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Abstract. A nonlocal problem with integral conditions for a hybrid system of partial differential
equations is investigated. Based on the results for nonlocal problems for a system of hyperbolic
equations coefficient conditions are established ensuring the existence of classical solutions to a
nonlocal problem with integral conditions for a hybrid system of partial differential equations,
and algorithms of finding such solutions are suggested.
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1 Introduction

In this paper, in the domain Q = [0, T x [0, w] we consider the following nonlocal problem with
integral conditions for a hybrid system of partial differential equations

% = A (t, x)g—zv+ B (t, x)g—;?j Ci(t,x)u+ Dy (t,x)v + fi(t, x) | 11
Stom = Ay(t, a:)a— + By(t,z)— 5 + Co(t, x)v + Do(t, z)u + fo(t, )
(0 z) = v €0, (1.2)
Py 0D 28 / lr ) 2 e — o), we el (13)
v(t,0) = Y(t), te [O,T], (1.4)
Py(2)v(0,z) + So(z)v(b, x) +/0 Ky(r,z)v(r,2)dT = po(x), x € [0,w], (1.5)

where u(t,z) and v(t,z) are the unknown functions, the functions A;(¢,x), As(t,x), Bi(t,x),
By(t, ), Cy(t, ), Co(t,z), Di(t,x), Do(t,x), fi(t,z), fo(t,z) are continuous on €2, the functions
Pi(z), Si(x), p1(z) are continuous on [0,w], the functions Pa(zx), Sa(x), po(z), w2(x) are con-
tinuously differentiable on [0, w], the function K (¢, x) is continuous on €2, the function Ks(t,z)
is continuous and continuously differentiable in z on €, and the function v (¢) is continuously
differentiable on [0,7], 0 < a,b < T. Moreover, it is assumed that the following compatibility
condition is satisfied:

PQ(O)¢( )+52 / K2 7' 0 dT = QOQ(O)
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In recent years nonlocal problems for different classes of hybrid systems are of great interest
to specialists [11, 14, 15, 18, 19, 22-24, 26]. Mathematical modelling of various processes in
physics, chemistry and biology leads to nonlocal problems with integral conditions for hybrid
system of partial differential equations of different orders. Sufficient conditions for the existence
and uniqueness of solutions to problems for some classes of hybrid systems have been obtained
by various methods |11, 14, 15, 18, 19, 22-24, 26].

In [9], a linear boundary value problem with an integral condition for a system of hyper-
bolic equations was investigated. With the new approach, proposed in [1-8] for boundary value
problems with the data on characteristics without integral terms, we established necessary and
sufficient conditions for the well-posedness of a linear boundary value problem with an integral
condition for a system of hyperbolic equations with mixed derivatives.

In this paper, we study the existence problems of classical solutions to a nonlocal problem with
integral conditions for hybrid system (1.1)—(1.5) and methods of constructing their approximate
solutions. The results and methods of [9] are extended to a new class of problems - nonlocal
problem with integral conditions for the one class of hybrid systems. We establish sufficient
conditions for the unique solvability of a nonlocal problem with integral conditions (1.1)—(1.5) in
terms of the right-hand side of the system, the boundary functions and the kernels of the integral
terms. An algorithm for finding the solution of the considered problem is constructed and the
convergence of successive approximations is shown. The results can be used in the numerical
solving of applied problems.

A family of problems with integral conditions for a system of ordinary differential equations
was investigated in |9] for « = T and b = T'. Sufficient conditions for the unique solvability were
obtained and the ways of finding solutions to considered problems were proposed. In this paper,
the results of the paper [9] are extended to the case 0 < a,b < T.

In this paper we apply the parametrization method [10] to the family of problems with an
integral conditions for ordinary differential equations (3.1)—(3.3) without partitioning domain €.

