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Abstract. In this paper, we derive some general Aitken type methods. These methods involve
arbitrary methods of orders p and ¢ which enable us to construct the method of any desired
order. Further, it is shown that these methods can be combined with generalized secant method
and as result, in the limiting case, the efficiency can be increased to 2. We also discuss the
stability of the iterative method with the help of basins of attraction in the complex plane.
Some numerical examples are provided in support of the theoretical results.
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1 Introduction

Non-linear equations are encountered in all branches of science and engineering. There hardly
exist analytical methods for solving such equations and therefore it is desirable to obtain ap-
proximate solutions by methods which are based on iterative procedures. For a given non-linear
equation

flz) =0,
a very well known method widely used is the Newton method

Tpt1 = Tp — .
f'(@n)
The derivative free Steffensen method is given by

f2<37n)
flan + fxa)) = f(z0)

Both Newton method as well as Steffensen method are quadratically convergent. Moreover, the
efficiency index of both the methods is 2/2 ~ 1.414. There have been several ways by which
the order of convergence can be increased [10]. Solemani et. al. in [11], presented a two point
fourth order method based on Steffensen method given by

(1.1)

Tpy1 = T —

wn = zn + Bf(zn), 6 €R\{0} )
IR (€
T e w] (1.2)
. — fn)?
o " f[xn’ wn](f(xn) - f(yn) - (f(yn)2>/f(wn)7)
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f(xn) — f(w,)

where, flz,,w,] = is the first divided difference. Further, recently, in [9],

Pévaloiu and Catinag obfgi;eg) and studied the following Aitken type method:
T f(aa)
f(n
Tpil = 2Zp — % J

Along with other considerations, it was proved in |9] that method (1.3) is of order 6 with
efficiency index 1.4309 which is higher than for the Newton method or the standard Aitken
method (having efficiency index 1.414).

It can be noted that method (1.3) involves the derivative of the function f. Sometimes, it is
not possible to proceed if at some iterative step f’(x,) = 0. So, in this paper, to begin with, we
propose the following method in which the Newton iterates in (1.3) are replaced by Steffensen
type method based on forward and backward differences which do not involve derivative of the

function f:
\

Wy, = Tp, + 6f<xn),
U = Ty — f(zn)
T [l w)
w;:yn_ﬂf(yn)v (14)
o = Y — f(yn)
" " SYnswy]’
" - _ f(zn)
e " flYn,z0]” )

where, 5 € R\ {0}.

We prove that the order of convergence of method (1.4) is 6 and efficiency index is 1.4309
which is same as for method (1.3). This is done in Section 2.

Further, we propose a method more general than (1.3) or (1.4). We replace, in (1.3), the
Newton iterates by the iterates of arbitrary methods. Let ¢(z) and v (z) be iterative functions
such that the methods

Tpi1 = ()
and
Tpt+1 = w<xn)

are of order p and ¢, respectively. We propose the following generalized Aitken-type method:

Yn = ¢($n),
Zn = VY (Yn),
Fe) (1.5)

Tntl — Zp — .
i Sy 2n)

We prove, in Section 2, that method (1.5) is of order pg + p. This strategy would enable to
produce an iterative method of any desired order by choosing appropriately the functions ¢(z)
and ¥ (x).

Next, note that the last iterate in method (1.3) is, in fact, the secant iterate which uses the
previously calculated nodes y,, and z,. In [6] and [7], the authors generalized the secant method
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which involves arbitrary number of previously calculated nodes. We exploit this generalized
secant method in Section 3. In fact, we replace in (1.3), the secant iterate by generalized secant
iterate. We show that as the number of iterate increases, not only the order but also the efficiency
of the corresponding method increases. Moreover, in the limiting case as the number of iterates
increases to infinity, the efficiency tends to 2. In Section 4, some numerical examples are provided
based on the methods developed in this paper. Finally, in Section 5, we discuss the dynamics
of the new method (1.4) and determine the basins of attraction of the method for the quadratic
and cubic polynomials in the complex plane.

