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Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research
papers in all areas of mathematics written by mathematicians, principally from Europe and
Asia. However papers by mathematicians from other continents are also welcome.
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The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject
to mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the
EMJ and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review
to one of the Editors-in-chief who checks the scientific content of the manuscript and assigns a
specialist for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of
the L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other univer-
sities of the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its
reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at
creating conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education
and Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES).
The author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are
taken into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of
publication and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assess-
ment and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words
and phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality
of the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies
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- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of bibli-
ographic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and under-
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KUSSAINOVA LEILI KABIDENOVNA
(to the 70th birthday)

On May 3, 2018 was the 70th birthday of Leili Kabidenovna Kus-
sainova, member of the Editorial Board of the Eurasian Mathematical
Journal, professor of the Department of Fundamental Mathematics
of the L.N. Gumilyov Eurasian National University, Doctor of Phys-
ical and Mathematical Sciences (2000), Professor (2006), Honorary
worker of Education of the Republic of Kazakhstan (2005).

L.K. Kussainova was born in the city of Karaganda. In 1972
she graduated from the Novosibirsk State University (Russian Fed-
eration) and then completed her postgraduate studies at the Insti-
tute of Mathematics (Almaty). L.K. Kussainova’s scientific supervi-
sors were distinguished Kazakh mathematicians T.I. Amanov and M.
Otelbayev.

Scientific works of L.K. Kussainova are devoted to investigation
of the widths of embeddings of the weighted Sobolev spaces, to em-
beddings and interpolations of weighted Sobolev spaces with weights

of general type.

She has solved the problem of three-weighted embedding of isotropic and anisotropic Sobolev
spaces in Lebesgue spaces, the problem of exact description of the Lions-Petre interpolation
spaces for a pair of weighted Sobolev spaces.

To solve these problems L.K. Kussainova obtained nontrivial modifications of theorems on
Besicovitch-Guzman covers. The first relates to covers by multidimensional parallelepipeds,
whereas the second relates to double covers by cubes. These modifications have allowed to
obtain the description of the interpolation spaces in the weighted case. Furthermore, by using
the double covering theorem the exact descriptions of the multipliers were obtained for a pair of
Sobolev spaces of general type.

The maximal operators on a basis of cubes with adjustable side length, which were introduced
by L.K. Kussainova, have allowed her to solve the problem of two-sided distribution estimate of
widths of the embedding of two-weighted Sobolev spaces with weights of general type in weighted
Lebesgue spaces.

Under her supervision 6 theses have been defended: 4 candidates of sciences theses and 2
PhD theses.

The Editorial Board of the Eurasian Mathematical Journal congratulates Leili Kabidenovna
Kussainova on the occasion of her 70th birthday and wishes her good health and new achieve-
ments in mathematics and mathematical education.



The awarding ceremony
of the Certificate of the Emerging Sources Citation of Index database

In 2016 the Eurasian Mathematical Journal has been included in the Emerging Sources
Citation of Index (ESCI) of the "Clarivate Analytics" (formerly "Thomson Reuters") Web of
Science. In 2018 the second journal of the L.N. Gumilyov Eurasian National University, namely
the Eurasian Journal of Mathematical and Computer Applications was also included in ESCI.

The ESCT was launched in late 2015 as a new database within "Clarivate Analytics". Around
3,000 journals were selected for coverage at launch, spanning the full range of subject areas.

The selection process for ESCI is the first step in applying to the Science Citation Index.
All journals submitted for evaluation to the core Web of Science databases will now initially be
evaluated for the ESCI, and if successful, indexed in the ESCI while undergoing the more in-
depth editorial review. Timing for ESCI evaluation will follow "Clarivate Analytics" priorities for
expanding database coverage, rather than the date that journals were submitted for evaluation.

Journals indexed in the ESCI will not receive Impact Factors; however, the citations from
the ESCI will now be included in the citation counts for the Journal Citation Reports, therefore
contributing to the Impact Factors of other journals. If a journal is indexed in the ESCI it
will be discoverable via the Web of Science with an identical indexing process to any other
indexed journal, with full citation counts, author information and other enrichment. Articles in
ESCI indexed journals will be included in an author’s H-Index calculation, and also any analysis
conducted on Web of Science data or related products such as InCites. Indexing in the ESCI
will improve the visibility of a journal, provides a mark of quality and is good for authors.

