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1 Introduction and preliminaries

The first congress on fractional calculus was held at the University of New Haven, in 1974 [34].
From then on, considerable interest in fractional calculus and fractional differential equations has
been stimulated due to their numerous applications in engineering, physics, chemistry, biology
and other sciences. Fairly complete information about fractional calculus and non-degenerate
fractional differential equations can be obtained by consulting the references [4, 22, 23, 24, 25,
35, 36].

Various types of abstract degenerate fractional differential equations and their qualitative
properties have been recently considered in [16, 17| (cf.[7, 12, 13, 14, 29, 32, 33, 38, 40| for
the basic source of information on the abstract degenerate differential equations). In a joint
paper with A. Debbouche [16], the first named author has analyzed the unique solvability of the
Cauchy and Showalter problems for a class of degenerate fractional evolution systems by using the
notion of strongly (B, p)-sectorial operators, while in the papers [17, 18], written in cooperation
with D.M. Gordievskikh and M.V. Plekhanova necessary and sufficient conditions for relative p-
boundedness of a pair of operators have been obtained in terms of families of resolving operators
for a corresponding degenerate fractional differential equation. In this paper, we continue our
previous research by considering the existence and uniqueness of regularized solutions for a class
of abstract degenerate multi-term fractional differential equations with Caputo derivatives.

The organization of paper is briefly described as follows. In Theorem 2.1, we consider a
Ljubich type uniqueness theorem for the initial value problem (2.5), (2.6) stated below. Although
not visible at a first glance, our main structural results on the existence and uniqueness of
regularized solutions of problem (2.5), (2.6), ¢f. Theorem 2.2, Theorem 2.3 and Theorem 3.1,
are in a close connection with the corresponding results on regularization of ultradistribution
semigroups and sines from our previous paper [21]; in other words, it has turned out that some
ideas from the afore-mentioned paper can be applied in the analysis of an essentially larger class
of abstract (degenerate) differential equations, considered in the general setting of sequentially
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complete locally convex spaces. A great number of various thoughts and insights about Theorem
2.2 is collected in Remark 1, which seems to us as a very compact and non-desultory but a
little bit oversized. We also reconsider the old ideas of R. Beals [5, 6] for abstract degenerate
relaxation equations and prove, as a by-product, some new results on the generation of fracti-
onally regularized resolvent families (Remark 2, Remark 3). In Subsection 2.1, we provide the
basic information about the possibility of extension of Theorem 2.2 and Theorem 2.3 to the
non-Gevrey case, while in Section 3 we present various applications of our abstract theoretical
results from Section 2.

Unless specifed otherwise, we assume that F is a Hausdorff sequentially complete locally
convex space over the field of complex numbers, SCLCS for short. If X is also an SCLCS,
then we denote by L(E,X) the space consisting of all continuous linear mappings from E in
X; L(E) = L(E,E). By ® we denote the fundamental system of seminorms which defines the
topology of E. Let B be the family consisting of all bounded subsets of E, and let pg(T') :=
sup,cpp(T'x), p € ®, B € B, T € L(E). Then pg(-) is a seminorm on L(E) and the system
(PB)(p,B)coxs induces the Hausdorff locally convex topology on L(E). Let us recall that the space
L(FE) is sequentially complete provided that F is barreled [31]. If E is a Banach space, then we
denote by ||z|| the norm of an element x € F.

If Ais a linear operator acting on E, then the domain and range of A will be denoted by D(A)
and R(A), respectively. Since no confusion seems likely, we will identify A with its graph. By I
we denote the identity operator on E. If C' € L(FE) is injective, then we define the C-resolvent
set of A, pc(A) for short, by pc(A) := {\ € C | A\ — A is injective and (A — A)"'C € L(E)};
p(A) = pi(A).

In the remaining part of this paragraph, it will be assumed that the operator A is closed.
We refer the reader to |9, Definition 3.4] for the notion of an (analytic) C-regularized semigroup
of growth order r > 0; the fractional power (—A — w);, appearing in Remark 3 (i), will be
understood in the sense of [25, Definition 2.9.24|. For further information concerning fractional
powers of almost C-sectorial operators, the reader may consult |25, Section 2.9|.

Let A and B be closed linear operators acting on E. The notion of a (local) (a, k)-regularized
C-resolvent family (R(t))ico,r) With a subgenerator A will be understood in the sense of [24,
Definition 2.1]; (R(%)):cjo,r) is said to be locally equicontinuous if and only if, for every t € (0, 7),
the family {R(s) : s € [0,t]} C L(F) is equicontinuous. In the case 7 = oo, (R(t))¢>0 is said to
be exponentially equicontinuous (equicontinuous) if and only if there exists w € R (w = 0) such
that the family {e **R(t) : t > 0} C L(FE) is equicontinuous. If a(t) is a kernel on [0, 7), then
we define the integral generator A of (R(t))co.) by setting

A= {(:L‘,y) €e ExXE:R(t)r—k(t)Cx = /Ota(t —s)R(s)yds, t € [O,T)}.

For further information concerning abstract Volterra integro-differential equations in Banach
and locally convex spaces, the reader may consult [25] and [35].

If V is a general topological vector space, then a function f : 0 — V, where €2 is an open
subset of C, is said to be analytic if it is locally expressible in a neighborhood of any point
z € 2 by a uniformly convergent power series with coefficients in V. We refer the reader to |25,
Section 1.1] and references cited there for the basic information about vector-valued analytic
functions. In our approach the space E is sequentially complete, so that the analyticity of a
mapping f: Q — E (0 # Q C C) is equivalent with its weak analyticity.

Given 0 € (0,7] and d € (0,1], define Xy == {A € C : X # 0, |arg(\)| < 6}, By =
{AN e C: |\ <d} and Qpq = X9y U B;. By I'pq we denote the upwards oriented boundary
of Qpq. Further on, || := sup{k € Z : k < B}, [B] == inf{k € Z : B8 < k} (B € R),
N, := {1,...,n} and NY := N, U {0} (n € N). By CJz] we denote the set consisting of all
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complex polynomials of one variable. A scalar-valued function & € L _[0,7) is said to be a
kernel on [0, 7) if and only if for any scalar-valued continuous function ¢ — wu(t), t € [0,7), the
preassumption fg k(t—s)u(s)ds =0, t € [0,7) implies u(t) =0, ¢t € [0, 7). The Gamma function
is denoted by I'(-) and the prinmpal branch is alvvays used to take the powers; the convolution
like mapping * is given by f x g(t fo f(t—s)g(s)ds. Set ge(t) :=t1/T(C), 0° :=0 (¢ > 0,
t > 0), and go(t) := the Dirac 4- dlstrlbutlon For a number ¢ > 0 given in advance, the Caputo
fractional derivative DSu [4, 25] is defined for those functions u € C1¢171([0, 00) : E) for which

gic1—c * (u— S uD(0)g;.) € CIE1([0,00) : E), by

211 -1
DSu(s) == FAfl [gm ¢ * (u - Z u(J)(())ng)].

J=0

The Mittag-Leffler function Eg.(z) (8 > 0, v € R) is defined by

B C.
a2 ;FﬁkJrv z€

In this place, we assume that 1/T'(8k+~) = 0 if Sk +~ € —Ny. Set, for short, Fs(2) := Ez1(z),
z € C. The asymptotic behaviour of the entire function Ej3,(2) is given in the following auxiliary
lemma (see e.g. [25, Section 1.3]).

Lemma 1.1. Let 0 < 0 < 7/2. Then, for every z € C\ {0} and l € N\ {1},

E Ze?s — 12|, 2| = oo,

B, ’Y ﬁ Z Z F ’Y 6] ( ) ‘

where Zs is defined by Z, = 2Y/Pe*™5/8 and the first summation is taken over all integers s
satisfying | arg(z) + 2ws| < B(o + 7/2).

For further information about the Mittag-Leffler functions, cf.[4, 25| and references cited
there.

