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1 Introduction

Let I := (c,d) C R, p € [1,00], p' := 5, L' be the Lebesgue measure on I, M(I) be the vector

space of all £!'-measurable functions f : I — [—00, 00|, and let LP(I) be the Lebesgue space. Also
we put

Le(1) = { £ €M)+ Ixean fllsany < o0, Va,be I},

L(led)) == {f € M) ¢ e fllzvir) < 00, Vo € T},
Lh((e,d]) == { f € M) < X oy < 00, Vo € 1},
Let
w e M(I), w>0 L'-almost everywhere on I, w € L} ((c,d]) (1.1)

and (if the measure in the integral is omitted, then the integral is taken with respect to the measure

L£h
o)) : {(‘Mw ff\pdw)ﬁ p € [1,00),

1 .
Ll-esssup,; w(z ’fc P = 00;

Cspa(D) = { 1 € Ll D) | I flcspuutny < 00} 1 llcsyty == (111,

Chyoo(D) = { 1 € Lile ) [ I fllen, iy < 00}, Ifllen, ity = oLf).

It is clear that Cs,,(I) is embedded in Ch,,(I). Since w satisfies condition (1.1) then f € 9(I)
with compact support belongs to the space Cs, (/). The space (Cspuw(I),] - [|cs,.(r)) is called
weighted Cesaro space, it has been actively studied (see [6, 3] and the survey [1]). We call the space
(Chypw(1), || - [|chy.w(r)) weighted altered Cesaro space. This space has been studied in the works
9, 10, 14].
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Let (X, - ||) be the normed space of elements of M(I). We define the “strong” associated space
(Kéthe dual space) of X by

|hyl
XL im (X = g e D) | gl = sup IV <o
heX\{0} ”hH

and the “weak” associated space of X by

| | | [; hal
Xy =X Dy = {9 € M(I) ‘ fge L"I)Vf € X & ||gx; = sup f]h Rt
heX\{0} || ||

which is isomorphic to the subspace of the set X* of all continuous functionals of the form f — | 119,
f e X. It is clear that X C X|,.

The classic Cesaro space Cs, ., (lo) (where Iy := (0,00) and wo(z) := %, x € Iy) has been studied
since 1970s. For p € (1, 00) both spaces Cs,, , ({o) and Ch, ., (ly) appeared [11, 12] when solving the
problem of describing the associated spaces with order one weighted Sobolev space on the real line,
defined as

W, (Io) = {f € L(lo) : Df € Ligo(Io) & fllwz() < 00}, (1.2)
where || fllw1y) = 1/l zo o) + ||wL0Df||Lp(10). As proved in |9, Theorem 3.3]

(W, (10))e = Cspr g (1),
(W, (1)) = (Cpr g (o), || - llen,y o 70))
(X0 w0 = Chyr g (o)),

where

X ={feAC(Iy)|3f(0+), Fb € I : X(boo)f = 0}.
Note that X differs from

Ij[;pl(lo) ={f € AC(Iy) | supp f is a compact in Iy}, (1.3)

which plays an important role in the results of [11, 12]. The example in Section 2 shows that

Wy (o), [ [lw (10))% 7# Chyr o (lo). The key difference is the fact that the space (W, (o), || - [wz (1) )i
contains functions that are not integrable at the left end of the segment I,.

From the definition of associated spaces it follows that (Cs,.(I)). = (Cspw(l)), and
190l icopntrne = N9llcomutny, for g € (Cs,u(1)); and p € [1,00]. For p € [1,00) the space Csyu(I)
is an order ideal and it has an absolutely continuous norm. Then for A € (Cs,,,(/))" there exists
g € (Cspw([)); such that [|Allcs, ) = 9ll(cspny, and Af = [, fg, f € Cspw(I) (see [2, Chapter
1, Theorem 4.1]).

The problem of describing the associated spaces of Cs,,, () was solved in [3| with the help of an

essential fmd wP-concave majorant (see [3, Definition 2.11]), and in [15] with the help of a monotone
majorant.