To commemorate this important achievement of mathematicians of the L.N. Gumilyov
Eurasian National University on June 14, 2018, by the initiative of the "Clarivate Analytics",
the awarding ceremony of the Certificate of Emerging Sources Citation Index database of "Clar-
ivate Analytics" to the editorial boards of the Eurasian Mathematical Journal and the Eurasian
Journal of Mathematical and Computer Applications was held at the L.N. Gumilyov Eurasian
National University. The programme of this ceremony is attached.
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June 14, 2018

Venue: L.N. Gumilyov Eurasian National University

14:30- 15:00

15:00-15:10

15:10-15:20
15:20-15:30

15:30-15:45

15:45-16:00

16:00-16:10

16:10-16:30
16:40-17:20

Astana, Satpayev street 2, Room 259

Visit to the Museum of the history of Education, Museum of L.N. Gumilyov,
Museum of writing

Opening speech of moderator

A. Moldazhanova — the First Vice-Rector, Vice-Rector for Academic Works
of L.N. Gumilyov Eurasian National University

Oleg Utkin - Managing Director of Clarivate Analytics in Russia and the CIS
Certification award ceremony of the FEurasian Mathematical Journal, the
FEurasian Journal of Mathematical and Computer Applications in international
database

Kordan Ospanov — Deputy Editor-in-Chief of the Eurasian Mathematical
Journal. History and perspectives of development of the scientific journal
FEurasian Mathematical Journal

Kazizat Iskakov — Deputy Editor-in-Chief of the Eurasian Journal of Math-
ematical and Computer Applications. History and perspectives of development
of the scientific journal Furasian Journal of Mathematical and Computer Ap-
plications.

Closing Ceremony

Memory photo

Coffee break for visitors

Lyaziza Mukasheva - Official representative of Clarivate Analytics in the
Central Asian region Seminar for editors of scientific journals Scientific library
of L.N. Gumilyov Furasian National University room 10/
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MARCINKIEWICZ-TYPE INTERPOLATION THEOREM
AND ESTIMATES FOR CONVOLUTIONS
FOR MORREY-TYPE SPACES

V.I. Burenkov, D.K. Chigambayeva, E.D. Nursultanov

Communicated by V.S. Guliyev
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operator.
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Abstract. We introduce a class of Morrey-type spaces M[iq’g, which includes the classical
Morrey spaces. We discuss their properties and we prove a Marcinkiewicz-type interpolation
theorem. This theorem is then applied to obtaining a Young-O’Neil-type inequality for the
convolution operator in Morrey-type spaces.

DOI: https://doi.org/10.32523 /2077-9879-2018-9-2-82-88

1 Introduction

Let 0 < p<oocand 0 < A < %. The Morrey spaces ]\41,A are the spaces of all functions f € Lé”c(]R")
such that

14113 = 1 lp@my = sup Stglgt‘*llflhp(st(x)) < o0,

where By(z) is the open ball of radius ¢ > 0 with center at the point z € R" (see [17]). If A =0,
then MJ)(R") = L,(R"), if A = 2, then MJP(R™) = Loo(R™). TfF A < 0 or A > %, then M = ©,
where O is the set of all functions that are equivalent to zero on R"™.

These spaces were introduced by Morrey in 1938 and arose in connection with some problems
of the theory of partial differential equations and theory of variations. There is a number of books
and survey papers on the Morrey and Morrey-type spaces and classical operators of real analysis
in the Morrey-type spaces, for example, see [4], [5], [15], [22], [23], [1]

This paper is devoted to the interpolation properties of the Morrey-type spaces. Some results
for the classical Morrey spaces were obtained in Stampacchia [25], Campanato and Murthy [12],
Peetre [22]. In particular in [22] it is proved that

(M;\O?M;\l)&oo - M;;

where 1 < p < oo, A= (1 —0)\g+ 0N, 0 <6 < 1. In Ruiz and Vega [24|, Blasco, Ruiz and
Vega [2] it is proved that this inclusion is strict.
In [16] a more detailed investigation of the interpolation problem for the Morrey spaces was
carried out. In particular, it was proved that the inclusion
(MO, M) )goe C M,

po?



where 1 < pg,p1 < o0, 0<)\0<p£0,0<)\1<p£1,0<¢9<1and%:ﬂ+— A=
(1 — 0)\g + Oy, holds if and only if py =

The case of the local Morrey-type spaces LM’\ was con81dered in [6], [7], [10]. Let 0 < p,q
00, A>0if g <oo, A > 0if g =00. AfunctlonfEL o if f € L“(R™) and

o0 1
_ dt\ «
Iz, = ([ W limion)F )" <o
0

In [10] it was proved, in particular, that the local Morrey-type spaces LM;Q form an inter-
polation scale when p is fixed, i.e.
(LM LM )p, = LM

P,q0° p,q1 p,q?
where 0 < p,qo,q1,q < 00, 0 <0 <1, \g > 01if g9 < 00, N\g = 0if g = 0o, Ay > 0 if
g1 < 00, )\1>Olfql o0, )\0#/\1&I1d>\ (1—9))\0+0/\1
Further generalization of interpolation properties for the general local Morrey-type spaces
LM (G, 1) was discussed in [6], namely, it was proved that
(LM, (G, ), LMY (G 1))ag = LM, (G p)

psq0 p,q1

under the same assumptions on the numerical parameters.