We introduce the abstract Beurling space of (M,) class associated to A, E»)(A) for short,
as in the Banach space case (cf. [10, 23] for more details). Put Dy (A) := (1, oy D(A"),

E(Mp) (A) = prOjlimh*%H)oEf(L]V[p)(A)?

where for each h > 0,

hPq(APx
E,(ZMT’)(A) =1z € Dy(A): HxH,%p) = sup M <ooforall ge® ;.
’ peNo My
In this place, it is worth noting that for each h > 0 the calibration (|| - H%”))qeo induces a

Hausdorff locally convex space topology on E,SM”)(A), as well as that E,SJ,V[”)(A) C E(M”)(A)

provided 0 < h < h' < oo, and that the spaces E,SMZ’)(A) and EMM)(A) are continuously
embedded in E; cf.[23]. Following the ideas of R. Beals [6], we define the space E™»)(A) as the

inductive limit of spaces E,(LM”)(A) as h — 0+; that is

EM)(A) = indlimy,_o. B\ (A).
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Henceforth we shall always assume that (M,) is a sequence of positive real numbers such
that My = 1 and the following condition is satisfied:

M2 < My M, 1, peN. (M.1)

By (M.1), the sequence (m, = M,/M,_1),en is increasing. Any usage of the conditions:

M, <rh? sup M;M,_;, p €N, for some numbers r, h > 1, (M.2)
0<i<p
M,
<o, (M.3)
_ Mp
p=1
and the condition
=\ M, M
sup T T o, (M.3)
peN 2 pM,M,

which is slightly stronger than (M.3), will be explicitly emphasized. Let us recall that for
each number s > 1 the Gevrey sequence (p!*) satisfies all the above conditions. The associated
function of the sequence (M,,) is defined on [0, c0) by

M (p) := sup lnﬁ7 p>0and M(0) :=0;

PENo p
if A € C, then we define M(\) := M(|A]). It is well known that the function ¢ — M(t), t > 0 is
non-negative, increasing as well as that limy_,,, M (\) = oo and that the function M(-) vanishes
in some open neighborhood of zero. Furthermore, the mapping ¢ — M (t), t > 0 is absolutely
continuous and the mapping t — M(t), t € [0,00) \ {m, : p € N} is continuously differentiable
with M'(t) = @, t €10,00) \ {m, : p € N}. The (M,)-ultralogarithmic region of type {

Aop = {)\ e C: R > aM(lSN]) + 5}7

where @ > 0, § € R and [ > 1, was defined for the first time by J. Chazarain in 1971 [8].
We assume that the boundary of the ultra-logarithmic region A, g;, denoted by I';, is upwards
oriented. If (IV,) and (R,) are two sequences of positive real numbers, then we write N, < R, if
and only if for each number o > 0 we have

N,o?
sup < 00.

p€ENp D

2 Regularized solutions for a class of abstract degenerate multi-term
fractional differential equations

Our first task will be to extend the assertions of |21, Theorem 2.1, Corollary 2.1] to abstract de-
generate multi-term fractional differential equations (the Gevrey case). Throughout the section,
the numbers ¢ € (0,1], >0, 5>0,1>1,& > 0and b € (0,1) will be fixed. Denote by M,()
the associated function of the sequence (p©) (v € (0,1)). Then we know that M,(t) ~ (ve)~'t"
as t — 4+o00. Suppose that

pb < M,. (2.1)

Then, for every ;1 > 0, there exist positive real constants ¢, > 0 and C, > 0 such that lim,_,oc, =
0 and
M(IN) < My(ud\) + Cp < A + Cuy A > 0. (2.2)
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Set
AS gy ={A N ENp} and Q:=C\ A 4.

By A we denote the class consisting of all continuous functions f : @ — C that are analytic in
(2 and satisfy the following condition: there exist numbers a; > 0 and as > £ such that

FO)] < are =y e (2.3)
Suppose that f € A, f # 0. Then we define F(-) by

T—=(Cn/2)
/

F@p:f@ﬁ "2 ) AeS .

The function F'(-) can be analytically extended to an open neighborhood of the region ¥/, and
satisfies the condition:

gy
’F(/\)| S ale_‘”')‘l s AE 271—/2.
Now we can apply the Phragmén-Lindelof type theorems (see e.g. [30, p.40]) in order to see
that the inequality %/”2/2)% > 1 implies f = 0 identically. Hence, one has to assume that
—(7/2) b ;
< 1, i.e., that 1 )

in order to ensure the non-triviality of the class A (observe that 1/(2—() € (1/2,1] for ¢ € (0, 1],
so that (2.4) automatically implies b < (). Suppose now that (2.4) holds. Then the class A is
non-trivial. Indeed, this can be proved in the following way. Put 0 := arctan(cos(%(ﬁ —n(/2))).
Then the function

FO) = i) = e N e

belongs to A provided t = t; + ity € ¥y, w > 3 and t; tan§ — |to| > £, because arg(—\¢ +w) —
m—m(/2 as |A\| = oo, A € I'; and there exists R > 0 such that, for every t = t; + ity € ¥y,

‘e—t(—)\—‘rw)b/( _ eftl\f/\+w|b/< cos(% arg(—Aw))+tz|—Aw|?/¢ sin(% arg(—A+w))

< ¢mneostarg(oat) el -lC ¢ (utano-la)i-AelS ) Q) |\ > R,

It is clear that f-g, f+g, P-f € A, provided f, g € Aand P € C[z].

Further on, let n € NN, = {1,2,...,n}, N2 = {0,1,...,n}, let po, p1, -+, pn and qo, q1, ***, @
be given non-negative integers satisfying po =qo=0and 0 <p1+ ¢ < po+ ¢ < - < pp + ¢
Let Ao, Ay, -+, An_1, Ay, be closed linear operators acting on E. Set A := A, A,, :== B, Tyu(s) :=
(D$)Pi A;(DS)%u(s), s >0,i e N0, Spi={i €N, : ¢ > 1}, S, :={i €N, : p; > 1},

n—1
Py = PR £ 3 AP,y e T (o),

=0

and conventionally, max(0) := 0, Nj := 0.
Under consideration is the following abstract degenerate multi-term Cauchy problem:

ZTZU(S) =0, s>0, (2.5)
i=0
with the following initial conditions:

((Dg)]:U(S)LZD = ), § € N0 fa_ties) )
((Dg)in<D§)qu(S))S:O =u;; (1€S, jEN_)). '

pi—1
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Before going any further, we would like to point out that the choice of initial values (2.6), which
will be considered as an only possible option in the sequel, may be non-optimal because there
exist some very natural situations where we cannot expect the existence of solutions of problem
(2.5), (2.6), in general. On the other hand, accompanying the fractional differential equation
(2.5) by the initial conditions of form (2.6) will enable us to integrate equation (2.5) ((pn+¢n)¢)-
times and obtain the corresponding integral equation associated to problem (2.5), (2.6), which
will be of crucial importance in the proof of Theorem 2.1 below. Observe also that, in our
concrete situation 0 < ¢ < 1, the following fractional Sobolev problems:

[ DS$Bu(s) + Au(s) =0, s>0,
(DFP), - { Bu(0) = Bz,

e Cu(s) + Au(s)
| BDSu(s) + Au(s) =0, s>0,
(DFP)L.{U(O>:I7

are special cases of problem (2.5), (2.6), withn =1, ¢4 =0, p; = 1 and u; o = Bz, in the case
of problem (DFP)g, and n =1, ¢ =1, py =0, u; = x, in the case of problem (DFP);,.
The notion of a strong solution of problem (2.5), (2.6) is introduced in the following definition.

Definition 1. A function v € C([0,00) : E) is said to be a strong solution to problem (2.5),
(2.6) if and only if the term Tju(s) is well defined and continuous for any s > 0, i € N%, and
(2.5), (2.6) holds identically on [0, c0).

In the following theorem, we state a Ljubich type uniqueness theorem for the problem (2.5),
(2.6).

Theorem 2.1. Suppose that an operator C € L(E) is injective, CA; C A;C, i € N° and there
exists a number w > 0 such that the operator Py is injective and D(Py'C) = E for A > w. Let
the following condition hold:

(H) For every p € ® and i € NY| there exist numbers \p;, 0,; > 0, a seminorm q,; € ® and
a function hy; @ (A, 00) = (0,00) such that:

p(P/\’lCAﬂ:) < [qm(a:) + Qpi (Aix)]hp,i()\), A> Ny, T € D(Ai),

and
lim e *ih,;(\) = 0.