2 General Aitken type methods and their convergence

We first establish the order of convergence of method (1.4).

Theorem 2.1. Let f be a real or complex-valued sufficiently differentiable function defined on
some interval I and § € R\ {0}. Let o be a simple root of the nonlinear equation f(z) = 0.
Then method (1.4) is of the sizth order of convergence and salisfies the error equation given by

eni1 = C3(1 = Bf'(e))(1+ B (@))€l + O(ef),

_ ")
nl f(a)

Proof. Here, Taylor’s series expansion of f(z,) around « is given by:

f(zn) = f'() (en + Caep + Csel + Cuen + Cse + Coeld + Ofel))

where C,, and e, = x, — « 18 the error in x, .

and as w,, = x, + Bf(z,), Taylor’s series expansion of f(w,) around « is given by:

Fwa) = £/(@)][(1+ 8F (@))en+ Ca (1436 (a) + BF(a)?) €
+ (20381 (a)(1+ Bf'(a)) + C5 (1 + 481 (a) + 38°f'(a)* + B°f'(a)?)) €}
+ (Ca (1458 (@) + 68°f/(2)? + 48°F () + B'f (o))
+ CaBf'(0) (C361/(0) + Cs(5 -+ 85F'(a) + 38°F'(0)?) ) e + O(ch)].
If y, —a =d,, then from the second equation of (1.4), we get
dy = Co(1+ Bf'())ey + (=C5(2+ 28 (a) + B2 f'(@)?) + C3(2 + 38f" () + B2 f'()?)) €
+ (C3 (44581 () + 382 f (a)* + B f'(a)?) + Ca (3+68f' () + 487 f'()* + B f'(a)?)
— CoCy (T+108f"(a) + 752 f'(a)* + 28° f'(@)?) ) e, + O(e3).
Therefore, we obtain
f(yn) = f(dn + )
= f(a) (dn + Cod?® + Csd® + Cyd? + - - )
= f'(a) (Alei + Aged + Aget + O(ez)) ,
where

Ay = Cy(1+ Bf(a)),

Ay = =C3(2+26f"(a) + B2 f'(a)®) + C5(2 + 3B () + B* f'()?),

Az = C3 (5+T78f" () + 487 (@) + B f'(a)®) + Cs 3+ 68" () + 45 f'(a)* + 5 f'()?)
— CyC5 (T4 108" (a) + 787 f()* + 28° f'()?) .
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Since, w} =y, — Bf(yn), after some tedious calculations and using Taylor’s expansion, we can
find the value of f(w?) as

f(wy) = f'(@) (Bi€l + Bae,, + Bse, + O(ey))

n

where
By = Cy(1 — B%f'(a)?,
By = (=14 Bf"(a)) (C3(2+ 2B () + B2 f'(@)?) + C5(2 + 38/ () + B2 f'(@)?)) ,
By =C5 (5—-68°f"(a)* = 38°f'(a)*) + Cy (3+ 3Bf () = 28°f'(a)* = 38° f'()® — B*f'(a)*)
+ CoC5 (=7 =3Bf' (o) +38°f'(a)* + 58 f' () + 28 f'(a)*) .

Now, if 6, is the error in z,, then using the above considerations in the fourth equation of
(1.4), we obtain

On = C3(1 = Bf ()1 + Bf (@))€,
+2C5(=1+4 82 f'(a)?) (C3(2+ 26 (@) + B°f'(a)?) = Cs5(2 + 35 f'(a) + B2 f'()?)) €,
+0(e)),
so that
f(zn) = f(On + ),
= f'(a) (0 + Cob2 + - --)
= f'(a) (D1, + Dae, + O(e}))
where
Dy = C5(1 = Bf'(@))(1+ Bf (),
Dy = 2C3(=1+ B2f/(0)?) (C3 (2 + 2B (a) + B2F()?) — Cs (2 + 3BF () + B2 (0)?))
Now, the last equation of (1.4) gives

PR {CHIC T
T ) = fz)
= C3(1 = Bf () (1 + Bf(2))*eS + O(eT),

which is the required error equation and the assertion is proved. O

Remark 1. It follows from Theorem 2.1 that if § =+
at least 7.