2 Reduction of problem (1.1)—(1.5) to an equivalent problem

Let C(Q, R) (C(]0,w], R)) be a space of continuous functions v : @ =+ R ( ¢ : [0,w] = R) on
Q ([0,w] )with norm

[[ullo (gggQIU(,w)l ([lello xggf]\w(w)l)

The system of functions (u(t,z),v(t,x)), where u(t,z) € C(Q, R), v(t,xz) € C(, R), have

2
ou(t, ) € COR). 615(;@) e C(O,R). GUgf,x) e C(OR). 8vgt,x) c

C(Q,R) C(, R) is called a classical solution to problem (1.1)-(1.5) if it satisfies

hybrid system (1.1) for all (¢,2) € Q and meets boundary conditions (1.2), (1.3), (1.4) and (1.5).

In this section, we introduce new unknown functions and reduce problem (1.1)—(1.5) to an
equivalent problem consisting of the family of problems with integral conditions for a system of
partial differential equations and integral relations. The algorithm is suggested for finding ap-
proximate solutions to the considered problem, their convergence is proved. Conditions, ensuring
the classical solvability of problem (1.1)—(1.5), are established.

partial derivatives
0%v(t, x
Pulta)

Ou(t ou(t
We introduce the new unknown functions z(¢,z) = ugt’ x)) and z(t,x) = Ué’x), and
x
reduce problem (1.1)-(1.5) to the equivalent problem
0
% = Ay(t,2)21 + Bi(t, )z + Ci(t,x)u + Dy(t, x)v + fi(t,z) o
2.1
822 ’

E = Ag(t, l')ZQ -+ Bz(t, l’)Zl + Cg(t, .T)’U + Dz(t, iL’)u + fg(t, l')
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Py (2)z1(0,2) + Si(x)21(a, x) +/ Ki(1,2)z1 (7, 2)dT = p1(2), x € [0,w], (2.2)
0

Py(x)29(0, ) + So(x)22(b, z) + /0 Ky (7, 2)20(7, 2)dT = @h(2)—

—Py(x)v(0,z) — Sh(x)v(b, z) —/0 %’U(ﬂ x)dr, x€[0,w], (2.3)

u(t,z) = po(x) —i—/o 21 (7, x)dr, v(t,x) = P(t) + /O:E 29(t, &)dE, (t,x) € €. (2.4)

In problem (2.1)—(2.4) conditions (1.2) and (1.4) are taken into account in relations (2.4).

A quadruple {z;(t, z), 2o(t, z), u(t, ), v(t, )} of functions continuous on €2 is called a solution
to problem (2.1)—(2.4) if the functions z;(t,z) and 23(¢,x)) belong to C'(2, R), have continuous
derivatives with respect to ¢ on € and satisfy system of ordinary differential equations (2.1) and
integral conditions (2.2), (2.3), where the functions u(t, z), and v(¢,x) are expressed via 21 (t, x)
and 2o(t,z) by functional relations (2.4).

The problems (1.1)-(1.5) and (2.1)-(2.4) are equivalent in the following sense. Let a

pair (u*(t,z),v*(t,z)) be a classical solution to problem (1.1)—(1.5). Then the quadruple
(2002, 5(0,2), w(t,2), v (12), where zi(1,) = 200 g gy o 2D
tion to problem (2.1)—(2.4). Conversely, if a quadruple {Zz(¢,z),z(t, x), u(t, z),v(t,z)} is a
solution to problem (2.1)-(2.4), then the pair (u(t,z),v(t,x)) is a classical solution to problem
(1.1)—(1.5).

Under the fixed u(t,z), v(t,z) we may consider system of equations (2.1) with conditions
(2.2), (2.3) as a one-parametered family of problems with integral conditions for system of
ordinary differential equations. Integral conditions (2.4) allow us to determine the functions
u(t,z), v(t, =) via the solution to the family of problems with integral conditions for a system of
ordinary differential equations.

Thus, the solution to a problem with integral conditions for a hybrid system (1.1)-(1.5)
depends on the solutions to a family of problems with integral conditions for a system of ordinary
differential equations.