A——+o00

Then there exists at most one strong solution of problem (2.5), (2.6).

Proof. Clearly, it suffices to show the uniqueness of a strong solution to problem (2.5), (2.6)
with all initial values chosen to be zeroes. Let a function u € C([0,00) : E) be a strong solution
to this problem. Then we can integrate equation (2.5) ((pn + ¢n)¢)-times; taking into account
the equality [4, (1.21)] and an elementary argumentation, we get that

n—1

Bu(s) + Y A 0(tputan)-miranc ¥ u)(s) =0, s> 0. (2.7)

1=0

Convoluting the function u(:) with gs(-), for a sufficiently large number 6§ > 0, we may assume
without loss of generality that, for every i € NY  the mapping s — A;u(s), s > 0 is well-defined
and continuous. Set, for every s > 0 and 6§ > 0, v, 5(A) := (gsxe)(s) =A% A > 0; v,0(A) :=0
(s >0, A > 0). Then the mapping s — vss(A) is continuous in s > 0, for the numbers § > 0
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and A > 0 fixed in advance; furthermore, |39, Lemma 1.5.5, p. 23| implies that, for every s > 0
and 0 > 0, we have

|vss(N)] = O (1+s -

A1+ A0) 35—1x1), A > 0. (2.8)
Set, for every index i € N2, 3 := (p; + ¢;)(. Keeping in mind (2.7) and the assumption
CA; C A;C, i € N° we have that, for every s >0, A >0 and i € N?,

S S

)\Biﬁ”/eA(s’”)AiCu(r) dT"—/Usr,ﬁn,Bi()\)Aicu(r) dr

0 0
s s

=C / M) (Qﬁn—ﬂi * AiU)(T) dr = (—C) Z M=) (gﬁn_ﬂu % Avu)(r) dr
0 veNO\ (i}

- — Z [Aﬁ”_ﬁ”/eA(S_T)AUCu(r) dr—l—/vs_rﬁn_gu()\)AvCu(r) dr]7

which clearly implies that, for every A > w, 0 > 0, s > 0 and i € N2, the following equality
holds:

S S

e’\"/e)‘(s’”)Cu(r) dr = —)\B”e’\"P/\_lCAi/vsnﬁngi()\)u(r) dr
0 0

X Y i, / Ve (Nu(r) dr. (2.9)

veNO\{:}

Making use of condition (H) and (2.8), (2.9), we obtain that, for every p € ®, there ex-
ists a sufficiently large number o, > 0 such that limy_, o e *7p((e* * Cu)(s)) = 0, s > 0.
By the Dominated Convergence Theorem, it readily follows that for each p € ® we have:
Hmyyyoo p(fy 7 €59 Cu(r) dr) = 0, s > o > ;,. Therefore,

s

lim [ 2 ICu(r)dr =0, s>0.
A—+o00
0

Since C' is injective, we can apply |25, Lemma 2.1.33(iii)] to conclude that u(s) =0, s > 0. O
Now we are ready to formulate the following extension of [21, Theorem 2.1].

Theorem 2.2. Suppose that (M,) satisfies (M.1), b € (0,1), ¢ € (0,1] and (2.1) holds. Let
v>—-1,6>0,a>0,8>0,0>1, and let (2.4) hold. Suppose, further, that the operator Py is
injective for all X € A, 5, as well as that Py'C € L(E), X € Ay, the mapping A — Py 'Cuz,
X € A g, is continuous for every fized element v € E, and the operator family

[T+ \) e W PIIC N € Mgy} C L(E)

is equicontinuous. Set, for every function f € A,

St(s)x = S

2 Jp,

FOOXTE(sA) Py Cad), s>0, € E. (2.10)
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Then (S¢(s))s>0 € L(E) is strongly continuous, the mapping s — Sf(s) € L(E), s > 0
(s = S¢(s) € L(E), s > 0) is infinitely differentiable provided ( =1, f € A (( € (0,1), f € A)
and, for every p € Ny and f € A, the mapping s — (D$)PSs(s) € L(E), s > 0 is well-defined,
with

(DS)"Sy(s) i/ FOOXTINCE(sA) Py Cad, >0, 2 € E. (2.11)
Iy

271

Furthermore, the following statements hold.

(i) Suppose that there exists i € N° such that the mappings X\ — A;P;'Cx, X € Ay,
are continuous for some v € E (j € N\ {i}) and for each seminorm p € ® the set {(1 +
IAD) e SN p(A,PTIC) - X € Mgy, j € NO\ {i}} is bounded.

Then we have

(DS)? 4;(DS)"S; (s)a = =

[ FOONTACTOE (A AP Cd), (2.12)
2 Jp,
for any x € E, s > 0, i € N2 and p, ¢ € Ny. Moreover, the mapping s — u(s) := Sy(s)z,
s > 0 is a strong solution of problem (2.5), (2.6), with the initial value u; obtained by plugging
p =7 and s = 0 in the right-hand side of (2.11), for j € Nmax{q 1iesy and the initial value u;
obtained by plugging p = j, ¢ = q; and s = 0 in the right-hand side of (2.12), for i € S, and
J € Ngi,l (f e A). If CA; C A,C for all i € N, then there exists at most one strong solution
of problem (2.5), (2.6).

(ii) Suppose that f € A, ¢ € ®, B is a bounded subset of E and K is a compact subset of
[0, 00).

Then there exists hg > 0 such that

(ho)Pq((D)?Ss(s)x)
ppc/b

sup
pENp,se K,z€B

< 0. (2.13)

Proof. We will basically follow the proof of [21, Theorem 2.1|. Let f € A be such that (2.3)
holds with some numbers a; > 0 and ay > £. In order to prove that Sy(s) € L(E) for all s > 0,
observe that Lemma 1.1 in combination with (2.2) and the equicontinuity of the operator family
{1+ [N) e N P7IC - X € Mg} (cf also the asymptotic expansion formulae [4, (1.26)-
(1.28)]) implies that for each p € ® there exist ¢, > 0 and ¢ € ® such that, for any sufficiently
small number p > 0, the following holds with an appropriate constant M, > 0 :

FOONT B (sX)p(Py ' Ca)|
< alMﬂcpe*(“T@‘)‘|bes(ﬂ+c“|’\‘b)(1 AN q(z), NeTy, |\ >R, v € E. (2.14)

Keeping in mind that lim,,o ¢, = 0, we obtain from (2.14) that S;(s) € L(E) for all s > 0, and
that the operator family (Sf(s))s>0 € L(E) is strongly continuous. The infinite differentiability
of mapping s +— Sy¢(s) € L(E), s > 0 for ( =1 and f € A can be easily proved.

In order to prove that the mapping s — Sf(s) € L(E), s > 0 is infinitely differentiable for
( <1land f € A, we need to recall the well known fact that, for every [ € N, there exist real
numbers (Cj,C)ISjSZ and (Cj7[74)1gj§l such that

d
Eczs ZCCSJCIE (zs%), 5>0,2€C
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and
d! l
Tble) = > ciucBea-a-p(z), z€C

j=1

(cf.[25, Section 1.3]). This implies that, for every [ € N, and for every sufficiently small h > 0,
we have:

Eél)((s + h)C/\C) _ Eél) (SC/\C) JH+!

_ ¢)\¢
L dsi+1 L (S A )
1 42 J sth pr ‘
=7 Z Z / cjygciﬁj&ﬂc_(l”)Eg,gj_(i_j) (TC/\C) drdr, s>0, el (2.15)
j=1 i=1 Vs s

An application of Lemma 1.1 yields that, for every [ € N, there exists a constant § > 0 satisfying
that, for every 7 € N with 7 <[+ 2, and for every 7 € N with ¢ < j, we have

’E(,Cj—(i—j) (TcAc)‘ < 5[1 n (7_)\)(1+(i—j)—éj)/Cer§R>\}7 F S0, AeT)

Combining this estimate with (2.15), it readily follows that the mapping s — Sf(s) € L(E),
s > 0 is [-times continuously differentiable, with

ilsf(s)gc -5 f(AC)AHiZ [Ec(s*A) | Py CadA, s>0, z € E. (2.16)
ds! 2mi Jr, dst A ’ ’
Using the identity AS(gjep * Ec(<X9))(s) = (grej—¢ * [Ec(-*X) = 1])(s), s > 0, X € T}, (see e.g.
|4, (1.25)] and the proof of |25, Lemma 3.3.1|) and a straightforward integral computation, it is
checked at once that for each x € E and s > 0 we have:

[QKH x (Sp(-)a — S,»(O)x)} (s) = [gm P FOO)XTINE (X)) P C dA | (s).