, then the order of method (1.4) is

1
f'(@)

Next, we study the convergence of general Aitken method (1.5).

Theorem 2.2. Let f be a sufficiently differentiable function in a neighbourhood of o which is
a simple root of f(x) =0. If ¢(x)and Y(x) are iterative functions such that the methods

Yn = ¢($n) (2'1)
and

Zn = V() (2.2)
have order of convergence p and q, respectively, then method (1.5) has order of convergence
pq +p.



62 P. Jain, P.B. Chand, K. Sethi

Proof. Let e, , d,, 0, denote the errors involved in the iterates x, , y,, 2., respectively. Since
methods (2.1) and (2.2) are of order p and ¢, respectively, the error equations for the iterates
Y, and z, in (1.5) are given, respectively, by

dp, = Ael + O(el ™), (2.3)
0, = Bd% + O(d%™), (2.4)

where A and B are certain constants. Now, using Taylor’s expansion, we have

f(zn) = f(en + O‘)?
= f(@) [0n + C202 + C305 + O0(02)]

and therefore

flyn, 2n] = W7
f'(@)(dy = 0n) [1 + Co(dn + 0,) + C5(d3, + 02 + duby) + O(6;)]
(dn — On) ,

= f'(a) [1+ Co(dn + 0,) + C5(d2 + 02 + dnby,) + O(6;)] -

Consequently, we get

f(zn) f'(@) [0, + Cab + C363 + O(6,)]

Y, zn] () [14 Co(d, + 6,) + Cs(d2 + 62 + d,0,) + O(63)]
= (0, + Ca0> + C363) (1 — Cs(dy, + 0,,) — Cs(d5 + 02 + d,.6,,))
=0, — Cod,0,, — (C3 + C3)0%d,, — Csd>0,, — C26?,

using which the error equation of the iterate z,.; in (1.5) is obtained as

eni1 = CodnOy + (C2 + C3)0%d,, + Csd>0, + C26°
~ C2dn9n7

which by using (2.3) and (2.4) gives

Entr1 = Cg(Aenp)(Bdnq)
= Cy(Ae,”)(B(Ae,?))
= Oy AT BePat?, (2.5)

and the assertion follows. O

Remark 2. In view of Theorem 2.2, it follows that if, in (1.5), the iterates y, and z, are
interchanged, then the order of the method becomes pq + q. So, in order to have a higher order
of convergence one should start with the iterate having a higher order of convergence.

3 Increasing the efficiency

We know that the standard secant method is given by

f(xn)(xn - xn—l)
f@n) = f(@n-1)

Tpy1 = Tn —
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which, in terms of divided difference, can be written as

Flon o] (3.1)

Tn41 = Tp —

Secant method is a one point method with memory having order of convergence 1.618. Only
one function evaluation per iteration is required in this method and as a result its efficiency is
1.618. In (1.3) or (1.5), the strategy was to use method (3.1) once the two nodes are calculated
from other methods.

Recently, in [7], Kogan et. al. used Newton’s divided difference formula

n

(@) = f(@n) + fltay,wal(@ = 20) + -+ flzo, za] [ [ (2 = 25) + R.,

j=1
where

n
R, = f(z,xn,....;x H r — ;)

7=0
and generalized the secant method (3.1) as follows:
Tyl = T — i f(zn) _ o=k k4l (3.2)
flen—1,zn] + Zi:Q flen—i, ] Hj:l('rn — Tn—j)
where k£ > 1 is an arbitrary fixed integer and the initial & approximations xg,x1,--- ,x, are

known. Obviously for k=1, (3.2) becomes (3.1).

