

m—r

—Z ) oy (LmE mz)]dt

) v (52) ¢
+a [ Rew(Q)[we(2) —wele) +we (252) —we (£52) | 5
+%/’Imw«ﬁ$+%émmhmwo£%

— [ () + () + (2
Q

+am | Rew(C)[ve(2) — vg(2) + v (

2 ) 4 (2]

=)+ ve(5522)] baga, (1.1)

== [vg(2) +ve(D) +ve(P5
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where ¢ =& +in,00p = 002N ID and INp,, = 0NN ID,, (), u(2) = 2, ve(2) =
2(=m)
(== -~
Formula (1.1) provides a solution to the Schwarz boundary value problem for the inhomoge-
neous Cauchy-Riemann equation in 2 (see [10]):

Theorem 1.1. The Schwarz problem

=f, inQ Rew=~v on 09 ~y(m-—r)=~(1)=0,
7%/ Tmw(¢) % + m/ Imw(() ¢ = ¢, (1.2)
BQD aQDm

with given f € Ly(Q,C), p>2 , vye C(OUR) , ceR is uniquely solvable by

o) = 2 [ O+ )+ (25E) e (52) Jar

am [ Ofuele) = vele) +oe (325) — v (1255) |%

D

b [ (0 (o) = o)+ (1252) — e (252) | 5 ke

£ [ {E9 o) v (2) + o (252) + o (529)]
T ug(a) + g (1) + v (5) + vz (52) ] e (13

Next we show that side condition (1.2) is satisfied by the given solution of the Schwarz
problem . Let ws(z) denote the area integral

—

wi(2) = =g [ (&) Fuc (B) e (252) + v (52) ]

Q

~L () + v (2) + v (252) + v (522) ] paean,

and

1
_ 1 2 2z 2(1—mz) 2(m—=z)
WO(Z) - %/ ’}/(t) |:§ + zt—1 + t(1—mz)—(m—z) + t(m—z)—(l—mz)]dt’
_ 1 20 2¢ 2€(1-mz) _  2((1-mz) d¢
(Ul(z) 27 /89 V(C) |:sz Z*Z + C(I—mz)—(m—=2) Z(lfmz)f(mfz)] ¢
D
1 2¢-m)  2@-m) | 2C—m)(1-mz) _ 2@C-m)(1-mz) | dc
wy(2) = 2mi ’Y(C)[ (—2 —2 + C(1—mz)—(m—z) Z(l—mz)f(mfz)i| —m-
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In order to check side condition (1.2) the relations

1
2w -z v(t){% | [ + it
a0 m—r oQp

% [t | €
L) /89]]) t—% t(l-mz)—(m—-2) | z
1

2w -2 v<<>{$ NGl
O Np,, a0

(C—m)(1—mz) ] az } d¢

C—mz)—(m-2)| 2 [—m’

¢
2 dz _ 2 1 (=m ((=m)(A1—mz) | _d=
o wQ(Z)m - E/ V(C) E/ |: —z + —mz)—(m—=z ]z—m
/assz A ooy LG T T

1 ¢m  _(C=m)(1-mz) | _dz d¢
+7ri /BQD |:<7§ + C(lfmz)*(mff)} z—m}(—mv

_|_
A=
o

3
S
f‘\\
z‘w 3
+

L[t gt ] e pdédy
T P 8]Ig_z ¢(1—-mz)—(m—2)! 2

1 o4 C-mz)  ydz
”/a [g_z + g(1_mz)_(m_z)] z }dgd”’

S
2 dz 2 & 1 ¢ ¢((1—mz) dz ded
i /892:3(2)2_7’“ ﬁi/Q ¢ {w/aAma[Dn:Z + C(l—mz)—(m—z)]z—m &dn
+

5
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are to be used. Hence,

%/ Imw(z)%—i—%/ Imw(z)22 = c.
89]]) GQDm

In Theorem 1.1, the given boundary data ~ is required to satisfy the condition at the corner
points
A(m—7) = 5(1) = 0. (1.4)
In this article, with the aid of the boundary behaviour of the Schwarz operator obtained in
[10] under condition (1.4), the boundary behaviour of the Schwarz operator on the half lens
is investigated and the existence of boundary values at the corner points m — r, 1 have been
verified and hereby Theorem 1.1 remains true if condition (1.4) at the corner points is not
satisfied. Further the Dirichlet and Neumann boundary value problems are investigated.

2 Boundary behaviour of the Schwarz operator

Similarly to [13], we introduce the Schwarz integral on the half lens © as follows

Shl(z) = 55 Y(Oue(2) +u(3) +ue(P55) + we(575)]dt

m—r

Fa | WOMe(z) = vela) + ocs) — eI

tak [ O — vl ueE5) — we I

where vy € C(0Q;R). By a direct computation,

0Sh](z) _
== =0 z€Q,

so S[Y](z) is analytic in  and as in the proof of Theorem 2.2 in [10], we show that under
condition (1) =~y(m —r) =0,

ReSP)(Q) =~(¢), (€00 (2.1)
Lemma 2.1. If v(¢) =1 for ( € 092, then S[y|(z) =1,z € Q.