27 I

This implies the validity of (2.11) with p = 1. Inductively, we obtain that (2.11) holds for any
integer p € N by repeating literally the above arguments.

Suppose now that the requirements of (i) hold for some element x € E. Using the resolvent
equation, we obtain that the mappings A — AiP;10$, A\ € A, g, are continuous for all i € N2
and that there exists a number v/ > 0 such that for each seminorm p € ® the set

{(1+ |)\D*’/e*5|’\‘bp(AiP/\*10x) t A€ Aypy, i €NV

is bounded, which clearly implies that the mapping s — A;S¢(s)z, s > 0 is well defined for any
r € F and i € N. Hence (2.12) holds for any x € E, s > 0,7 € NY and p, ¢ € Ny. Using the
substitution z = A%, Lemma 1.1 and the Cauchy formula, we get that

/ FOOXTE(sA) dr =0, s>0. (2.17)

By (2.12), (2.17), it readily follows that the mapping s — u(s) = Sf(s)r, s > 0 is a strong
solution to problem (2.5), (2.6) with the prescribed set of initial values.

If CA; C A;C for all i € N2 then the uniqueness of a strong solution to associated integral
equation (2.7) is an immediate corollary of Theorem 2.1, finishing in a routine manner the proof
of (i). The existence of a number hy > 0 in (ii) and the proof of inequality (2.13) follows from
(2.2), (2.11) and a simple computation. O
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Remark 1. (i) In the case ¢ < 1, Theorem 2.2 seems to be new and not considered elsewhere
(even in the case B = I). If ( = 1, then there exist two possibilities: n = 1 and n > 1. If
n = 1 and ¢ = 1, then the assertion of Theorem 2.2 seems to be new in the case in which F
is not a Banach space and B # I, or B # I and C # I (cf.|24, Theorem 3.16, Example 4.5]
for some results in locally convex spaces, with B = I). If n = 1, ( = 1 and E is a Banach
space, then it is worth noting that A. Favini [13] was the first who considered R. Beals’s type
regularization process [5, 6] for seeking solutions to degenerate equations of the first order,
provided in addition that C' = I (cf.also [14, Section 5.4] for the case B # I, as well as [23,
Section 1.4], [25, Section 2.9], [39, Section 4.4], |20, 21, 37| for more details concerning the case
B =1). If n > 1and ¢ = 1, then the assertion of Theorem 2.2 seems to be considered only in the
case in which C' =1, =0, p; =0foralli € NY and E is a Banach space (cf. [13, Application 2,
Assumption H.10] and compare with our assumptions made in (i) of Theorem 2.2). Finally, it is
needless to say that the usual converting of higher-order (degenerate) differential equations to
first order matrix (degenerate) differential equations, used in numerous papers on higher-order
abstract differential equations and, in particular, in the above-mentioned Application 2 of [13],
cannot offer significant help in the analysis of problem (2.5), (2.6), in general.
(ii) Let v € Z, let f € A, and let an element = € FE satisfy the requirements of (i). Define

Sto(s)r = L

== [ FA)XTINCE(sA) Py Cad), s>0, z € E.
21 Jp,
Then the mapping s — Sf,(s)z, s > 0 is a strong solution to problem (2.5), with initial values
(2.6) endowed similarly as in the formulation of (i).

(iii) In the formulation of [21, Theorem 2.1, it has been additionally assumed that the
sequence (M,,) satisfies condition (M.2). The proof of Theorem 2.2 shows that we can completely
neglect this condition from our analysis.

(iv) It is worth noting that the term D?¢u(s) need not be defined for some functions s — u(s),
s > 0 for which the term (D$)%u(s) is defined (for example, in the case ¢ = 1/2, r > 0 and
u(s) = Eyo(rt/?s¥/2), s > 0). Even in the case in which both terms exist, they can be completely
different so that we have to make a strict distinction between the operator (D$)? and the operator
DSP. As explained in [26, Remark 2(iii)], the method proposed in Theorem 2.2 cannot be used
for proving the existence of a strong solution to (non-degenerate) problem

BD¢"u(s) + Y AD%u(s) =0, s >0, (2.18)

provided that n > 1 and there exists an index ¢ € N2 such that the order «; of the Caputo
fractional derivative D% u(s) does not belong to Ny. Here, 0 = ap < ag < + -+ < .
(v) Tt can be easily verified that

/Os gC(S — T)(—A)Sf(r)x dr = BSf(S)J; — BSf(O)J;,

provided that n =1, s > 0, f € A and = € E satisfies the requirements of Theorem 2.2 (i).

(vi) It is well known that the notion of an abstract Beurling space plays an important role
in the theory of ultradistribution semigroups in Banach spaces (cf. Theorem 2.2 (i) with n = 1
and B = I). Unfortunately, it is very difficult to introduce a similar concept for degenerate
differential equations of the first order, especially in the case in which the operator B is not
injective. For the purpose of illustration of Theorem 2.2 (i), we shall present two examples in
which we use the abstract Beurling spaces:
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(vi.1) Suppose that n = 1, 2 € D (B), the element BPx satisfies the requirements of Theorem
2.2 (i) for all p € Ny, and

B(2B+ A)\CBPz = (:B+ A)\CB"'z, pelNy, zeAs,,

Then

—1)?
APSy(s)x = =0 FOONTINCE (N PTIOBPrdN, s >0, pEN, f €A

211 T,

This, in turn, implies

U {Ss(s)z} € EP(a),

$>0,feA

provided that the orbit {BPz : p € Ny} is bounded, and

U {Si(s)x} € W (),

s>0,feA

provided that Bz € E®")(A).
(vi.2) (cf. also Remark 2) Suppose that n = 1, B is injective and an element x € E satisfies
the requirements of Theorem 2.2 (i). Then B~! is closed and we can inductively prove that

(BTYAPS;(s)x = (—1)*(DS)*S¢(s)r, s>0, peN, feA
Taking into account (2.13), the above implies that

U {S:(s)2} € BB 4).
$>0,feA

(vii) Let f € A, let € > 0, and let g : C\ Aiﬁ,lJrg — C be continuous in D(g) and analytic in
int(D(g)). Suppose, further, that there exist constants a} > 0 and a, > & such that (2.3) holds
with f =g, a1 = al, as = a}, A € D(g), as well as that n = 1 and the family

{1+ \) e W' BP0z : A € Ay g} C L(E)
is both equicontinuous and strongly continuous. Let
CB(:B+A)'C=B(:B+A)'C?, 2eA’,, (2.19)

and let TS (Fig) denote the upwards oriented boundary of Aim (AS

apire) Then, for every

z, 2 € Ag 5, and z € E, the resolvent equation

1

(:B+A)'C% — (ZB+A) ' CPr= (' —2)(2B+ A) ' CB(B+A) 'Cx,  (2.20)
holds, which implies that the mapping z — B(zB+ A)™'C?%z, 2 € int(Afm,l) is analytic (r € E).
Using (2.19) and the arguments from [11, Remark 2.7|, the above implies that the mapping
z+ B(zB+ A)"'Cx, z € int(Ag(”B’l) is analytic, as well (z € E). Applying the substitution
2z = A\¢ and the Cauchy formula, we then get that

BS,(0)z = (27rz')_1/ g(2)B(zB+ A)'Cxdz, z€E.

¢
Fl,e
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Proceeding as in the proof of [6, Lemma 4.2|, it readily follows that
Sr(0)BS,(0)x = Sfy(0)Cx, z € E.
If&=0, f(A) = fi(A) and g(A) = fs(\), with ¢, s € ¥y, the above means that
T(t)BT(s)=T(t+ s)C.