Remark 3. For the later use, let us mention that (see [7]), based on k+1 initial approximations
T, X1, , Tk, the error equation corresponding to the method (3.2) is given by

k+1

Eni1 = C’kHen i+ 0( Hen — (3.3)

In the light of above discussion, we propose a multipoint general Aitken method of the type
(1.3) as follows:

(2) _
xn - “%n 9
flz, 29
(k)
_ (k) f(In ) b —
Tpi1 = Ty — — — - s =1,2,3,--- (34)
Flaw ™ a4+ S0, et P [T () — 20)

with the initial approximation x. Clearly, for £ = 1, method (3.4) becomes method (1.5). We
shall prove that as k increases, not only the order of convergence but also the efficiency of (3.4)
increases. Precisely, we prove the following:
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Theorem 3.1. Let f be a sufficiently differentiable function in a neighbourhood of o which is
a simple zero of f. If ¢ and v are iterative functions such that the methods

Tpy1 = ¢(xn>
and
Tp4+1 = 1/)<xn)

have order of convergences p and q, with number of function evaluations per iterations as n,
and ng, respectively. Let O(k) and EI(k) denote, respectively, the order of convergence and
efficiency index of (3.4) for k=1,2,3,--- . Then

(a) O(k)=(pq+p) x 2",

(b) EI(k)=[(pq + p) x 25| meaes
(c) EI(k) is strictly increasing,

(d) El(k)—2 as k— oo.

Proof. We only prove (a) and (b). It is straightforward to verify (c¢) and (d).

(a) Let e,, e,y1 and d, denote the errors in the iterates x,, z,y1 and x,(lo). For the
intermediate steps, let e, ; denote the errors in xgk), k=0,1,2,3,--- . Since x%o) and xg) are
of order p and ¢, respectively, the corresponding errors are given by

dn =€no =~ Aleﬁ (35)

~ ~ a ~ A9
€n1 ~ d(TIL ~ A2€n70 ~ AlAQQZq, (36)

where A; and A, are appropriate constants. For the intermediate steps, for k= 2,3,4,5,---,
the corresponding error equations, in view of (3.3), are given by

k
enk+1 = Crit H Cnkt1—j (3.7)

j=1
and once k=1,2,3,--- is fixed, we shall write

€n+1 = Enk+1-

We shall prove by induction that the order of convergence of the method (3.4) is (pg+ p) x 2¢~!
for k=1,2,3,---
For k=1, (3.7) becomes
en2 ~ Csepn1.enp

which by using (3.5) and (3.6) gives
eny 2 O3 AT AyePrtr)

ie.,
1
en1 = C3 AT AgelPrt?),

Therefore, the assertion holds for £ = 1. Assume that it holds for £, i.e.,

(pg+p)x 2"~ (3.8)

n Y

€nt+1 = Enk+1 = Dke
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where Dy, is some constant. Note that by (3.7)

En,k+1 ~ CkH.envk.en?k_l.en,k_g ..... €n,0-
For k replaced by k+1, (3.7) gives

k+1

Enk+2 Chri2 H €n k+2—j
j=1

which by using (3.8) and (3.9) gives

Enk+2 =~ Ck+2-en,k+1‘en,k-€n,k—1-6n,k—2~~-~€n,0
- Cly2 o2
~ n,k+1
Cr1

k-1
~ Diegpqﬂ)) x2F=1x2
Cri1

_ D2e(patp)x2t2

and the assertion follows.
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(b) In method (3.4), the first two steps are the iterates that require per iteration n; and ng
functions evaluation respectively. Thus for these two steps, a total of n;+ny function evaluations
per iteration are required. After third step onward, the method requires only one function
evaluation per iteration since it uses the previously calculated values. Thus for £ =1,2,3,---,
a total of n; +ng + k functions need to be evaluated per iteration. Combining this information

with the order of convergence of the method, the result follows.