, is a solu-

3 Family of problems with integral conditions for system of ordinary
differential equations

Consider the following one-parametered family of problems with integral conditions for a system
of ordinary differential equations

0
S = Ailt, )z + Byt 2)% + Fi(t) .
3.1
8 )
Sr = Aslt, )+ Balt, )2 + By(t, )
P (2)z1(0,2) + Si(z)z(a, z) + / Ki(1,2)z1 (7, 2)dT = ®1(2), z € [0,w], (3.2)
0

Py(x)29(0,2) 4+ So(z)22(b, z) + /0 Ky(1,2)z(T, z)dT = ®o(x), x € [0, w], (3.3)

where Fi(t,z) € C(Q2, R), and ®;(z) € C([0,w], R), i = 1, 2.
A pair of functions (21(t, ), 22(t, z)), where z; : Q@ — R, 25 : 0 — R, continuous on {2 and
continuously differentiable with respect to ¢ on 2, is called a solution to the one-parametered
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family of problems with integral conditions (3.2), (3.3), if given any (t,z) € Q it satisfies the
system (3.1) and given any z € [0, w] it satisfies the conditions (3.2), (3.3).

For a fixed z € [0,w] problem (3.1)—(3.3) is a linear problem with integral condition for a
system of ordinary differential equations. The different types of problems with integral condition
for differential equations have been investigated by various methods [12, 13, 16, 17, 20, 25].
Suppose a variable z is changed on [0, w]; then we obtain a family of problems with an integral
conditions for ordinary differential equations.

The scheme of parametrization method. Let a pair of functions (z; (¢, x), 22(t, x)) be a solution
to problem (3.1)-(3.3). By Ai(z) and A\y(x) denote the values of z; (¢, x) and 25(¢, ) under ¢t = 0,
respectively. We replace z1(t,z) by z1(f, ) + A1 (z) and 25(t, z) by Za(t, ) + Ao(z) in the domain
Q.

Problem (3.1)-(3.3) is equivalent to a problem with unknown functions \;(x), Aa(x):

68—? = Ai(t,x)z1 + A1 (t, 2) M\ () + Bi(t, )22 + Bi(t, ) \o(z) + Fi(t, z) 54
P Aalt )%+ Aol 2)ha(e) + Bolt, 2)3 + Bult, 1)) + Falt,a)
5(0,2) =0,  5H0.2)=0, €0, (3.5)
{pl( )+ Sz / K\ (r, @dﬁ M(@) + 51 (2)F(a, @)+
+ /O Ky(ro)h (o) = 0y (1), x € [0,w], (3.6)
[pz( )+ Sala / Kol x)dT] Mo(2) + Sa(2) 5 (b, )+
+/Ob Ky(r,2)5(r a)dr = Bo(a), € [0,0], (37)

The quadruple (A\j(x), A3(2z), 2 (t, z), Z5(t, x)), where A\j(x) € C([0,w], R), A;(z) € C([0,w], R),
and Zi(t,x) € C(Q, R), z5(t,z) € C(2, R), is a solution to problem (3.4)—(3.7) if the functions
Zi(t,x), Z3(t,x) are continuously differentiable on €, satisfies the Cauchy problem (3.4), (3.5)
with A\ (z) = Aj(z), Aa(x) = Nj(z) for all (¢,2) € Q and conditions (3.6), (3.7) for all z € [0, w].

Problems (3.1)—(3.3) and (3.4)—(3.7) are equivalent in the following sense. If a pair
of functions (zi(t,x),2(t,x)) is a solution to problem (3.1)—(3.3), then the quadruple
(A (), Aa(x), Z1(t, x), Z2(t, x)) with components A\ (x) = 21(0, ), Ao(x) = 22(0, ), and Z; (¢, x) =
21 (t,x) — 21(0, ), Zo(t,x) = 2z(t,z) — zQ(O,x), and (t,x) € Q, is a solution to problem (3.4)—
(3.7). Conversely, if a quadruple (Aj(z), A5(x), z} (¢, x), 25(t,x)) is a solution to problem (3.4)-
(3.7), then the pair of functions (zi(t,z),z5(¢,x)) defined by the equalities Zi(t,x) =
Ni(z) + Z5(t, x), 23(t,x) = Ns(x) + Z5(t,z) for all (t,z) € Q is a solution to problem
(3.1)—(3.3).