(viii) If B =1, n = 1, P;'C exists and is polynomially bounded on the region A, g; (with
the clear meaning), then it might be surprising that we must impose condition (2.4) in order to
ensure the existence of a strong solution to problem (DFP)g with the initial value x # 0. If we
replace condition (2.4) with the condition ﬁ < g (which clearly implies ¢ < 1 and the triviality
of the class A), and accept all the remaining assumptions from the formulation of this theorem,
with B =1, n =1 and £ = 0, then it is not clear whether there exist a Hilbert space (Banach
space, sequentially complete locally convex space) E and a closed linear operator A acting on
E such that the problem (DFP)g has no local strong solutions unless x = 0 (cf. |5, Theorem 2,
Theorem 2’| for more details concerning the case ¢ = 1). This is a very interesting open problem
which we would like to address to our readers.

(ix) If the assumptions of Theorem 2.2 hold with the region A, g; replaced by the right half-
plane RHP,; = {z € C: Rz > &} (and with the set Q2 replaced by the set C\ (RH P;)¢), then for
each p € Ny and f € A the operator family {e=®*(D$)?S(s) : s > 0} is equicontinuous (@ > 0);
cf. [3] for corresponding examples. It is also worth noting that we can consider, instead of the
region A, g, considered above, a region of the form Q(w) = {\ € C : RA > max(z,w(|SA|))},
where zy > 0, w : [0,00) — [0, 00) is a continuous, concave, increasing function satisfying

lim w(t) = oo, lim wit) =0 and / wit) dt < oo
t—oo T 1

t—00 t2
(cf. |5, 6, 21, 23|, and |24, Example 4.5]), or the exponential region
E(a,b) = {A € C:RA>b, I\ <™} (a, b>0),

introduced for the first time by W. Arendt, O. El-Mennaoui and V. Keyantuo in [2] (cf. also C.
Foias [19] for a very similar notion of the logarithmic region A(a, §,w) which can also be used
here). It would take too long to go into further details concerning these questions here.

(x) Suppose x € ()_,D(A,), i € N%, j € Ny, (fe(N))eso Is a net of functions in A and
CA, € A,C, v € N%. Denote ul, := ((D$)?Sy,(s)Aiz)s=o (¢ > 0). Then the following equality
holds:

P/\_IC'Aix — )\_(pi"!“Ii)C[Ox _ Z )\(p’u‘f'QU)CP/\_lC’A’Uw:I’ A€ Aapis
veNp\{i}

which implies that

W :L f(/\))\j—(pi+q7:)
b 2mi e

Cx— Y Artelptl CA| dA.
veNg\(i}

If we impose some additional conditions on the net (f.(\))cso (for example, the condition that
fe(0) #£ 0, € > 0, as well as fe(p"Jrq"_j_l)(O) — 207 as € — 0, provided p; + ¢ —j — 1 > 0, and
the limit equality f.(\) — 1 as e = 0 (A € T'Y), uniformly on compacts of I'S, at least) and if we
suppose that the operator family {(1+|\)™ P;'C : XA € Ay} C L(E) is both equicontinuous
and strongly continuous for a sufficiently large negative number v/ < 0 (cf. also [39, Theorem 4.2,
p. 168], where it has been assumed that C' = I), then we may apply the Dominated Convergence
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Theorem and the Residue Theorem in order to see that lim,_.q ufe equals 0, if 7 > p; + ¢;, and
[(pi + ¢ — 5 — 1)!] ' 25? Cx, otherwise. If we use the net of functions of the form

fe(>\) _ efe(f/\er)b/C (6 > 0)7

then we have that 257 = 1if p;4+¢ —j—1=10,and 20’ = 0if p; + ¢ —j — 1 > 0 [37, 39].
Suppose now that z,, € (,_, D(A,) for all w € NJ _,, the elements Bz, satisfy the assumption
(i) of Theorem 2.2 for all w € Ny _,, i =n, v/ < —(gy,_1, the function f.()\) is chosen as above,
and p, = 0, v € NY (with the exception of problem (DFP)g, the analysis becomes very difficult
in the case in which there exists vg € N? such that p,, > 0). By the foregoing arguments, we

have that the function

Qn_l

1 _w_1+( n+qn C —1
SH;%/I;ffe()\)A p q)EC(S )‘)P,\l/gCwad)\, s>0

is a strong solution to problem (2.5) with the initial values (ug, ---,u; ), converging to (Cxo, - -
-, Cxq,—1) as € = 0+ . Hence, the set 20 consisting of all initial values (yo,- - -, yg4,—1) € Eo"
subjected to some strong solution s — u(s), s > 0 of problem (2.5) is dense in (C((,_, D(A,)))%"
(cf. Example 2 below for an interesting application of this result, with C' not being the identity
operator). Generally, it is very difficult to say anything else about the set 20 in the case n > 1.

(xi) Following the method employed in the proof of Theorem 2.2, one can ex-
tend the assertions of [22, Theorem 2.1, Theorem 2.2] to abstract degenerate (multi-
term) fractional differential equations, thus proving some results on the C-wellposedness of
problem (2.5), (2.6) in the case ¢ > 2 (|22, Theorem 2.1|) and 2 > ¢ > 1 (|22, Theorem 2.2|).
Consider, for example, the case 2 > ¢ > 1. Let ¥ € (7(2—()/2,7/2), let b € (1/¢,7/(2(m —1)))
and let z € 3y, where 9 := arctan(cos(b(m —1))). If there exist d € (0, 1] and v > —1 such that
the operator family

{(A+|A)"Py'C A€ Sy UByY C L(E)

is both equicontinuous and strongly continuous (for the sake of simplicity, we shall only consider
the case £ = 0), then for each number s > 0 we can define the bounded linear operator S(s) by

1
S(s)x = — e_z(_k)bEC (SCA)P/\_I}CC’x d\, x€E, s>0,
2 Jr,,
where ¢ € (0,7) is chosen so that b € (1/¢, 7/(2(m—c¢))) and the inequality ¥ < arctan(cos(b(m —
c))) is valid (cf. (2.10) and apply the substitution A — A¢). Suppose, further, that there exists
i € N? such that the mappings A\ — AjP/\_ICZL‘, A € Yy U By are continuous for some x € E

(7 € N2\ {i}) and for each seminorm p € ® the set
{(L+A)7"p(A; P Cx) - X € Bypc U By, j € Ny \ {i}}

is bounded. Then the final conclusions stated in Theorem 2.2 continue to hold after some obvious
modifications. In the situation of [22, Theorem 2.1| (the case ¢ > 2), which is very specific, we
can assume that the operators P, 1C exist on a certain region of the complex plane which does
not contain any acute angle. The interested reader may try to carry out details concerning the
transmitting our previous results and comments from the items (i)—(x) of this remark to the case
in which ¢ > 1. The method proposed in [22], [39, Section 4.4, pp. 167-175] as well as in the
parts (x), (xi) of this remark can serve to prove some results on the existence of entire solutions
of degenerate multi-term differential equations with integer order derivatives. For more details,
see [15].
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The proof of following extension of |21, Corollary 2.1| is omitted because of similarity to the
previous proof.

Theorem 2.3. Suppose that 0 < c<b<(<1l,0>0,v>—1,£>0,¢ >0 and (2.4) holds.
Denote
Moo ={AEC:RA> oSN +c}, IS, = {A A€l 4}, @ =C\II,..

Let f : Q¥ — C be a continuous function that is analytic in Q' and satisfy the following condition:
there exist numbers ay > 0 and ay > & such that

T < a7, A e .

Suppose, further, that the operator Py is injective for all A € Il. ., as well as that PA’lC € L(E),
A € Il o, the mapping X\ — P/\_IC’JU, A € Il ¢ is continuous for every fized element x € E, and

the operator family )
{@+ ) e PIIC N el } C L(E)

s equicontinuous. Set

Ty(s)x = LS

=5 FOOXNTE(sCA) P Cad, >0, z€F, (2.21)
i Jp,
where I'. denotes the upwards oriented boundary of Il ;.

