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KUSSAINOVA LEILI KABIDENOVNA
(to the 70th birthday)

On May 3, 2018 was the 70th birthday of Leili Kabidenovna Kus-
sainova, member of the Editorial Board of the Eurasian Mathematical
Journal, professor of the Department of Fundamental Mathematics
of the L.N. Gumilyov Eurasian National University, Doctor of Phys-
ical and Mathematical Sciences (2000), Professor (2006), Honorary
worker of Education of the Republic of Kazakhstan (2005).

L.K. Kussainova was born in the city of Karaganda. In 1972
she graduated from the Novosibirsk State University (Russian Fed-
eration) and then completed her postgraduate studies at the Insti-
tute of Mathematics (Almaty). L.K. Kussainova’s scientific supervi-
sors were distinguished Kazakh mathematicians T.I. Amanov and M.
Otelbayev.

Scientific works of L.K. Kussainova are devoted to investigation
of the widths of embeddings of the weighted Sobolev spaces, to em-
beddings and interpolations of weighted Sobolev spaces with weights

of general type.

She has solved the problem of three-weighted embedding of isotropic and anisotropic Sobolev
spaces in Lebesgue spaces, the problem of exact description of the Lions-Petre interpolation
spaces for a pair of weighted Sobolev spaces.

To solve these problems L.K. Kussainova obtained nontrivial modifications of theorems on
Besicovitch-Guzman covers. The first relates to covers by multidimensional parallelepipeds,
whereas the second relates to double covers by cubes. These modifications have allowed to
obtain the description of the interpolation spaces in the weighted case. Furthermore, by using
the double covering theorem the exact descriptions of the multipliers were obtained for a pair of
Sobolev spaces of general type.

The maximal operators on a basis of cubes with adjustable side length, which were introduced
by L.K. Kussainova, have allowed her to solve the problem of two-sided distribution estimate of
widths of the embedding of two-weighted Sobolev spaces with weights of general type in weighted
Lebesgue spaces.

Under her supervision 6 theses have been defended: 4 candidates of sciences theses and 2
PhD theses.

The Editorial Board of the Eurasian Mathematical Journal congratulates Leili Kabidenovna
Kussainova on the occasion of her 70th birthday and wishes her good health and new achieve-
ments in mathematics and mathematical education.



The awarding ceremony
of the Certificate of the Emerging Sources Citation of Index database

In 2016 the Eurasian Mathematical Journal has been included in the Emerging Sources
Citation of Index (ESCI) of the "Clarivate Analytics" (formerly "Thomson Reuters") Web of
Science. In 2018 the second journal of the L.N. Gumilyov Eurasian National University, namely
the Eurasian Journal of Mathematical and Computer Applications was also included in ESCI.

The ESCT was launched in late 2015 as a new database within "Clarivate Analytics". Around
3,000 journals were selected for coverage at launch, spanning the full range of subject areas.

The selection process for ESCI is the first step in applying to the Science Citation Index.
All journals submitted for evaluation to the core Web of Science databases will now initially be
evaluated for the ESCI, and if successful, indexed in the ESCI while undergoing the more in-
depth editorial review. Timing for ESCI evaluation will follow "Clarivate Analytics" priorities for
expanding database coverage, rather than the date that journals were submitted for evaluation.

Journals indexed in the ESCI will not receive Impact Factors; however, the citations from
the ESCI will now be included in the citation counts for the Journal Citation Reports, therefore
contributing to the Impact Factors of other journals. If a journal is indexed in the ESCI it
will be discoverable via the Web of Science with an identical indexing process to any other
indexed journal, with full citation counts, author information and other enrichment. Articles in
ESCI indexed journals will be included in an author’s H-Index calculation, and also any analysis
conducted on Web of Science data or related products such as InCites. Indexing in the ESCI
will improve the visibility of a journal, provides a mark of quality and is good for authors.

To commemorate this important achievement of mathematicians of the L.N. Gumilyov
Eurasian National University on June 14, 2018, by the initiative of the "Clarivate Analytics",
the awarding ceremony of the Certificate of Emerging Sources Citation Index database of "Clar-
ivate Analytics" to the editorial boards of the Eurasian Mathematical Journal and the Eurasian
Journal of Mathematical and Computer Applications was held at the L.N. Gumilyov Eurasian
National University. The programme of this ceremony is attached.
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Visit to the Museum of the history of Education, Museum of L.N. Gumilyov,
Museum of writing

Opening speech of moderator

A. Moldazhanova — the First Vice-Rector, Vice-Rector for Academic Works
of L.N. Gumilyov Eurasian National University

Oleg Utkin - Managing Director of Clarivate Analytics in Russia and the CIS
Certification award ceremony of the FEurasian Mathematical Journal, the
FEurasian Journal of Mathematical and Computer Applications in international
database

Kordan Ospanov — Deputy Editor-in-Chief of the Eurasian Mathematical
Journal. History and perspectives of development of the scientific journal
FEurasian Mathematical Journal

Kazizat Iskakov — Deputy Editor-in-Chief of the Eurasian Journal of Math-
ematical and Computer Applications. History and perspectives of development
of the scientific journal Furasian Journal of Mathematical and Computer Ap-
plications.