Proof. A simple computation gives

SI(z) = %/ [ue(2) + ue(3) + ue(7255) + ue(5722)]dt

(2) +ve(§252) — ve(52)1%

_I_
[\
3|~
3
@\ I
b =
S}
=
~
—~
X
|
~7

Fan / - lwelz) = welz) + (555 — we (2551 5

- ﬁ/ [ue(2) + Ut(%) + ut(ff;nzz) + Ut(%)}dt
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So by the Residue Theorem, S[1|(z) = 1. O

Lemma 2.2. If v(¢) = ¢ for ( € 09, then S[y|(z) =22+ % 2Z1—m+r)—m+ 27ma,z €Q,
where « s the argument of % + z%

Proof. Similarly to the proof of Lemma 2.1

) = o= / 0n(2) + wr(2) + 0 (2 + v (me

ri [ l0e(e) = ) ) — Rl

o /a [ve(2) = wel=) 55+ ve(255) — we52) e

1
m—z 2(1—mz
= B )+ )+ e

+ﬁ /8Q [ve(2) + Z§2_1 + UC(l_mz) + C(m_(z)_(lz_)mz)]dC
D

m—z 2(1—mz
dgby [ )+ 2 () + G
o0p,,
1
+2 dt—@/ A =22+ 2(1—m+71) + 2o —m,

by the Residue Theorem. O
Lemma 2.3. If v(¢) = C for ¢ € 09, then S[](z) = Z(1—m+r)+m—22a,z€Q.
Proof. First,

SCR) = o [ e(2) +ulD) + ol 55) + v (725)]dt

w2 [ ) = uglo) + we252) = wel 221 (22)

By a straightforward computation one has

o [T ) o) — ()
S mq"f@ - v(2) + ve(52) — (B2
- I / < UC ( ) + UC(l mz> - UZ( {i;nzz)]%’ (23)
and similarly
o Tote) —cle) el 252) — wel 251
gk [ Cluele) = wele) + (i) — el (2.)

p,,
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By substituting (2.3) and (2.4) in (2.2) one gets
1
S[AGR) = & | )+ 25 +olf52) + i dt

1-mz m—z)—(1—-mz)

m—z 2(1-mz
_ﬁ /[UC(Z> + % + Uc(lfmz) + C(mf(z)f(lf)mz)]dC

_Q}ri /[UC(Z) + 24271 + UC(lfmz) + C(mf(z)f(lf)mz)]dg
0Qp,,

so by the Residue Theorem,

S[((z) = Z(1 —=m+r) +m — 2.

O
Now, we construct the following function:
L) = 2 [Re(z)(mlm(]mv:;wm [Re(2)—1]
= AmnIRe() + Amlrlnsnll), (2.5)
Obviously, L,(1) =~(1),L,(m —7r)=~(m —r).
Lemma 2.4. If v € C(08;C), then
S[La)(z) = MW , 4 2nn) o) 2 (1) — (g — 7). (2.6)
Proof. The lemma follows by Lemmas 2.1-2.3 and by the obvious equality
Re(z) = =2,
O

Now, in the next theorem we show that Theorem 1.1 remains true if condition (1.4) at the
corner points is not satisfied.

Theorem 2.1. If v € C(9S2;R) then
Re{S[v]}(¢) =7(¢), ¢ €0, (2.7)

i particular,
Re{SHI}(1) = (1),  Re{SH]}(m —r) =~(m —r).
Proof. Since ~y is a real-valued function, by (2.5) and (2.6) we obtain that

Re{SP(2)} = Re{Sly—L,](2) + S[L,)(2)}
= Re{S[y—L,|(2)} + L,(2), z€Q, (2.8)

and L.(1) =~(1),L,(m —r) =~(m —r), so v — L, satisfies the conditions on 7 defined in
Theorem 2.2 in [10]. Hence by (2.1) we have

Re{Sly — L,](¢)} = 7(C) = L4(C), ¢ €09 (2.9)
Thus, (2.8) and (2.9) lead to the desired conclusion (2.7). O
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3 The Dirichlet boundary value problem for the Cauchy-Riemann
equation
In this section, we first consider the Dirichlet boundary value problem for the homogeneous

Cauchy-Riemann equation. To solve boundary value problems for analytic functions in €2 the
following representation formula is important.