In problem (3.4)—(3.7), we have the initial conditions z1(0,z) = 0, 2(0,z) = 0. Cauchy
problem (3.4), (3.5) is equivalent to the following family of systems of integral equations on [0, T']
with A;(x) and Ay(2)

Z1(t, ) = /Ot Ay (1, 2)2 (7, 2)dT + /Ot By (1, 2)Z(T, x)dT+

—0—/; Ay (1, z)dT A (2) + /Ot By (1, z)dr A () + /Ot Fi(r,z)dr, te€]0,T], (3.8)
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() = /O ' Ay(r, 25 (r )+ /0 ' Bo(r. )5 (. 2)dr

—0—/(: Ay(1, 2)dT Ao () + /Ot Ba (1, z)dT A (x) + /Ot Fy(r,z)dr, te€l0,T). (3.9)

From (3.8) we find zi(a,x), z1(7,2z) for all x € [0,w], and from (3.9) we find Z3(b, z), Z2(T, )
for all = € [0,w]. Then, substituting them in (3.6) and (3.7), we obtain the following system of
equations with respect to functional parameters \;(x) and \o(z):

Q(z)\x) = —=G(z,z) — H(x), x € [0,w], (3.10)

where
o= (50) ew=[ 80 &) o= (362),
o3 (Gn3) m=(ni)

Q11 (x) = Pi(x) + Si(x <1+/ AleL’dT> /KlTI(l—l- Ai(m, d7'1>d
0

Qu2(z) =S (m)/o Bl(T,ZE)dT+/O Kl(T,ZE)/O By (71, x)dndr,

Qar(2) = Sa(a) /0 " By(r w)dr + /0 ' Ko(r. 1) /0 " By(m, a)dndr,
Qo) = Py(a) + Sola )<1+/0bA2(T,x)dT) T ObKQ(T,x)(H/OTAQ(ﬁ,x)dﬁ)dT,
Gi(2,3) = Si(x) / A )a(r2) + Bir)m(r o) drt
/KlTx/ Ay(m,2)% (,2) + Bu(n, 1) (. 2) | dmdr,
Gol,%) = Ss(x) / [Ba(r. 2)50(7.2) + Aolr, 2)5(r, 2) | drt

0
b T
+ [ Kalra) [ [Batra)Eilnn) + A o)) |dnd,
0 0
Hy(z) = S (x) / Fra)dr+ | Kirz) [ Fin2)dndr — (),
0 0

0
b b T

Hy(z) = Sa() / (7 2)dr + / Ko (. 2) / Fy(ry, 2)dmdr — Ga(x).

)

If we know zl(tox) € C(Q,R) and z(t,x) 06 C(, R), then from (3.10) we find A(z) =
(A1(x), A\a(2)) € C([0,w], R?). Conversely, if we know \(z) € C([0,w], R?), then from (3.8)
and (3.9) we can find zi(t,z) € C(Q, R) and Z(t,x) € C(Q, R). Since the zi(t,z), Z(t, x)
and A;(z), Ao(x) are unknown, to find a solution to problem (3.4)—(3.7) we use the iterative
method. A quadruple (A\j(x), N5(z), 2 (t, x), 25 (¢, z)) we determine as the limit of the sequence
A (@), A (@), 2 (¢, 2), 2™ (¢, %)), m = 0,1,2, ..., constructed by the following algorithm:

Step 0. We assume that the (2 x 2) matrix Q(z) is invertible for all € [0,w]. The zero
approximations with respect to the functional parameter A (z) € C([0,w], R?) we define from
system of linear equations (3.10) with zy(t,z) = 0, Z3(t,z) = 0 for all (¢t,z) € Q. Further,
solving family of Cauchy problems (3.4), (3.5) for A\;(z) = A§°> (x), Aa(x) = )xgo) (x) on €, we find
790t 2) € C(Q, R) and 2(t,2) € C(, R).
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Step 1. Replacing the functions z(¢,x) and Z(¢,x) by zlo)(t z) and (¢, z) in system
(3.10), we determine A\ (x) € C([0,w], R?). From famlly of Cauchy problems (3.4), (3.5) for
A(z) = AV (@) and Mo(z) = MV (2) on Q we find 2V (¢, 2) € C(Q, R) and ZV(¢t,2) € C(, R).
And so on.