Then (Ty(s))s>0 € L(E) is strongly continuous, the mapping s — Ty(s) € L(E), s > 0
(s = Ty(s) € L(E), s > 0) is infinitely differentiable provided ( =1 (¢ € (0,1)) and, for every
p € Ny, the mapping s — (D$)PTy(s) € L(E), s > 0 is well-defined. Furthermore, (2.11) holds
with (S¢(s))s>0 and I'; replaced respectively by (T4(s))s>0 and I'c, and the following statements
hold.

(i) Suppose that there exists i € NO such that the mappings \ — AjP/\’le, A€ ll.,c are
continuous for some v € E (j € N2\ {i}) and for each seminorm p € ® the set

{(L+ M) e p(4; P Ca) 2 X € T, j € N\ {i})

15 bounded.

Then (2.12) holds with (S¢(s))s>0 and I'; replaced respectively by (T¢(s))s>0 and I, the map-
ping s — u(s) = T¢(s)x, s > 0 is a strong solution to problem (2.5), (2.6), with the initial value
u; obtained by plugging p = j and s = 0 into the right-hand side of (2.11), for j € Nglax{qi_l:iesl},
and the initial value u; ; obtained by plugging p = j, ¢ = q; and s = 0 into the right-hand side of
(2.12), fori € S, and j € N) _, (with the obvious replacements described above). If CA; C A;C
for all i € N, then there exists at most one strong solution of problem (2.5), (2.6).

(ii) Suppose that ¢ € ®, B is a bounded subset of E and K is a compact subset of [0, 00).

Then there exists hg > 0 such that (2.13) holds.

In the following remark, we shall clarify a few important facts closely linked with the asser-
tions of [6, Lemma 1, Lemma 4| and Remark 1 (ii), (vi.1).

Remark 2. Consider the situation of Theorem 2.3 with £ = 0 and n = 1 (the final conclusions
continue to hold in the case of consideration of Theorem 2.2; after the replacement of the region
Hgmg by Ai 5.1, one just has to make some obvious terminological changes). Suppose, additionally,

that b/¢ < 1/(2—(),w ><¢%, CAC AC, CB C BC, B is injective,

B'A(zB+A)'Cx = (:B+A)'CB Az, x€ Dy(B'A), 2 €IS

c,0,67

(2.22)
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the family
{(1+]2))"B(zB+A)™C:z€Il, .} C L(E)

c,0,$

is both equicontinuous and strongly continuous, y € D(B) satisfies that Cy € D(A), BACy =
AC By and there exists hy > 0 such that the set {hhp(P9)/*(B=1A)PBy : p € Ny} is bounded.
Then it is checked at once that C(zB+A)™1C = (zB+A)"*C?, z € IS, _ and that the mapping

C,0,$

— (2B+ A)"'Cx, z € int(II5, ) is analytic (z € E); cf. Remark 1 (vii). Using the Cauchy
formula and the foregomg arguments, we have that
1
Sp(0)z = 5 e N (AN +w)B+ A)'Cad) (z€E, t>0),
™ FC_

where I'S denotes the upwards oriented boundary of HCU < Let the curve I be sufficiently close
to I'S, on the right of I'S, and let the curve I7, : = I" — w be upwards oriented. Modifying
slightly the second part of the proof of |6, Lemma 4] (the proof of this lemma contains some
typographical mistakes but the essence and final conclusions are true we can apply Stirling’s
formula here), and keeping in mind the boundedness of the set {h5p ~) /Y(BYAYBy : p € Ny},
we get that there exists a number § > 0 such that for each integer p € N there exists an integer
n(p) € NN (b?p +v+2, b?p + v+ 3] such that the series > peoTp and Y27 B, are convergent,
where 5

~ 2mip!

-1

/ (=P S\ +w) " (A +w)B+ A)'C(BA)"” Bydn.
Let v =3 %z, and Bx = ) ° | Bw,; arguing as in Remark 1 (vii), we obtain with the help of
equation (2.22), the Cauchy formula and the resolvent equation that

1 _
S5.(0)Br = 5 e DN (N w)B 4+ A) ' C2Bydx, t> 6. (2.23)
T I/,
Let Ao € C be on the right of I'S, and simultaneously, on the left of I'. Making use of the
identity [24, (3.16)], with the operator A replaced by —B~'A therein (we only need the linearity
of operator B~' A, not its closedness), we get that

[v]+2

(—1 )
By = | e
o ;0 (()\+w)—)\0)y+1((>\+w)+ )CBy
CrI+ B
T e e (221)

(N w) = A8

Since Cy € D(A), BACy = ACBy and CB C BC, we have that (A +w) + B"'A)CBy =
(A+w)B+ A)Cy, A € T',. Applying the operator (A+w)B+ A)~*C to the both sides of (2.24),
the above implies

[V]+2

-1 2 _ (‘1)j 2
(A+w)B+A) C?By = ;O ((A+w)—>\0)j+1c
(A+w)B+A4)"'C

+ (—pP (ol + B~ )" By, AeT,

(N + w) — M) 153

Inserting this expression in (2.23), and using after that the limit equality [37, Lemma 2.7; p.
543|, as well as the Residue Theorem and the Dominated Convergence Theorem, we obtain that
St (0)Bx = limy_,s4 Sft(O)Bx = C?y. Keeping in mind Remark 1 (vi.2), the above implies

C*(E C [ JR(S1,(0)B) €| R(S,(0) € EW /(B 4), (2.25)

t>0 t>0
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where

E(A;B) = {y € B~Y(E®"(B~'A)) : Cy € D(A), BACy = ACBy}.

We do not know, in the present situation, whether equation (2.25) continues to hold if we replace
the term C?(E(A; B)) with C(E(A; B)). Tt is also worth noting that the inclusions stated in
(2.25) are completely new provided that C' # I or ¢ < 1.

Remark 3. Consider the case B =1, n =1 and ¢ € (0,1). As before, we assume that (M)
is a sequence of positive real numbers satisfying My = 1 and (M.1), as well as that there exist
numbers [ > 1, « > 0, 5 > 0, v > —1 and & > 0 such that Ai,m C pc(—A). Suppose that

the operator family {(1 + |A|)™Ve ™ MEM (NS + A)~1C : X € Ag,ﬁ,l} is both equicontinuous and
strongly continuous. We note that the question

(P) In which cases does there exist an injective operator C” € L(F) such that the operator —A
generates a global locally equicontinuous (g¢, C’)-regularized resolvent (S(t)):>o on E7

is very difficult to answer in general. Here we shall shortly explain how one can solve problem
(P) in the affirmative provided that (2.1) holds with some b € (0,1), as well as that £ = 0
and 1/(2 — ¢) > b/¢ (cf. Theorem 2.2, Theorem 2.3 and Remark 1 (v)). Then (S, (0))ies, is an
analytic C-regularized semigroup of growth order (v 4 1)(/b, consisting of injective operators,
with the closed linear operator —(—A —w),/¢ being its integral generator (w > 0 is a sufficiently
large real number; cf. [9, Theorem 3.5, Theorem 3.7|), and the following holds.

(a) (Sf,(8))s>0 is a locally equicontinuous (g, Sy, (0))-regularized resolvent family generated
by —A (t € ¥). If ¢ € ®, B is a bounded subset of E and K is a compact subset of [0, 00), then
there exists hy > 0 such that (2.13) holds with f = f; (t € Xy).

(b) Suppose that 0 < ¢ < b, 0 >0,v>—1,¢ >0, Hgm C pc(—A), and the operator family

{4+ AN+ A)'C A €T} € L(E)

is both equicontinuous and strongly continuous. Then the conclusions stated in (a) continue to
hold.

Therefore, a great number of multiplication and (pseudo-)differential operators in LP-spaces
can serve as examples of the integral generators of fractional C-regularized resolvent families.
Although the applications of theoretical results in statements (a)-(b) and Remark 2 can be also
made to (pseudo-)differential operators with empty resolvent set, and to the operators considered
in certain classes of Fréchet function spaces, we shall present only one illustrative example of
application of the results in (b) and Remark 2 to abstract non-degenerate fractional differential
equations (cf. Example 1 below).