Theorem 3.1. Any w € CH(Q;C)NC(Q;C) can be represented as

w(z) = 7 | wOfuc(z) +ucz) +uc(52) + uc(522)]d¢

o0
/wiﬂ)+wﬂ+w(

2) 4 ue(£22) ] dédn. (3.1)

Proof. By the Cauchy-Pompeiu representations for z € ) and %, [l % ¢ Q one has,

w(z):%m./ “’(Odg——/w
_ w(Q)z zdedn
O_ﬁ/ zC—ldg_%/wC(C)chl’
a0 Q

0= QLm W(C) C(m—;n—_(zl—mz)dc o %/Q(JJC(C) ¢(m— z) 1 mz)dgd77

Adding the resulting above four relations, leads to the claimed representation formula. O

Formula (3.1) provides a solution to the Dirichlet boundary value problem for the homoge-
neous Cauchy-Riemann equation in (2.

Theorem 3.2. The Dirichlet problem

w; =0, in
w=-, on 00,y COQ;C), (3.2)

15 solvable, if and only if,

e aQV(C) [uc(Z) +uc(2) + uc({52) + uc(52£)]d¢ = 0, (3.3)
and the unique solution can be represented as
w(2) = 2 [ Q) uele) + uel) + (5
o0

Proof. Let w defined by (3.4) be a solution to the Dirichlet problem. This formula can be
decomposed into the sum of Cauchy type integrals, which implies that

)+ ue(m2)]de, 2 € (3.4)

w=r, on 0N. (3.5)

We consider the following function

hwzﬁéymm@+waﬂwm>mu m ) d. (3.6)
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Obviously,

D@ =hE) = [ A0l — () + ) wd) + ()

g ~ _z\1d

+im ; YO [we(2) +we(2) — we(2) — we(2) + we(52)

—= — —z\] d
+we(52) — we($55) — we(%5.2)] 5

1 zZ—Z r2(2—%)
m_gt)[‘t*ZP o |Zt 1|2 + [t(1—mz)—(m—=z)|?
7"2(2 Z) 17‘Z|2
T Jtm—2)—(1—mz) |2]dt + % . ”Y(C)[K_ZP
1-|z2 r2(1-]2[%)

S C—=2 [CA—mz)—(m—2)P

r2(1—|z r2—|z—m|?
+i= U=l ]dC + 25 ’Y(C)[ |C‘_z|2 |
o0

C—mz)—(m—2) o
D
2—|z=m[?>  r?—|z—m|? r2—|z—m|?7 d¢
== T T TE e (3.7)
so by Theorem 2.2 in [10]
lm [w(=) = h(=)] =7(0), ¢ eon (3.8)

By (3.5) and (3.8), one has lim, ,¢cean h(z) = 0. Since h(z) is analytic for z € Q, by the
maximum principle for analytic functions, h(z) = 0 for z € Q, which is just condition (3.3).
Now, we verify that condition (3.3) is sufficient. If condition (3.3) is satisfied, then,

w(z) = 14 697(0[ o(2) +uc(3) +uc(55) + uc(2)

Hue(Z) + ue(2) + uc(P55) + uc(F22)]d,

is equal to (3.4). Hence wz =0, z € Q and by Theorem 2.2 in [10], lim,_,c w(z) = 7((), ¢ € 0.
0

In the next step, the inhomogeneous Dirichlet problem for the inhomogeneous Cauchy-
Riemann equation is solved in ). By using the definition and properties of the Pompeiu
operator, the inhomogeneous problem is reduced to the homogeneous case.

Theorem 3.3. The Dirichlet problem for the inhomogeneous Cauchy-Riemann equation in 2,

wr = f(2), z2€Q,feL,(2C),p>2,
w=r, on 0N,y € C(0Q;C), (3.9)

15 solvable, if and only if, for z € €,

i mv(C)[uc(E)+Uc(%)+U<(m =) +uc(375)]d¢

= %/Qf(é) [uc(Z) + ue (L) + ue(£52) + uc(E22)] dédn, (3.10)
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and its solution can be uniquely expressed as

w(z) = &= [ w(Q)uc(z) +uc(2) + uc(£2) + ue(£22)]d¢

Q

B fo
1 / F(O Tue(2) + e (2) + ue( 2=

—2 ) 4 ue(=22) | dédn, z € Q. (3.11)

Proof. By Theorem 3.1 if the Dirichlet problem (3.9) is solvable, then its solution can be repre-
sented as (3.11).
Introducing the new unknown function ¢ = w—Tf, then we arrive at the following boundary
value problem
0==0, in Q =~v-=-Tf on 09, (3.12)

equivalent to equation (3.9). By Theorem 3.2 the solvability condition for equation (3.12) is