Step m. Substituting 2™ (¢, 2) and 2"V (¢, ) for Z,(t, z) and Z(¢, z) in system (3.10), we
determine A\™(z) € C([0,w], R?). From family of Cauchy problems (3.4), (3.5) for A (z) =
A (2) and M(z) = AV (2) on Q we find 2™ (t,2) € C(Q,R) and Z™(t,z) € C(Q,R),
m=1,2,....

The method of parametrization divide the process of finding unknown functions into two
parts: 1) from system of functional equations (3.10) we find the introducing parameters A\;(z)
and A\y(x). 2) from family of Cauchy problems for ordinary differential equations (3.4), (3.5) we
find the unknown functions z; (¢, ) and (¢, z) .

Let - ( Ayt By(t, z)], As(t, Bslt, )
et afz) = max( max |Ai(¢, 2)| + max [Bi(t, v), max |A>(t, z)] + max [Ba(t, )
Now we state the main theorem on the realization and convergence of the proposed algorithm.
This assertion also provides sufficient conditions for the unique solvability of problem (3.1)—(3.3).

Theorem 3.1. Suppose that the (2 x 2) matriz Q(z) is invertible for all x € [0,w] and the
following inequalities hold:

(@) 11Q @I < 7(x);
() gl@) =) max({wl( )+ @ ma |16 () } [ — 1 — a(z)al.

{ISa()| + b max | Ko, x)\}[ ol _ 1 a(:v)b]) <x<1,

where y(x) is a positive com‘muous function in x € [0,w], and  x — const.
Then problem (3.1)-(3.3) has a unique solution (z5(t,x), z5(t,x)) € C(, R) x C(Q, R), and
the following estimates hold

t = ( t t > <
Jax [27(t, 2)l| = max max( |z (t 2)l, |25 (t, 2)] ) <
< [k1(x) + ko(z)] max(max |Fi(t, z)|, max |Fy(t, z)|, |P1(z)], |®2(x)|>, (3.11)
te[0,T) t€[0,T)]

where

€O
ki(z) = qu(@ max(“Sl(x)] + atrél[(z)x;(} |K1(t,2)|]a, [|S2(z)] + btme[%i;} | K (t, x)”b)a(x) - ko(x)

() max(a{l +151(2)] + max \Kl(t,x)]a},b{l +15o(2)| + max \Kg(t,x)|b}>,
_ a(x)a (a:)
kar) = max( {[e"( — 11255 (191 ()] + max | (¢, o)) a(w)a + 1.
a(z)b _ 11 2@=)
{2 — 212585 [19a(w) |+ max [ Fa(t, )b a@)b + 1} ) ko).

ko(x) = max(ea(“)a —1,ex2®@b _ 1)7(@ [14—
—|—max<|51(:p)| + m[ax] | K1 (t, z)|a, |Sa(x)] + m[ax] |K2(t,x)\b>} + max(ae @ e >
te|0,a te|0,a

This theorem is proved similarly to the proof of Theorem 2 in [9].

4 Unique solvability of problem (2.1)—(2.4). Main result

Consider problem (2.1)—(2.4) which is equivalent to (1.1)—(1.5).
Assume that the (2 x 2) matrix Q(z) is invertible for all z € [0, w].
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If we know that z; (¢, ) and z5(¢, z) are a classical solution to problem (2.1)-(2.3), then from
integral relations (2.4) we find u(¢,x) and v(t,z). Conversely, if we know w(t,z) and v(t, z),
then from nonlocal problem (2.1)—(2.3) we can find z(t,x) and 2(t,z). Since the z (¢, x),
2o(t, ) and wu(t,x), v(t,x) are unknown, to find a solution to problem (2.1)—(2.4) we use the
iterative method. A quadruple {z](t,x), z5 (¢, x), u*(t,x), v*(t,x)}, we determine as the limit of
the sequence {z\" (¢, z), 27 (¢, z), u® (¢, 2), v®(t,2)}, k = 0,1,2, ... constructed by the following
algorithm:

Step 0. 1) From boundary value problem with integral condition (2.1)-(2.3) for u(t,x) =
wo(x), v(t,x) = ¥(t) on Q we find 21 '(t,z) € C(Q, R) and z2 (t z) € C(Q2,R). 2) From
integral relations (2.4) for z(t,x) = 2\9(t,z), 2(t, ) = 2(t, 2) we find u©(t,z) € C(Q, R),
vO(t,x) € C(Q, R).