Example 1. If we consider

A(n) = T — _flan)

f[xnv wn] ’

and

w;: = Tpn — ﬁf(xn)>
U() = 2, - L

fln, wy]’

O
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then method (3.4) becomes the following:

Wy, = Ty + Bf(l‘n)a
o) _ _ f(xn)
xno = In —f[fm wn]a
wy, = a) = Bf(a),

)
20 = g0 _ S

n f[xgl())7wz]7
1
o _ o J@))
Tno = T © (7
f[l’n » Ln ]
(k)
o1 = 2 — flan ) k=1,2,3,--- (3.10)

k k k—1 k i— k k—i)\’
Flet ™D o]+ S0, ot e T (@) — 27)

In the view of Theorem 3.1, we can prove the following theorem.

Theorem 3.2. Let [ be a sufficiently differentiable function in a neighbourhood of o which is
a simple zero of f(x) = 0. Let O(k) and EI(k) denote, respectively, the order of convergence
and efficiency index of (3.10) for k=1,2,3,---. Then

(a) O(k)=6 x 281
(b) EIfk)=(6 x 2-=1)%a |
(¢) EI(k) is strictly increasing,

(d) EI(k)—2 as k— co.

4 Examples

Example 2. We consider the equation

and implement three derivative free methods (1.1), (1.2) and (1.4) which have order of conver-
gence 2, 4 and 6 respectively, and compare the results. The initial approrimation is taken as
xo = 1.5 and B = 1. The corresponding iterates are shown in Table 1.
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Table 1

n | Method (1.1)

Method (1.2)

Method (1.4)
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1 | 1.3981146700 | 0.9688659395 | 0.6364988523
2 | 1.2879323790 | 0.7780301104 | 0.7726261774
3 | 1.1698167750 | 0.7728829635 | 0.7728829591
4 | 1.0466098090 | 0.7728829591 | Division by 0
5 | 0.9271575466 | Division by 0

6 | 0.8311949465

7 | 0.7824232093

8 | 0.7731543614

9 | 0.7728331811

10 | 0.7728329591

11 | 0.7728329591

5 Dynamics of the method

Let p(z) be a polynomial having simple roots and defined on the Riemann sphere C. We
apply the sixth order method (1.4) presented in this paper on the complex polynomial p(z) and
correspondingly define the operator:

_ Bp*(2) )

WE) = 2 e B) — p()’
) Br*(y(2))

W) =) = S () - B ) (5-)
o pwE) @)~ ()

M@ =wlE) ==y sz

The fixed points of the method are obtained from the equation M (z) = z and critical points
of the method are obtained from the equation M’(z) = 0. For the second degree polynomials
p(z) =22 —1 and p(z) = 22+ 1 with =1, the fixed and critical points of the method M(z)
are presented in the Table 2.

As the degree of a polynomial increases, the number of the fixed and critical points of the
method increases very rapidly. It has been worked out that for the third degree polynomial
p(z) = 23 — 1, the number of fixed points of method (5.1) is 104 and the number of critical
points is 181. The roots of the polynomials are always the fixed points as well as the critical
points. Fixed points and critical points, which are not the roots of the polynomial involved, are
called extraneous fixed points and extraneous critical points respectively.

The existence of extraneous fixed points of any operator may complicate the root finding
procedure. The fixed points may be (super)attractive, repulsive or neutral (see [1], [2], [5] etc).
As attractive fixed points, they may trap an iteration sequence, giving erroneous results for a
root « of the polynomial p(z). Even as the repulsive or neutral fixed points, however, they may
alter the structure of the basin of attraction for the roots [13]. Generally, increasing the order
of convergence of any multipoint method, increases the number of extraneous fixed points. This
may adversely affect the basin of attraction of the method, i.e., increasing number of extraneous
fixed points reduces the attraction basins [8]. Therefore, large number of extraneous fixed and
critical points for the higher degree polynomial make the method less stable.
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Table 2: Fixed and Critical points