3 The Non-Gevrey case

As before, in this subsection we assume that a > 0, 5 > 0,1 > 1,0 < { <1, as well as that (M,,)
is a sequence of positive real numbers such that My = 1 and the condition (M.1) is satisfied for
(M,). Recall that 2 = C\Aiﬁl. If g : [0,00) — [0, 00) is a monotonically increasing, continuous
function satisfying
Jim (1+41)eMED=98) =0 €N, s>0, >0, (3.1)
—400
then we denote by A, the class consisting of all continuous functions f :  — C that are analytic
in € and satisfy the inequality:

1/() =
)

|(2)| < const - e797 z €.
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Having this notion in mind, we can formulate the following non-Gevrey analogue of Theorem
2.2 and Theorem 2.3; the proof is very similar to that of Theorem 2.2 and therefore omitted.

Theorem 3.1. Suppose that (M,) satisfies (M.1), as well as that there exists a monotonically
increasing, continuous function g : [0,00) — [0,00) satisfying (3.1) and that the class A, is
non-trivial. Let 0 < (<1, v>—-1,£>0,a>0, >0 andl > 1. Suppose, further, that the
operator Py is injective for all X € N, 5, as well as that Py'C € L(E), A € Ay, the mapping
A= P;lCaz, A € Ay gy @8 continuous for every fized element x € E, and the operator family

{@+\) e MNPHCO N € Nupi} € L(E)

is equicontinuous. Define, for every function f € A, the bounded linear operator S¢(s) (s > 0)
by (2.10).

Then (Sf(s))ss=0 € L(E) is strongly continuous, the mapping s — Sf(s) € L(E), s > 0
(s = S¢(s) € L(E), s > 0) is infinitely differentiable provided that ¢ =1, f € A, (¢ € (0,1),
f € A,) and, for every p € Ny and f € A,, the mapping s — (D$)PS;(s) € L(E), s > 0 is
well-defined. Furthermore, (2.11) and the following statements hold.

(i) Suppose that there exists i € NO such thal the mappings X\ AjP)fle, A€ Ayp, are
continuous for some v € E (j € N2\ {i}) and for each seminorm p € ® the set

{1+ M) e MEVP(A; PN Cw) - X € Nape, 5 € N\ {i})

s bounded.

Then (2.12) holds for any v € E, s > 0, i € N and p,q € Ny. Moreover, the mapping
s+ u(s) := Sg(s)z, s > 0 is a strong solution to problem (2.5), (2.6), with the initial value u;
obtained by plugging p = j and s = 0 into the right-hand side of (2.11), for j € Nmax{qz—lzeslp
and the nitial value u; ; obtained by plugging p = j, ¢ = ¢; and s = 0 into the right-hand side of
(2.12), forie€ S, and j €N) | (f € A). If CA; € A;C for all i € N, then there exists at most
one strong solution to problem (2.5), (2.6).

(ii) Let (Np)pen, be a sequence of positive real numbers satisfying Ny = 1, (M.1) and the
following property: for each v € N, s > 0 and o0 > 0 there exists h > 0 such that

lim (1+ t)”e“M(StHN(htg)—g(t) —0

t——+o0

Suppose that f € A, ¢ € ®, B is a bounded subset of E and K is a compact subset of [0,00).
Then there exists ho > 0 such that (2.13) holds with the sequence (pP$/®) replaced by (N,).

Remark 4. Theorem 3.1 is closely linked with the assertion of [21, Theorem 3.3|, where we have
considered the regularization of ultradistribution semigroups in Banach spaces (B = I, n = 1,
¢ =1,¢& >0, —A generates an ultradistribution semigroup of (M),)-class; cf.[23| for the notion,
as well as |10, 21, 27, 28, 32|, for more details concerning ultradistribution semigroups). If the
corresponding sequence (M,) satisfies conditions (M.1), (M.2) and (M.3), then we have proved
in the afore-mentioned theorem that there exist two functions, g(-) and f € A,, such that the
operator —A generates a global locally equicontinuous C-regularized semigroup (S(s))s>0, with
C = S¢(0) being injective, satisfying additionally that the mapping s — S¢(s) € L(E), s > 0
is infinitely differentiable and E»)(A) C C(D4(A)). The proof of this fact is based on the
existence of a sequence (N,) of positive real numbers satisfying Ny = 1, (M.1), (M.2), (M.3)
and N, < M, (cf.[21, Lemma 3.2|), and by putting f(-) = 1/wp (=) (I' € N sufficiently
large), where

N,
Wy (N H( “pl), rxecC (I'>0).

p=1 Ny
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It is worth noting that we have considered a slightly different growth rate of Py 'C in Theorem
2.2 (Theorem 2.3), and that one has to assume that for each v € N, s > 0 and o > 0 there exists
h > 0 such that

lim (1 + t)veoM(st)+§|A|b+N(ht<)—g(t) -0 ( lim (1+ t)vest6+§\/\|b+N(ht<)—g(t) _ 0)

t—+o00 t—4o00

in order to deduce Theorem 2.2 (Theorem 2.3) from Theorem 3.1. Observe also that the com-
ments in Remark 1 can be reformulated in the case in which the assumptions of Theorem 2.3 or
Theorem 3.1 hold.

4 Examples and applications

Example 1. Assume that 0 <c<b<1,1/(2-() >b/¢(,0>0,¢>0,p € [1l,00), m > 0,
p €10,1], 7 >0, a € ), satisfies (H,), the inequality
—r—p+1
-z u 1 (4.1)
r

holds, E = LP(R™) or E = Cy(R™) (in the last case, we assume that (4.1) holds with p = 00),
and A := —Opy(a) (cf.[1, Chapter 8] for the notion and terminology). If dist(a(R"),IIS,, ) > 0,
then there exists a number v > —1 such that the operator family

{4+ ) YA+ A) A ETl o} C L(E)

is both equicontinuous and strongly continuous (C = I), so that (S (s))s>0 is a global
(g¢, S, (0))-regularized resolvent family generated by —A (¢ € Xy); furthermore, if K is a compact
subset of [0,00) and ¢ € 3y, then there exists hg > 0 such that

(ho)?[|(DS)"S ()|
ppe/b

sup < 00

peNp,se K

The proof of (2.25) implies that (J,.,S£(0)(D(A)) = E®")(A), so that the problem

(DFP)x, with B = I, has a unique strong solution for all z € E®")(A), given by u(s) :=
S}, (s)S7,(0) "z, s > 0, where ¢ > 0 satisfies x € S;,(0)(D(A)). A concrete example can be sim-
ply constructed. Suppose that ( =1—c¢ > ¢(14¢). This, in turn, implies 1/(2—¢) > b/¢ > ¢/¢
for some ¢ < b < 1. Since

(z 4 iz'/%)¢ = (2 + 2¥)/?[cos(C arctan V/971) 4 i sin(C arctan /97|, x> 0,
an elementary calculus shows that
R((x +i2')°) /S ((x + ix'/%)¢) ~ 1/ tan((m/2) as  — +00,
and

%(($+i$1/0) ) — (tan(¢m/2)) S (( z + ') ))
~ ((sin(¢mr/2)) taC D/ — ((sin(¢n/2)) 7 as & — +oo

(similar formulae hold if we consider the term (x — iz'/¢)¢ in place of (x + iz'/¢)¢). Using these
asymptotic formulae, it readily follows that for each number d € (0,(/sin({m/2)) there exists
a sufficiently large number 74 > 0 such that the inequality dist(a(R"),IIS,, ) > 0 is true for

C,04,Sd
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suitably chosen numbers o4 > 0 and ;5 > 0, provided that a(z) = d + (rqy + P(x))e*™/2, where
P(z) is a positive real elliptic polynomial in n variables, of order m (then (4.1) holds with m = r
and p = 1).

In our recent papers (cf. [22, 23, 24, 25]), we have considered the polynomials of the operator
A:=—d/ds, D(A) :={fe€eFE; f €E, f(0)=0}, acting on the Banach space

{fEC’OO[O 105 £l —Sup Hf HOO <oo} (s >1).