For p € [1, 00) characterizations of dual spaces of weighted altered Cesaro space are given in [10].
The key step of the proof was the approximation of an element of the space Ch,,(I) by elements
with compact support. For p = oo there is no such approximation but it is possible (see Section 3)
to describe the associated spaces of Chu (/) With a weight satisfying the conditions

w(z) = {/j v] B € (0,00), z €I, ve M), veLi./ed), lim bv = 0. (1.4)

b—d— /.
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Throughout this article, A < B and B 2 A mean that A < ¢B, where the constant ¢ depends
only on p and may be different in different places. If both A < B and A 2 B hold, then we write
A =~ B. N is the set of natural numbers, R is the set of all real numbers, Df is the weak derivative of
f € M(I). The space of all locally absolutely continuous functions f : I — R is denoted by AC..(1),
AC(I) is the space of all absolutely continuous functions. The symbol BPV (1) denotes the space of
all functions f : I — R that have bounded pointwise variation (see [5, §2.1]). For any Borel measure
A defined on Borel subsets of I, the symbol || A|| means |\|(]), where |A| is the total variation of A. If
f € BPV(I), then \; denotes the unique real Borel measure such that A\f((a,b]) = f(b+) — f(a+)
for all a,b € I, with a < b (see [5, Theorem 5.13]). C1(I) is the space of all real-valued continuously
differentiable functions with compact support in I; Cy(/) is the space of all real-valued continuous
functions on I that vanish at infinity (see [13, 3.16]).

2 Connection with a Sobolev space

Let W) (Io) be as defined in (1.2) and Ijlo/;(lg) be as defined in (1.3). We start with an example

showing that (W2(Lo), | - i)y 7 Chywo (D).
Example. According to [12, Remark 5.1] the following relation holds

[e]e]

g€ W, (o) I lwra)y & (9 € Line(lo) & [G(g) + &(g)] < 00),

where for g € L] ()
© 1 t
G(g) = / W / g
o |/t

loc
P’ o

dt|

o q 2t t v v
&(g) ~ — P dy| dt
(9) /0 TG /t y / 9| dy
1
o} 1 t 2z 4 v’
= — = || 9(@) { / y dy} dx| dt
/0 tp' 2—p') /; .
Further,
1
[e%¢} 1 t 251,p/ o (21‘)171)/ p P
®(g) ~ —_— d dt
(g) A tp/(Q_p/) /5 g(l’) [ p/ 1 T
1
1 o 1 t 9 1-p’ p P
. /—,/g(x)l——a: de| dt
1
1 o |t Nt P ’
i\ Ll (B) [l a
P 0 3 3
Hence, for g € L _(Iy) the inequality [G(g) + &(g)] < oo is equivalent to
o 1 P i o 1 ‘ 4 i
- 1—p/
/0 w /ég dt + /0 ) /;g(x)x dx| dt < 00.
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Now let p =p' =2, g(x) := L sin 2x(o.1(2), € Ip. Then

T

! ! sin 1 |5
/ |g(m)|dx:/ |—x’d.17:/ M@ZOO’
0 0 x 1 Yy

(9] t 2 2 1 i 1 2
/ /de dt—/ /Sm; da
1 £t T 1 |JE T

dt < 4,

[SIES

2 2 ) 2
1| gt 1] ptgipn L 1| 2
/ / Mdaz:’ dt:/ / 5= dr dt:/ / siny dy| dt
o |Jt L o |Jt T 0o |/
0 1 2 2
= / — / sinydy| dzr < oo,
1 x T
2 2
<1t 21| (tsint
— gl dt = — L dx| dt <1.
A L By x
2 2
Moreover, from
o gint % dcost cost|2y % cost 5
o dt| = = + —dt] < —,
, t .t t by ), ot 2y
we have the estimates
2 2 9
1 t 1 t i 1 1 2 .
1 1 sin = 1 ts
0 t % 0 t % X 0 t % y

2xr _: 2 0
25 d
/ Smydy‘ dxg—/ —‘g<oo.
s Y 4 )1y

Therefore, g € Lie(10) \ Lig([0,00)) and [G(g) + &(g)] < oo, that is

9 € W (Lo), Il llwz (1)) \ Chzguy (Lo).

Now we show that in the case of a decreasing weight w satisfying condition (1.4) the spaces
CSeow(I) and Chy, ,,(I) are associated spaces of the space W (I) defined in formula (2.1). In par-
ticular, the theorem contains a criterion for the embedding of W} (I) into the Lebesgue space Ly (1)
with arbitrary weight ¢ and thereby complements the results obtained in [4], [7, Chapter III], [8].