Fixed Points

Critical Points

1.48871 — 0.613581:,
1.45871 + 0.613581:
Total: 10

Polynomial - —Roses Extraneous Roots Extraneous
-1, —3.15243, -1, -2,
1 —2.087949, 1 0,
0.59003, —3.73205,
2.84026, —0.267949,
—1.72787 - —2.13302,
R 0.15796Ti,
—1.72787 - —1.87T85,
0.157967z,
0.223615—0.686001:, 0.521913,
(.223615+0.686001z, 3.43398,
0.409311—0.252665:, 0.527489—0.590424;,
0.409311 + 0.252665: 0.527T489 + 0.590424:
Total: 10 Total: 10
—1, —2.545, —1, —3,
z —0.115835, i -1 —1,
—0.92611 - —1 41,
0.857748z,
—(0.92611 - —0.847445 e
BR 0.857748;, 0.78883Ti,
—0.703422 — 117871, —0.847445 +
0. TBRR3T1,
—0.703422 + 117871, —0.713402 -
0.7478031,
—(.52876 - —0.713402 +
0.769406z, 0.747803z,
—.52876 R 2.06085 — 0.5410341,
0.769406z,

2.06085 + 0.541034:

Total: 9

5.1 Basins of attraction

It is known that the Steffensen type methods do not satisfy "scaling theorem" (see [3], [4] and
references there) and as a result, the dynamics of such methods can not be studied on the basis
of a class of polynomials. In fact different polynomials of the same degree may have different
dynamics. So the basins of attraction of the methods may vary within polynomials of the same
degree.

To understand the dynamical behavior of the methods visually, we show the basins of at-
traction of the method M (z) for second and third degree polynomials and for different values
of £ in the figures that follow.

In our work, we use Mathematica 9.0 for the calculations as well as to determine the basins
of attraction of the method. We divide the complex plane into 250 x 250 initial points in the
domain [—2,2] x [—2,2] to determine the basins of attraction of the roots of the polynomials.
Different colors are used for basins of attraction of each root [12]. Light color specifies the region
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where initial points require less iterations to converge to the particular root. As the color gets
darker and darker, it means that the number of iteration increases to approximate the root.
We use black color for the initial points which do not converge to any of the roots within the
maximum limit of 40 iterations. However, if the whole region is black, it does not mean that
the initial points in that region never converge to any of the roots with method (5.1). It only
shows that within our predetermined criteria, those points do not converge to the roots. If we
change our criteria, e.g., the number of initial points, domain or maximum of limit of iterations,
then the basin of attraction may alter.

From Figures 1, and 2, it is clear that the basins of attraction of the new method changes
with the change of value of 5 and polynomials also. For quadratic polynomials, the attraction
basins is smooth as [ decreases. As shown in Figure 1, it is quite smooth and wider when
B = 0.001 for both the quadratic polynomials. But, for cubic polynomials, as shown in Figure
2, basins of attraction are more smooth when g = 0.01.
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b
A
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A
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s

: [vi]

[v]

Figure 1: Basin of attraction of New method M for the quadratic polynomial p;(z) = 22 — 1
and po(z) = 22+ 1 in the region [—2,2] x [~2,2] in xy-plane is divided into 250 x 250 points.
[i] pi(z) with B =1, [ii] pi(z) with §=0.01, [i] pi(z) with S =0.001, [iv] pe(z) with
f=1, [v] pa(z) with f=0.01, [vi] pa(z) with 8= 0.001.
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; : v A 1' + vl

Figure 2: Basin of attraction of New method M for the cubic polynomial ps(z) = 2% — 1 and
pa(z) = 22+ 1 in the region [—2,2] x [~2,2] in wzy-plane is divided into 250 x 250 points.
[i] ps(z) with B =1, [ii] ps(z) with §=0.01, [i] ps(z) with S =0.001, [iv] ps(z) with
B =1, [v] ps(z) with f=0.01, [vi] ps(z) with 8 =0.001.
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