Step 1. 1) From boundary value problem with integral condition (2.1)—(2.3) for u(t,z) =
wO(t, ), v(t, z) = vO(t, x) on Q we find 2\V (¢, z) € C(Q, R) and 2V (¢, z) € C(Q, R). 2) From
integral relations (2.4) for 2 (t,z) = 2\ (¢, 2), z(t,z) = 2V (¢, ), we find uV(t,2) € C( R),
v (t,z) € C(Q, R).And so on.

Step k. 1) From boundary value problem With integral condition (2 1) (2.3) for u(t,z) =
kD (¢, 2), v(t, ) = vV (¢, z) on Q we find 27 (¢,2) € C(Q, R) and 27 (t,2) € C’(Q R). 2)
From integral relations (2.4) for 2 (t,z) = 2" (t,2), z(t,z) = 2P(t,z), we find u® (¢, 2) €
C(Q,R), vW(t,x) € C(Q,R), k=1,2,....

Let
K = max[ky(2) + k(@) (@)= max (C(ta)],  elr) = max [Oo(t,2)]
di(x) = max [Di(t.2)].  dax) = mas Do(t. ).

_ / ! aK?(t CL’)
p(x)—|P2(x)!+!S()!+brg[g§]‘ |

The following statement provides conditions of the realization and convergence of the pro-
posed algorithm. This assertion also defines sufficient conditions for the unique solvability of
problem (2.1)—(2.4).

Theorem 4.1 Suppose that

i) the (2 x 2) matriz Q(x) is invertible for all x € [0,w];

ii) the inequalities a) and b) of Theorem 3.1 hold;

iti) for some 0 < x1 < 1 for all x € [0,w] the inequality — qi(z) = K max(c;(z), ds(2))T < x4
1s valid.

Then problem (2.1)—-(2.4) has a unique solution {z}(t,x), z5(t,x), u*(t,z), v*(¢t,x)}.

Proof. The proof will be carried out according to the above algorithm. Let conditions i)-ii) of
Theorem 4.1 hold. On kth step of the algorithm we will solve the following problems

(k)
a;j = A (t, )" + Bi(t,2)2F + C1(t, 2)u®D + Dy (¢, 2)o*D + fi(t, 2)
4.1)
(k) , (
agj = Ay(t,2) 2" + By(t, 1) + Co(t, 2)o V) + Dy(t, x)u®Y) + fo(t, )
Pi(x)z; )(0 z)+ S1(x)z (a,x) / Ki(r,2)2P(r, 2)dr = o1(z), z€[0,w], (4.2)
Py()2 ()(0 x) + Sa(x b ) / Ky (7, x) T:I:)dT:go'g(aj)—

—Py(z)o* (0, ) — Sh(x)v* "V (b, 2) —/0 T’)v(kl)(ﬂ z)dr, x€[0,w], (4.3)



On the unique solvability of a nonlocal problems with integral conditions 21

WP (¢, z) = polz) + / tzg’f)(T,x)dT, Bt z) = o(t) + /ﬁzék)(t,g)dg, (tz) €Q.  (4.4)
0 0

For the successive approximations z%k) (t, ), zék) (t,2), u®(t,2), v®) (¢, 2) we obtain the following
estimates

max max(\zl (t,x)|, ]zék)(t,x)o <K- max(max(cl(x),dg(:c)) max |[u*V(t, 2) |+
te[0,7) te[0,7)

+max(ds (@), ca(a)) mass oY 0, @)] + mae masc ()] ma [ )]

te[0,T7]

ple) e o)+ max (s (o) ) ).
WOt 2)] < |po(x)| + / 129 (r, 2)dr,

B (£, )] < [(e)] + / B, €)de.