= (O~ TN [ue(2) + (D) + uc(252) +ue(5mE)]d¢ =0, (3.13)

o0

and
5ri T[f](()[ ((Z) +uc(3) +uc(12.2) + uc(72)]d¢

/ PO [ [u6(2) + el +ugl252) + ug(525)]

which is just condition (3.10) by direct computation.
Conversely, if condition of solvability (3.10) is satisfied, (3.11) can be rewritten as,

w(2) = g [ AOMuel) +ueld) + ucl252) + uelh22)
ue(2) + ue(L) +ue(£52) + ug(522)]d¢
% [ FO[uel) = ueld) +uelh) = () + ue(53)
—uc(P52) + uc(312) — ue(372) | dédn. (3.14)

Since the area integral tends to 0 as z — ¢ € 9Q, by Theorem 2.2 in [10], (3.14) implies that
lim, ,cw(z) = 7(¢),¢ € Q and obviously wsz = f(z),z € Q. The uniqueness of the solution
follows from the fact that the corresponding homogeneous problem

ws; =0, ze€,
w =0, on 09,

has only the trivial solution. O

4 The Neumann boundary value problem for the Cauchy-Riemann
equation

To formulate the Neumann boundary value problem, we need to define the outward normal
derivative at the boundary of 2. The normal derivative on the boundary of €) is given by the
formulas

—i(0z — 0%), z€(m—r1),
0,. =R 20, +Z0s, zE@QD\{l,%jLi%},
(=2)0z + (=2)0z, 2z € Ip,, \{m—r, = +iLl},
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Theorem 4.1. The Neumann problem

w=0, ze€,

pw=~ond\{m—r1L+il} e CO%C),w() =0, (4.1)
where
—iw, ze(m—r1),
Oy, =< 2w, ze 0\ {1, = +iL},

(=)w, z€dQp, \{m—r L +iLl},
s solvable, if and only if, for z € Q)

L AO[E) ) Fu(EEE) + u(5))d

o [ O+ ugld) +ug52) +ug ()] §
it [ 2O +uel) +ue(52) + u ()] 5 = 0,

and its solution is

1
w2 = & [ v(t)[(z—l)Jr(‘,f;l,f“rm,f;i?t—tlog(ii—i)

m—-r

m z m r2
+ilog(35) — (1 mt log< = 11)) (Ett m))> + (1%72)2

m)—(mt—1) \ | d (z—1) |, (2—1)
XlOg((t ) —(mi—1) )] T+ V(Q[ T T

Oqy,

z—1 —z 2(—
SmED og(£2) + 4 log(3)
(

2 2(1-mO)—(m=Q)) _ _ #? 2(¢=m)—(m¢=1)\ ] d¢
=moy 108 ( (1=mC)—(m— )) Cmy 108 ( (C—m)—(mC—T) )} c

r z—1 z—1 m(z—1
Qp
— z r2 z(1—-m(¢)—(m—
log(g— )+ @ los(7) — ey log ( <(1—m4C))—<(m—<C))>
z((—m)—(m¢—1) d¢
— e los ( Cm)—(mC 1) >]<—m- (42)

Proof. If w is a solution to the Neumann problem, then ¢ = w, is a solution to the Dirichlet
problem

w==0, inQ, w=w, on 09, (4.3)

where w, on 0f) is represented by,

iy ze(m—r1),
w,(z) = zy z € 00p \ {1, # +i},
=)y zG@QDm\{m—r,%—H’%}.
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The solution of the Dirichlet problem is

) = [0 ) ) + )

i [ O ue(2) +ueld) + gl

=)+ () | &

0 m—z /] ¢
+25 mwo[ () +ueld) +ug(E52) +uc(22)| A (4.4)

The primitive of the function in (4.4) is

1

w(z) = 5 W(t)[ S et tlog(t — 2) + Llog(zt — 1)
_# log ((mt —1)z—(t— m)) i %
tog (o0 = m) = (me = )2+ 2 [ 0[5+ 25 - 12
p

—108(C — 2) +  log(2¢ — 1) — gz log (2(1 = m¢) — (m — ©))
“@lon (- m — )| E g | Oz

271 (—m
—s —log(¢ — 2) + & log(2( — 1) - g
xlog (2(1=m¢) — (m = ¢)) — gz log (+(¢ —m) — (m¢ — 1)) | £
+CO7

where ¢y € C. The solution to Neumann problem (4.1) has form (4.2), if one defines ¢ by,

1
o = _%/ fy(t)[l—i———i—mt - —tlog(t — 1) + 1 log(t — 1)
—% log ((mt —1)—(t— m)) + —(tiifl)z

xlog((t—m)—(mt—l))]%_% 7(<)[1+ 1 m

Oqy,

—log(¢ —1) + & log(1¢ — 1) — g7 log <( —me) = (m C))
~ e log (16— m) - <m<—1>)}%—ﬁ/8 WO+

—z —log(C — 1) + & log(¢ - 1> - ﬁ
< log <(1 —me) — (m g)) o log ((C —m) — (m¢ — 1))} =
]
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