Closing Ceremony

Memory photo

Coffee break for visitors

Lyaziza Mukasheva - Official representative of Clarivate Analytics in the
Central Asian region Seminar for editors of scientific journals Scientific library
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1 Introduction

The object of this study is the symbol of elliptic operators associated with actions of a discrete
group G on a smooth manifold. Such operators are referred to as G-operators below and pre-
sented as linear combinations of compositions of pseudodifferential operators (PDO) and shift
operators. Previously they were studied, for example, by A.B. Antonevich [1|. The essential
difference between the theory of elliptic G-operators and a similar theory of PDO is that the
ellipticity of such operators and their Fredholm property depend on the smoothness exponent s
of the Sobolev spaces H®. Thus, it is natural to describe the values of exponents s, for which
the symbol of such operators is invertible in the relevant Sobolev spaces and, as a corollary, the
G-operator is elliptic. It is known, that, in the case of isometric diffeomorphisms, the Fredholm
property of operators does not depend on s, so it is interesting to consider problems for diffeo-
morphisms, which do not preserve a Riemannian metric. In [2, 3| the first steps in the study
of nonisometric actions were done. In particular, it was shown for dilations of spheres that the
set of s, for which a G-operator is elliptic, is a finite or (semi)infinite interval. In the present
paper we consider shifts along the trajectories of a nonisometric parabolic diffeomorphism of an
m—dimensional sphere.

The paper consists of several parts. Statement of the problem and expressions for the symbol
are given in Section 2, Section 3 contains the main theorem and its proof. An example in
Section 4 illustrates this theorem. In this example we consider an operator, associated with a
diffeomorphism of the circle S!.

2 Statement of the problem
On an m-dimensional sphere S™, let us consider a parabolic diffeomorphism

g:S" = 8" z—ax+te, (2.1)
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which has one fixed point o = oco. Here S™ \ z( is identified with the space R™ with the
coordinates x; e € R™ is a given nonzero vector. Diffeomorphism (2.1) is a shift along the vector
e.

Consider operators of the form

D =) DyT": H*(S™) —» H4S™), (2.2)

where >, is a finite sum, 7" is the shift operator corresponding to diffeomorphism (2.1), Tu(x) =
u(z +e), s € R, Dy is a PDO of order d on S™, k € Z.

To define the symbol of operator D, we need to compute a special density associated with
the diffeomorphism g (see [3]). To calculate this density we can the following formula:

((%)T> _15 28, (z,6) € T;S™. (2:3)

Density (2.3) has different expressions depending on whether (z = oco) or not. Let us consider
both cases.

1. Let us compute the density at zo = co. The diffeomorphism ¢" in the pair of coordinate
charts x and 2/, where 2/ = # are the coordinates in a neighbourhood of xq = oo, will have the
form

Nw,&S(n) =

wey = M o2 2.4
9"(@) = ————— = ¥ + O(|z']%). (2.4)
e T ne
Hence
a n
g/ = 1Id is the identity matrix.
Ox z'=0

As Id = 1d" = 1d™", and det(Id) = 1, so density (2.3) at 2 = oo is equal to

Nmf,s(n) =1L (25)

2. If x # oo, then ¢g" in the pair of coordinate charts x and z/, where ' = ‘i are the

z|?
coordinates in a neighbourhood of the point zy = 0o, is presented as

r+e

= - 2.6
|z + e|? (2:6)

r— 1 =g(r)

We set e = (1,0, ...,0)T for simplicity. Then the differential of ¢g" is equal to

991 99t g1

Oxry Oxy Oz
og" | 993 g3 993 | _
% - 8231 8I2 o 8xm B

Oxry Oxy Oz
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1 2(z1 +n)? —2(x1 + n)zs —2(z1 + n)zpy,
|z +ne2 |z + nel* |z + ne|* |z + ne|?
—2x9(z1 +n 1 222 —229Tm,
= |z + nel|? |z +nel2  |z+net |z + ne|?
—2% (21 + n) — 22T 1 222
|z + nel* |z + nel* |z +nel? |z + nelt