Theorem 2.1. Let w satisfy condition (1.4), v > 0 L'-almost everywhere on I,

X ={feACU), |3f(c+), FbeI: xpaf =0}

and
Wll(]) = {f S Llloc(I) : Df € L110c<1) & ||f||W11(I) < OO}, (21)
where | flwagy = lof s + 12D gy Then
(Wi(1)s = Csoou(l), (22)
(W)Y = (Cssow(D), || - llchoew(n)s (2.3)
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Proof. We fix an arbitrary element f € W(I). Then there exists an ACj,c(I) representative f of f.
For any z,y € I such that x > y we have

1f(x) — fy)| S/ IDf] < Ixwaywllem IX@a=DflLm)-
Y

Hence, there exists the limit f(d—). Since lvfllzray < oo and v & L ((c, d]) then f(d—) = 0. In

addition, w € L{.((c,d]) implies Df € Li ((c,d]). Consequently, flz) = — fx Df for L£'-almost all
x el
Further, for an arbitrary h € L'(I) since w € L2.((¢, d]) then wh € Li ((c,d]), and for f,(y) :=

fyd wh, y € I, we have

lofallzn = /
I

that is fh S Wll(j) and ||fh||W11(I) S 2”]1”[/1([)
If g € Csoo(I) then for any f € W(I)\ {0}

Jilfgl _ S [(Df) ()] ([ 1gl) da

-~ — ||g||0500w 1)
1T ERNE )
1

d
o) | wh] dy < Blls 12D fullin = Al
Yy

(2.5)

that is g € (W(I))L and [|gllwz )y, < N19llcssw -
Now let g € (W] ([I)),. Since (see [2, Lemma 2.8|) for g € M(I) the equalities ||g|/(z1(ny, =

S

lgllcryy, = llgllzee(r) hold, we get the estimate

d
s ylfnsl S lg@)l (" wlnl) d
gllowa . sup sup
Wi =, oy Hf|h|”vv1 heL'(1)\{0} 2([A ]l
. Jih@w@ (. o) dz L, (26)
heLL(D)\{0} 2||h||L1<I> A

and (2.2) is proved.
By [11, Theorem 2.5] the equalities (W} (1)), = (W}(I)), = CSuo(I) hold. Besides that, for any
g € Cswow(I), f € WE(I) we have

Jso= [t ([ 05) ar= [0 (["s)

Hence, similarly to (2.5) and (2.6) we get ||gl|w1 (1)), = [|9llcha,.(r), and (2.3) is proved.
Further, for any a € I there exists a functlon f € X such that X(c.a)f = X(c,a)» and this implies
(X N 1)) C Li.([c,d)). Therefore, for any a € I, f € X, g € L .([¢,d)), taking into account

the decrease of the function w we have
d y
05w ([ 9)

oo (o) o
v [ [ / o] | < 2ghene.cnl

Passing to the limit as a — ¢+, we obtain ||9||(X:||'||w1(1))€v < 2(|9|| Choe o (1) -
1

(2.7)

<

d
fg’ =

< [Ifllwpa) sup
y€la,d)
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If g € (X, || llwy 1))y and b € LY(I) with supp b C (c, b] for some b € I, equalities (2.7) hold with
f = fn. Therefore,

J2 () (fyb wh) dy‘

Iy 2500 sup
Il g 2 800 (D10} o (e 20| Al Ly
b x
2 hwya) ()7 g) de]
> sup sup
bel heLl(I)\{0},supp hC(c,b] 202 llzra
1 ! 1
= —sup sup w(x) g| = §||9HChoo,w(I)7
bel ze(c,b) c
and (2.4) follows. -

3 Associated spaces of Chy, (/)

As in the case p < oo the “strong” associated space of Chy, (/) is the null space. This follows from
Lemma 3.1, the proof of which is similar to the proof of [10, Lemma 2.2|.

Lemma 3.1. Let w satisfy condition (1.1), [a,b] C I and h € L*([a,b]). For any e > 0 there exists
f € M(I) such that supp f C [a,b], | f| = |h] on (a,b) and || f|che.. ) < €

The next two lemmas contain the key constructions for obtaining a criterion for an element to
belong to the “weak” associated space of Chy ., (1).

Lemma 3.2. Let w satisfy condition (1.4).
1. If g € (Choo (1)), then vg € L*(I). If g € (CSoow (), || - lcha.w(n))iy and v > 0 L -almost
everywhere on I then

logllzry < 1191l sl llcna win)- (3.1)

2. Let (a) g € (Choow(1))s and Ay := ||g|l(chownyy,, or (b) v > 0 L'-almost everywhere on

I, 9 € (Cssow(D) ||+ lohwwn)w and Ag = {|gll(Cswn(Dil I i)~ Then there exists a BPV (I)
representative § of L and the estimate

1Azl < llvgller + Ag (3.2)
holds.