In this paper, we introduce the generalized Morrey-type spaces M2 q.> Which coincide with
the classical Morrey spaces ]\/[pA in the case ¢ = oo and ) = R™ Accordlng to the above
results it follows that the classical interpolation theorems for this scale of the spaces do not take
place. Nevertheless, we prove a certain analogue of an interpolation theorem. Compared with
the classical interpolation theorems the assumptions of the theorem are formulated in terms of
the local Morrey-type spaces LM];\W and the statement in terms of the generalized Morrey-
type spaces M, A 40 We say that this theorem is an interpolation theorem of Marcinkiewicz-
type, because 1t allows us to obtain from, in a certain sense “weak estimates” for quasi-additive
operators in terms of the local Morrey-type spaces, “strong estimates” in terms of the generalized
Morrey-type spaces.

Also we study estimates for the norm of the convolution operator

(TF)(x) = (k* f)(x) = / k(e — y)f(y)dy

R”

in the spaces M\ (Q), where k(-) is a locally integrable function on R".
Let us recall the well-known Young’s inequality. Let 1 < p,q,7 < oo and 1 + % =
Then k* f € L,(R") for all f € L,(R"), and the following inequality

1k fllo, < Ifllz, % .
holds. For 1 < p,q,r < oo, O'Neil [21]| has proved the strong Young’s inequality

1K fllzg, < llfllz, 1]z

where ¢ > 0 depends only on the parameters p, ¢, and ||k| 1, .. denotes the norm in the Lorentz
spaces.

Further results and generalizations of Young-O’Neil’s inequality were obtained in Blozinski
[3], Kerman [13], Kostyuchenko and Nursultanov [14], Stepanov [26], Nursultanov and Tikhonov
[20], Burenkov and Tararykova [11]|, and others. In this paper we continue the study Young-
O’Neil’s inequality in the case of Morrey spaces. In particular, by applying the Marcinkiewicz-
type interpolation theorem, we prove a Young-O’Neil-type inequality for the classical Morrey
spaces.

1 1
p+r'
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p
2 Spaces M g

Let QCR", 0<p<oo, 0<g<ooand 0 < A< %. We consider the generalized Morrey-type
spaces Mz;\,q,ﬁ that are defined for ¢ < oo as the spaces of all functions f € L;"C(]R”) such that

o0 1
dt\ «
_ -X g at
161y, = ([ 7500 1)) < 0
0

and for ¢ = oo,
1 f1lar_, = supsup | fll o, sy < oo
Preo z€Q >0
Note that the introduced spaces coincide with the classical Morrey spaces in the case ¢ = oo

and 2 = R", i.e.
A s
My o gn = M.

However, these spaces differ from the global Morrey-type spaces GM:;\,q,W which are defined
as the spaces of all functions f Lebesgue measurable on R"™ with finite quasi-norm

oo 1
dt\
_ -2 et
Iflleas, , = sup (/(f £ 1l pian) t)
0

if ¢ < oo and usual modification if ¢ = co. For {2 = R" they were introduced by Burenkov and
Guliyev [8, 9].
Clearly
A A
My, o0 CGM] g
and
HfHGMQq’Q < HfHMI;q’Q-

If Q = {x} is a singleton, then

A A — A
M) ,o=GM), o= LM

piq’ ’q7x ’

where LM? _ are the local Morrey-type spaces [8, 9].

p’q7x
Note also that the generalized Morrey-type spaces are close to the net spaces N, ,(M) intro-

duced by Nursultanov [18, 19].
3 Interpolation theorem

Theorem 3.1. Let Q CR", 0 < ag, a1, P, f1 < 00, ag # oy, By # P,
0<pqg<oo, 0<o<7<00,0<b<1 and

a=(1-0)ag+0as, B=(1—0)8+0B.

Let T be a quasi-additive operator ' given on LM  + LMJ! |
My, My > 0 the following inequalities hold

HTf”LMD‘i

p,00,T

x € Q. Suppose that for some

q7o-7x )

S M|l fll o - w€Q felMP  i=01, (3.1)

that is for some A > 0 and for almost all y € R™ |T'(f + ¢)(y)| < A((Tf)(y)| + |(Tg)(y)|) for all functions
f,g€ LMP + LMP. and z € Q.

q,0,T q,0,T
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then
HTfHM;fT,Q < cAMOl_erHfHMgT(Q) (32)

for all functions [ € Mir,m where ¢ > 0 depends only on oy, oy, By, b1,p,q, 0, 0.