Hence we express the Jacobian as

det (%%) = —|z + ne|7*™,

((5)) -5 -

—(z1 4+ n)*+ 3. + 22, —2(z1 + n)xy —2(x1 + n)xy,
—2x5(x1 + n) (1 4+n)?—a5+...+22, ... —2(x9 + n)xy, @1
=2z, (z1 +n) —22,, T v (T n)2 4 — 1
So, up to equivalence as n — oo, density (2.3) is equal to
NI,S(n) =
—(z1 +n)? +23.. + 22 —2(z1 +n)xs —2(z1 + n)xm, & %
—2x9(x1 +n) (r1+n)? —a3+...+22, ... —2(x2 +n)Tm &
= |z + ne| ™ ) . _ ) ] ~
—me(;vl +n) —Qx‘mxg v (z1+n)? —|— o — 2, £;n
10 ... 0\ /&a\[”
1 ... 0l[e
~ |1’L‘4S_2m o ) ‘2 ~ |n‘2(25—m)_ (2.8)

0 0 ... 1) \&n
Now, using the definition of the symbol (e.g., see [3]), we obtain the symbol of operator (2.2).

It has different expressions depending on whether z = oo or not. So, at a point (z,€) € T;S™,
x # oo we have the symbol

o(D)(w,6) = Y o(Dp)(@ +ne, T : (2, praes) = P(Zs pra g o-a)s (2.9)
k

where Tu(n) = u(n+ 1) is the shift operator of sequences, and the space [*(Z, ¢ s) consists of
sequences {u(n)},n € Z, square summable with respect to the density p, ¢ s, which we previously
obtained in (2.8).

At x = oo, we define the symbol as

7(D)(00,8) =Y o(Dy)(00, )TH : 12(Z) — 1*(Z), (2.10)

where ¢ = (—=&1,& ...,&n). Symbol (2.10) does not depend on the smoothness exponent s of
Sobolev space.
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Lemma 2.1. There exisis the limit

lim |n|_2d0(Dk)(x + ne, §),

n—oo

which we denote by o(Dy)(00, £).

Proof. We change the coordinates: 2’ = ﬁ and set x] = ’x:—nep. Then using (2.7), we get
T T+ ne
. -1 0 ... 0
99"\ " 0 1 ..0
- ((a—) ) P |0 e=pmpe (211)
0 0 ... 1

Hence,
0|70 (Dy)(z + n,€) = [n| >0’ (Dy)(2},,&,) ~

_ T+ ne _ T + ne
~ (D) (s e ) = o (D) () 22)

where o'(Dy) is the symbol of operator Dy, defined for points with coordinates 2’ and ¢ in a
neighbourhood of infinity. As n — oo, the last expression has a limit equal to ¢'(Dy)(0,¢).
[l

Note that (2.10) is a difference operator with constant coefficients.

3 Main result

The following theorem is the main result of the present paper.

Theorem 3.1. Let operator (2.2) satisfy ellipticity conditions for some s = sg, that is symbols
(2.9) and (2.10) are invertible for s = sy and all (z,€) € TyS™. Then symbols (2.9) and (2.10)
are tnvertible for all s € R.

Proof. This statement is obvious for symbol (2.10), as this symbol does not depend on s. The
invertibility of symbol (2.9) is equivalent to the following three conditions: symbol (2.9) is
Fredholm; the kernel of symbol (2.9) is trivial; the index of symbol (2.9) is equal to zero.

1. First, we prove the Fredholm property of symbol (2.9) for all s. For this purpose we
replace operator (2.9) with an isomorphic one. Consider the commutative diagram

o(D)(z+ne )Tk
[2(2, ,u.l-:s) Ek ( k)( ap E) lz(zrlu’z]s_d)

ux,{ J(\/m

VPzs—d L o (Dy)(z+ne§) TF i

12(Z) 1X(Z).