For instance, we have proved that there exist numbers b > 0, ¢ > 0 and n > 0 such that the
following estimates hold:

H (APy(A) — Pl(A))*lH - 0(&IW““*N2>S+CW“N1*N2)), NeC,

and
i P ] < g

for any A € C, f € D(P»(A)), with P;(z) and P,(z) being two complex non-zero polynomials
satisfying Ny = dg(P;) > 1 + dg(P,) = 1 + Ns. The interested reader may try to prove some
upper bounds of the growth rate of the term

n—1 -1
H ()\(pn+qn)4pn(A) + Z )\(pi"!‘Qi)CPZ,(A))

=0

Y

where Pj(z) is a complex non-zero polynomial (1 < i < n), thus providing certain applications
of Theorem 2.2 and Theorem 2.3.

Observe also that the method proposed by R. Beals in [5, Section 5| and A. Guzman in |20,
Section 3| can be used for successful applications of Theorem 2.3 to some systems of linear PDEs
that are degenerate in the time-variable. In the remaining part of paper, we will illustrate the
obtained theoretical results with some other instructive examples.

Example 2. Suppose that F is a general SCLCS, b € (0,1), (M,) satisfies (.1) and (2.1),
(=1,p=0foralie N ¢, >¢q 1,a>0,8>0,1>1,0#A£QCC, NeN, Ais a densely
defined closed linear operator in F satisfying that 2 C p(A) and the operator family

{1+ )V —4)" e} C L(B)

is equicontinuous. Suppose, further, that P;(z) is a complex polynomial (i € N°), P,(z) # 0,
Ao € p(A)\ {z € C: P,(z) = 0}, dist(X,2) > 0, as well as that for each A € A, 3, all roots
of the polynomial z + A P,(2) + 32" A% P,(2), z € C belong to . Set B := P,(A) and
A; :== Pi(A) (i € N2_;). Then there exist M € N, A-polynomials Fy(M),..., Fa(\) and not
necessarily distinct numbers f1(A) € Q,..., far(A) € Q such that

n—1

AP, (2) + Z MNiP(2) = Fyy(A\)zM + -+ B (V)2 + Fy(\) =
= (_1)MFM(/\)<fM()\) —z)- (fi(N) = 2)

for all A € Aup; \ P and z € C, where P = {\ € C : Fy()\) = 0}; furthermore, for each
A€ A, g\ P the following equality holds:

(Xl" +Zw ) = (=DM (Fur) T (Fr ) = A) T (A = A) 7
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Using the generalized resolvent equation |25, (6)], it readily follows that for any integer Q@ > N+2
the operator family

{(fi() = ) (fi(N) = A) (Mo — A)7? X € Aur \ P} C L(E)
is equicontinuous (1 < ¢ < M). This implies that there exists a sufficiently large integer

()’ > N + 2 such that for each seminorm p € ® there exist ¢, > 0 and ¢ € ® such that, for every
jeEN) A€M, \Pandx€E,

((w A(A) + iy P, <>> (Ao—A)‘Q'w>

+p <Pj(A) (A%Pnuw + ) Awm) (o — A>Q’x)
- p<<FM<A>>‘1<fM<A> AT (AN = A) T (e - A) Ve
" (PAA) (Far) ™ (far) = 4) 7o () = A) 7 (h = 4) Q)

-1

< | )] () = do) -+ (A = o) | a(a)
= e[ Fu )] )| [Fu A + -+ FLOOA + Fo() ‘1q<x>
LA Py (No) + 00 AP (A) | () ~ e Pa(Mo) | T a(2) as |A] = oo

Therefore, there exists a sufficiently large number 5’ > § such that the operator families
{(1 + A (A" P, (A) + Z M P, I —A)@ e Aa,ﬁ,,l} C L(E)
and
{(1 + M) Pj(A) (A P, (A) + Z/\qz T —A)@:xe Aaﬂ/’l} C L(E)

are equicontinuous (j € N2 ;). Since ¢, > ¢,_1 and P(A) is dense in E for any complex
polynomial P(z) € C[z], the analysis contained in Remark 1 (x), with C = (A — A)~%', shows

that for each (zo,- - -, z4,-1) € E% there exists a net (u(t)).o of strong solutions of problem
(2.5) with the subjected initial values (u§,- - -, u; ), converging to (wo,- - -, 74, 1) as € — 0+

(in the topology of E).

Example 3. By F and F~! we denote the Fourier transform on R™ and its inverse transform,
respectively. Assume that n € N and i4;, 1 < j <n are commuting generators of bounded Cj-
groups on a Banach space E. Set A := (Ay, ..., A,), A7 := AT"--- A" for any n = (ny, -+, 1,) € N9,
and denote by S(R") the Schwartz space of rapidly decreasing functions on R”. Let k = 1+ |n/2].
For every & = (&, - &,) € R" and u € FL'(R") = {Ff : f € LY(R")}, we set [¢] :=
(Z?:l 532)1/27 (& A) = Z?:l §jA; and

u(A)z = [ Flu(€)e &Mz de, x € E.

Rn
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Then u(A) € L(E), u € FL'(R") and there exists a finite constant M > 1 such that

lu(A)] < M{[F " ul| ) gy w € FLYRT).

Let N € N, and let P(z) = E\n\SN a,x", x € R™ be a complex polynomial. Then we define

— Z a,A" and Ej:= {qﬁ(A)SL’ 19 eS(R"), x € E}

[n|<N

We know that the operator P(A) is closable and that the following properties hold:

() By = E, Ey C ey D(A"), P(8) 5, = P(A) and
P(A)P(A) € P(A)p(A) = (¢P)(A), ¢ € S(R).

Assuming that F is a function space on which translations are uniformly bounded and
strongly continuous, the obvious choice for i4; is —id/0x; (notice also that E can consist of
functions defined on some bounded domain). If P(z) = >, _y a2, © € R" and E is such a
space (for example, LP(R™) with p € [1,00), Co(R") or BUC(R™)), then it is not difficult to
prove that P(A) is nothing else but the operator

ol

Z an(_iW‘W Z ay D",

In|<N In|<N

acting with its maximal distributional domain. Recall that P(z) is called r-coercive (0 < r < N)
if there exist M, L > 0 such that |P(z)| > M|z|", |x| > L; by a corollary of the Seidenberg—
Tarski theorem, the equality lim|; o [P(2)| = oo implies in particular that P(z) is r-coercive
for some r € (0, N] (cf. |1, Remark 8.2.7]). For further information concerning the functional
calculus for commuting generators of Cy-groups, see [25].

Assume, further, that 0 < § < 2, P;(x) and Py(z) are non-zero complex polynomials, N; =
dg(Pi(z)), Ny = dg(Pe(z)), Pa(x) #0, 2 e R, 0 <c<b<1,0< (¢ <1,1/(2—-() > ¢/C,
0>0,¢>0,A:=—-P(A), B:= P,(A) and

dlst({ —P(z)Pyx) "tz € R, Hm> > 0. (4.2)

Then there exist sufficiently large numbers 5 > 0 and v > 0 (the proof of [25, Theorem 2.5.2]
can give more detailed and accurate information about 5’ and v; we leave the reader to make
this precise) such that

1 L B
<A<P2(a:> v A ) /2> (A) = (XB+4)7'C, A€l

PQ(x> o —B'/2 _1
<)\<P2(x) TR )W =B(XB+A4)C. A€l

and the operator families
{T+N)"\B+A)C:Nel.p ) CLE)

and
{14+ A\)"BXB+A)'C: A€l ,.} C L(E)
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are both equicontinuous and strongly continuous (C' := ((1 + |=|>)=#/?)(A)), so that Theorem
2.3 can be applied. Although equation (2.25) of Remark 2 holds in our concrete situation, we
should say that Theorem 2.3, Remark 2 certainly have some disadvantages in degenerate case
because it is very difficult to say whether an element x € F belongs to the space E<pp</b>(B*1A)
or not, with the exception of some very special cases.

Suppose now that the operators A and B, are defined by

Ak = _PLk(A); Bk = P27]€(A),

and that estimate (4.2) holds with the polynomials P (z) and Py(x) replaced respectively by the
polynomials Py (z) and P, (x). Then Theorem 2.3 can be applied to a large class of multi-term
(non-)degenerate differential equations of form (2.5), where

Py= (ABi+ A1) (XBy+ Ay) - -+ (X By, + Ay).

The choice of regularizing operator C' is essentially the same as above but we must eventually
increase the value of 3'. Observe, finally, that a similar analysis can be carried out in E-type
spaces [39].
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