Proof. 1. Since v € Chugy(I) then vg € LY(I) for g € (Choow(1)),. Now let v > 0 L'-almost
everywhere on I. Then for any f € (1)

1 sty < ey,

and for g € (Csaow(1), || - ||Cheo. (1) )% the relations

Lyg hvg
191l (s (D lohe )i = SUP Yrsval su i gl

[ h = ||U9||L1(1)
piteronioy 15 lleery  neremnoy 1Al

hold.
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2. We fix an arbitrary function ¢ € C}(I) and put f := D(+¢) = v¢ + =D¢. Then f € L*(I)
and || f||che.o () = Maxger [¢(z)]. If v > 0 L'-almost everywhere on I then f € Csuo(f). From
vg € L'(I) we have [, |¢vg| < co. Hence, [, |LgD¢| < oo and

[fis9Del _ 1fiovel . 1Jifg

max [¢(z)] ~ max[o(z)] | fllon.wn

< lvgllzi(r) + Ay

For ¢ € C}(I) we put A¢ := [, LgD¢. By the Hahn— Banach theorem there exists an extension
A € (Cy(I))* of the functional A for which the estimate

||/~\”(Co(1))* < lvgllpray + Ay

holds.
By the Riesz theorem [13, 6.19] on the representation of a linear continuous functional on Cy([)
there exists a unique regular real Borel measure A such that | A| = ||All(cyn)- and A = [, ¢ dA for

any ¢ € Co({).
We define hy(z) :== A(I N (—o0,z]), x € I. Then h, € BPV(I) and applying [5, Corollary 5.41],

we have 1 -
/[Engb:Aqf):/chd)\:_/lth?b

for any ¢ € CH(I). Hence, g + hy L'-almost everywhere on I coincides with a constant function.
Therefore, there exists a BPV (I) representative g of £, and A\j = A, = X are valid (see [5, Remark
5.14]). O

Lemma 3.3. Let w satisfy condition (1.4), f € Chy (1), g € LS.(I), vg € L'(I), [;|fg] < o0, £
has an BPV (I) representative g. Then

' / fg] <2 (Joglln + gl 1 lone oo (3.3)

Proof. We fix v € (0,1). For n € N we define

1 1 1
bnzzsup{melz Sn}, an::inf{xel: Z—}.
w(x) w(x) ~n
Since % is a continuous function, lim,_,;_ ﬁ = oo and lim, ., ﬁ = 0, then w(in) =n, w((lzn) = %L
Moreover, since {z € I : ﬁ <n}ycCc{xel: ﬁ < n+1}, then b, < byyq. If b:=lim, 0 b, < d
then v € LL _([e,d)) implies oo = lim,, o, w(én) = ﬁ < oo and we get a contradiction. Hence,

lim,, ,o b, = d. Analogously, a,, | ¢ as n — oc.
Let ng € N be such that a,, < b,,. For n > ng we define o, € [ay,,b,] such that —— =

w(an)
Milge(a, by ﬁ Then @ > 0 and a,, < b,. We claim that lim,,_,, a,, = ¢. We fix an arbitrary
1
w(o‘nl) ’

for x > b,,,. Hence, o, < a.

a > c. Since a, | ¢ as n — oo there exists ny > ng such that a,, < a. Let ny > ny and n% <

Then for n > ny we have a,, € [an, a,,] because of (L > n; > w(al )
71/1

w(x)
Since fj: |f| < oo then by [13, 3.14] for n > ny there exists a function f, € C.((cun,b,)) such
that fol:: \f = ful < =21+ 19X (anbulllzo(n)) "' Now we choose B, € (b,,d), 0, € {—1,1} so that

w(an)n

the equality 6, [," wv + |, Ci): f = 0 holds. For
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we have N
/fnz(), 7 € (¢, 0] U [Bn, d),
wp w@) | [ fu= s w@) / nefr-[" f]
z€(an,bn] c z€(an,bn)
1
<Llio swp w) f’<2HfHChw il
n z€[an,bn]
and
. b
o )| [ 5] < s w<x>{ / / f‘ L
Ie(bn,ﬂn) c xe(bn,ﬁn) bn
<9)if] +1+ ]
= Cheo sup
R (1—7)
< 2 fllonty +  + —
> Choo,w (1) n ' (1—7)n
Moreover,