Corollary 3.1. Assume that the assumptions of Theorem 3.1 on the numerical parameters are
satisfied. Then there exists ¢ > 0, depending only on «g, aq, Bo, B1,p, q, 0,0, such that if x € R",
T s a quasi-additive operator on LM(fg@ + LMqﬁ’}m, and for some My, My > 0 the following
mequalities hold

1T Fllpargs,. < Mill£]

Pp,00,T Lij,yx
for all functions f € LMf’g’m, 1 =0,1, then
IT sty < CAMEMfl e

Jor all functions f € LMY _ .

Corollary 3.2. Assume that the assumptions of Theorem 3.1 on the numerical parameters are
satisfied. Then there exists ¢ > 0, depending only on g, oy, Bo, B1, P, q, 0,8, such that if @ C R,
T is a quasi-additive operator given on LM(f?,’x + Lquf}m, x € Q, and for some My, My > 0
inequalities (3.1) are satisfied, then

T fllearg

p,7,02

< AMEI MY Fllgagr

for all functions f € GM(fT,Q.

4 O’Neil-type inequality for convolutions in Morrey-type spaces

Let, for 0 < p,0 < oo, L,s(R™) be the Lorentz space of functions defined on R", and, for
a measurable set D C R", L,y(D) be the set of all functions f measurable on D for which
extensions of f by 0 outside D belong to L, ¢(R").

Lemma 4.1. Let 1 < p,q,r < o0, %%—% =1+ %, f € L,(B-D), g€ L,(D), where
B, D C R"™ are measurable sets, then

<l fller -0y 19ll L, (D)
Lq¢(B)

H [ 5= vigtwydy

where ¢ > 0 depends only on the parameters n,p,q and r.
Next we introduce the following variant of local Morrey-type space, based on using Lorentz

spaces. Let 0 < p,0,q < oo, A € R. We say that f € V;f,‘@’q if f is measurable on R™ and

o0 1
dt\ e
1 llva,. = 1l ey = (/ (t HfHLp,e(Bt(O)\B%(O))) 7) < 0.
0

Lemma 4.2. Let 0 < p,0,q < 00, —00 < A < 00. Then there exist ¢, co > 0 such that

1/q 1/q
q q
cl(z (27"l 0 ) <l < cZ(z (21t ) ,

MEZ meZ

where -Dm = BQm+l (0) \ BQWL(O), m € 7.
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Theorem 4.1. Let z e R", 1 <p<qg< oo, 0<v <AL %, 1+% = %+%+ﬂ and X = %—%
If k € Ly oo(R*) NV X (R"), then the convolution operator
(v £)(@) = [ b =) (w)dy

R”

is bounded from LMY, , to LM Moreover, the following estimate holds

p,1,z q,00,2°

& * fll Larx

q,00,z

< Ikl @) + 1K

vt o) | fllay,
Jor all functions f € LM}, ., where ¢ >0 depends only on n,p,q,\,v.

Remark 1. Note that the assumption k € V7 (R") in Theorem 4.1 is essential, i.e. the
following inequality
1k fll sy

q,00,z

< cllkllzr e | fl oz,

does not hold for any ¢ > 0 depending only on the parameters n, p, q,r, v, A.
As an example, we can consider the following functions

1, |xlell*l*+1], l€Z
0, otherwise

-1 a Ja
k<x):{(l+1) Folzl e e+ 1], 1ezy

and

0, otherwise,
where o > Vip. Then, for any z € R", HfHLMg,l,z
1 fllLagy... = oo

Let QCR", 0<p<oo, 0<g<o0, 0<A<oo, “Bi(z) =Q\ Bi(x). We define the space
CMIj\,q’Q as the set of all Lebesgue measurable functions f, for which the following quasi-norm is

finite: if ¢ < oo, then
= 1 1/q
. dt
M = (/ (“zzéllf”%«waJ 7) /

0

< 00, [[k||L, 0wy < 00, but

I/

and if ¢ = oo, then
1 lleasy ., = S0P £ 1nf | £l u(w)-

Theorem 4.2. Let0<p<q<h<oo,0<y<)\<%,1+$:§+%+M,O<T<oo,

n
1=1_2_21%(. Then

Ve Fllagy o < el (11

p, 7,02

U llenry, )

where ¢ > 0 depends only on n,p,q, \,v,h and 7.
Open problem: can in Theorem 3.1 inequalities (3.1) be replaced by the inequalities

IT A o < Millfllyon o f € Mg, i =017
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