Further, from (k + 1)th step of the algorithm we find the successive approximations z§k+1)(t, x),
2 0t a), w1t ), 0O (2, ).

We construct the differences Az§k+1)(t, x) = z{kﬂ)(t, x) — zik) (t,x),
Az ™t x) = 5 (1 0) - 40 (1 a),  AulI(E2) = wb(E2) — u®(tx), Ao*(E,2) =
v (¢ ) — o (¢, 2).

For these differences, analogously to the above, we obtain the following estimates

max maX{|Az1k+1)( 2)|, 1A, )|} < K(max(cl(x),dg(x)) max |Au® (¢, z)|+

t€[0,7) t€[0,T]
max(ds (o), cx(o)) + )] s A 1)1 ), (45)
AuD (1, )| < / A (7 ) dr, (4.6)
AutD (¢, )| < / A (1, €)de. (4.7)
0

This implies the main inequality

maX{ max |AzF (¢, )], max |Az§’“+”<t,x)\} <
t€[0,T) te[0,T]

k
< au(e){ max |84 1, 2)], max |44 (6, 0)] }+

+K[max(dy(z), ca(z)) +p(x)]/0 {tre%i%{] IAZF (1 6)], max ‘AZ("?—H (t 7§)|}d§. (4.8)
From (4.8) and condition iii) of Theorem 2 it follows that the sequences {ZYC)(t,JZ)} and
{zék) (t,x)} converges to {z](t,xz)} and {z5(¢t,z)} as k — oo for all (¢,z) € Q.

Then from (4.6), (4.7) it follows that the sequences {u® (¢, z)} and {v® (¢, )} are convergent
in the space C(Q, R) as k — oo. In this case, the limit functions u*(¢,z) and v*(¢,x) are
continuous on 2.
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Passing to the limit in relations (4.1)-(4.4) as & — oo we obtain that the quadruple
{2 (t,x), 25 (t, x), u*(t,x), v*(t,x) is a solution to problem (2.1)-(2.4).

Finally we show that the uniqueness of a solution to problem (2.1)—(2.4). Let the quadruples
{z5(t,x), 2 (t,x), u*(t,x), v*(t,z)} and {z*(t,x), 23" (¢, ), w™(t,x), v™*(¢,x)} be solutions to
problem (2.1)—(2.4).

Using inequality (4.8) for the differences z{(t,x) — 21*(t, z), z5(t, ) — 23*(t, ), we obtain

* t, . *kk t’ , * t) _ k% t, } <
mase{ ma |2 (@) = =" (1,2)], max [25(t,2) — 25 (t, )|} <

1
< mK[maX(dl(ﬂf)> ca(z)) + p(x)]x

[ e o 1216,€) = 217,91 s 1556, €) = 557(1 €1} (4.9

)
tel0

By applying the Gronwall - Bellman inequality in integral equations (4.9), we get

max{ max |2} (t,7) — 2" (t,2)], max |25(0 ) — 23°(6,0)] } <

< exp{ K[max(dy(z), ca(x)) + p(m)]x} -0. (4.10)

1 —q(x)
From (4.10) it follows z{(t,x) = 27*(¢, z) and 25(t, z) = 23*(¢, x) for all (¢,z) € Q. Then from

t
" (, x) — u™ (2, )| S/ |21(7, ) = 21" (7, @) |d,
0

o (tn) =0 (o) < [ Iz5(6€) - 23 (6 e,

0
we have u*(t,z) = u**(t,x), v*(t,x) = v**(¢t,z). This contradicts with our assumption that
problem (2.1)—(2.4) has two solution, i.e. the quadruples {z}(¢,x), 25 (¢, x), u*(t,z), v*(t,x)}
and {z]*(t,x), 25" (¢, x), u**(t,x), v**(t, ) }. Therefore, solution to problem (2.1)—(2.4) is unique.
Theorem 4.1 is proved.

Thus, from the equivalence of problems (1.1)—(1.5) and (2.1)—(2.4) we obtain
Theorem 4.2. Suppose that the conditions i)- iii) of Theorem 4.1 are valid.
Then problem (1.1)-(1.5) has a unique solution.
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