Zm—zhg

on bn _ o) %)
< / 1l + 19Xl / F—Fl+ / rfg|+\ / wvg
C Qn bn ﬁn

an 1 oo 1
< [Tisal+ o+ [ Vel gl

Thusa hmn—>oo f[ fng - f[ fg
Now we put F,(z) := w(x) ff fn, © € 1. Then F,, € AC\c(I), supp F}, is a compact in I and
fn=vF, + %DFn L'-almost everywhere on I. Using [5, Corollary 5.40], we get

1
/fng:/Uan+/_gDFn:/Uan_/Fnd)‘?]'
I I 1w I I
L/ﬁw <
I

and (3.3) follows by passing to the limit as n — oo. O

Consequently,

x
Jn
c

(lvgllzia + 1731) sup w(z)

Now we can formulate the criterion of an element g € 9(I) belonging to the space (Cheg (1)),
and get a two-sided estimate on the norm of the element of the “weak” space in case v > 0 £!-almost
everywhere on I.

Theorem 3.1. Let w satisfy condition (1.4), g € M(I). The following statements are equivalent:

(1) 9 € (Cheow(l))y;
(4) vg € L'(1), g € L*(I), and X(pa9 = 0 for some b € I, £ has an BPV (I) representative.
Moreover, if v > 0 L'-almost everywhere on I, then

90l ehoe,w e = (lvgllzin + 12511)

where g is an BPV(I) representative of 2.
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Proof. (ii) = (i). For f € Chy (1) we have f € LL ([¢,d)) and therefore

b
/I 1l < lglle=er / ] < o0,

Using Lemma 3.3 for g € £ N BPV(I) we get the estimate

9]l (choewry, < 2 (lvglli + [[Ag]]) < o0

(i) = (ii). We denote E := {x € I : g(x) # 0}. Suppose that L'((t,d) N E) > 0 for any
t € I. Then there exists {[ax, bx]}$° such that by < agyq1 and f(f: lg| > 0. We choose 6, € (0,00) so
that the inequality 6y, f;: lg| > 1 holds. By Lemma 3.1 there exists fr € 9(/) with the properties:

| fellChae w(r) < 27%, supp fr C [ax, b] and |fx| = 04 on (ay, by). Then for the function f := > 7, fi
we have || f|lcn... () < 1 and

This contradicts g € (Che (1)), Thus, there exists point b € I such that gx . = 0.

Now we assume that g & L°°(I). Then there exists h € L'((c,b)) such that fcb |hg| = co. Let
a; ;= b and a; | ¢ as k — oco. By Lemma 3.1 there exists f, € 9(]) with properties: supp fx C
ki1, ar), || fellcha oy < 27% and |fi] = |h| on (aki1, ar). Then for the function f := Y77, fi we

have || f[lche, (1) < 1 and
b
/\fgl > / lhg| =
I c

This contradicts the relation g € (Che (1)), that is g € L>(I).
By Lemma 3.2 we have vg € L'(I), £ BPV(I) # 0. If v > O L'-almost everywhere on T

the statement 1 of Lemma 3.2 implies the estimate 39l chowry, = (lvgllzi + X)) for g €
20 BPV(I). O

Using the results for the weighted Cesaro space, we can also characterize the space (Csoo (1), || -
| Choo.w(1) )4 1N the case of v > 0 L'-almost everywhere on I.

Theorem 3.2. Let w satisfy condition (1.4), v > 0 L'-almost everywhere on I and g € M(I). The
following statements are equivalent:

(1) 9 € Cnoan(D) | etV

() vg € L*(I), £ has an BPV(I) representative and [, v(t)||gl| oo () dt < co.

Moreover, ||gl|(Csoo.. (D), ~ (llvglli + 112gll), where g is an BPV (I) representative of

[Nl ¢hoo 0 (1))
g

Proof. First, [,v(t)]|g|lre(raydt < oo is equivalent to g € (Csaow(l))s by [1, Remark 4.3], [15,
Theorem 4].

(#) = (). Since [, v(t)||glLo(t,ay) dt < oo then g € LS (I). Moreover, for f € Csu () we have
J;1fg] < o0, and the estimate

191l (oo (Dl e i < 2 (09l 210y + 1 X5]1) < 00

follows from Lemma 3.3.
(i) = (it). By Lemma 3.2 we have vg € L'(I), £ N BPV(I) # 0 and the esti-
mate 3|9 (Csw.w (1), lcnm win)i > (lvgllzray + | Agl]) holds for g € £ N BPV(I). Further, since

191l (soero () < N1 (oo (D et iy WE Obtam Jro@®lgll o= (ie.a dt< 00. O
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