Then operator (2.9) is isomorphic to the operator

o'(D)(w,€) = (1 + [n[)*e=07 (Z o(Dy)(w + ne, )T k) (1+ |l =

k

(1+ |n]) 2dz (1 i?:ﬂm) : o(Dy)(x +ne, )T*  12(Z) — 12(Z). (3.1)
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It is obvious that the Fredholm property of operator (2.10) does not depend on the smoothness
exponent s. Let us show that the Fredholm property of operator (2.9) does not depend on s
too. To this end, it suffices to show that operators (3.1) and (2.10) differ by a compact operator.
Indeed, let us consider the difference of these operators

(14 |n]) 2dz ( L+ n] ) sjma(Dk)(x +ne, &)T* — ZU(Dk)(oo,ﬁl)Tk =

1+ |n+ k| -

_ Z ( (1+ |nl)- <1+_|”|> S_ma(Dk)(x + e, €) — U(Dk)(oo,§')> T (3.2)

1+ |n+ K|

As coefficients of operator (3.2) have zero limits (by Lemma 2.1)

- 1+|n 25—m ,
o] 2 <—1+!n‘+|k!) o(Di)(x + ne,€) = o(Dy)(00,§) = 0 as n— oo,

the difference of operators (3.1) and (2.10) is a compact operator. Hence, the Fredholm property
of operator (2.9) does not depend on s.

2. Second, let us show that the kernel of operator (2.9) is independent of s. Consider solutions
of the following equation

(Z o(Dy)(x + ne,f)7k> u(n) =0, {un)} € *(Z, o). (3.3)

k

The following theorem due to Poincaré enables us to describe the behavior of solutions of
equation (3.3) at infinity.

Theorem 3.2 (Poincaré). Given a linear homogeneous difference equation
u(n+k)+ar_1(n)u(n+k—1)+ ap_o(n)u(n+k —2) + ... + ap(n)u(n) =0 (3.4)

such that
1) there exist finite limits of its coefficients

lim a;(n) =a;,i=0,....k—1;
n——+00

2) the roots of the characteristic equation
Nt N rap N2+ i +a=0 (3.5)

satisfy condition |\;| # ||, for i # j,
then for any nontrivial solution w(n) of (3.4) there exists the limit

lim 47D

L Mo =2A; forsome 1<j<k. (3.6)

Let us apply the Poincaré theorem to our equation (3.3).
Now we obtain invertibility condition for symbol (2.9). We use the Fourier transform for
operator (2.10) and get the function

ZO(Dk)(oo,ﬁl)ewk, 0<p<2m. (3.7)

k
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We can also write the characteristic polynomial for a finite-difference equation (2.10)
(D)@, &) = 3 _o(Di)(o0, )N (38)
k
and consider the following characteristic equation
> " o(Dy)(00, )N = 0. (3.9)
k
From the invertibility of operator (2.10) it follows that the roots A; of equation (3.9) satisfy
\; # €%, ¢ € [0,27]. Hence, we get
|Aj| # 1 for all j.

Let us assume that the trajectory symbol at the fixed point satisfies the conditions of the
Poincaré theorem (e.g, see [4]). In particular, all the roots of the characteristic polynomial (3.9)
have different absolute values.

The characteristic equation is given by (3.9).

Let u(n) be a nonzero solution of equation (3.3). Then by the Poincaré theorem, we get

u(n+1)
u(n)

Following [4] we write equalities for all n = 0,1,...s — 1

=\, +¢;(n), where ¢j(n) -0 as n— oco. (3.10)

u(1)

)y .

u(0) j +¢;(0),

u(2)

a(l) A +e(1),

u(s)
-\ (n—1
U(S o 1) J + €j (n )
Next we multiply them and get
n—1

We replace the product

by the product of equal binomials \; 4+ 7;(1). We have

and (see [4])
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Hence, n;(1) is the mean value of all €;(1), { =0,...n — 1, that is n;(n) - 0 as n — oo.
Now we denote u(0) by C' and get an expression for solutions of equation (3.3) in the following
form (see [4])
u(n) = ClA; +n;(n)]", (3.11)

where \; is a root of characteristic equation (3.9).

Lemma 3.1. If u € ker(a(D)) belongs to I*(Z, jis, ), then u € I*(Z, us) for all s.

Proof. Given u € kero (D), u(n) is presented as in (3.11). Hence u € [*(Z, us) whenever

2
In|*sm) < oo, (3.12)

>o|ey + )

It remains to show that the convergence of (3.12) does not depend on s. By the d’Alembert’s
ratio test we have )

[CDy + s+ DI 12
lim
n—o0

= |\ % (3.13)
)C[/\j +n;(n)]"

|n|2(23—m)

Series (3.12) converges if |\;| < 1 and diverges if |A;| > 1. Thus, the convergence of this series
does not depend on the smoothness exponent s. This implies the statement of Lemma 2.1. [J

3. Finally, we check that
indo(D)(z,&) = indo’(D)(z,&) = 0. (3.14)
By the index formula for operators with stabilizing coefficients, we get
indo’(D)(x,&) = w(a'(D)(—i—OO, f)) — w(a/(D)(_OO7§>> =
—w (Zawk)woo,s)eiwk) —u (Zg@k)(_m,@ew) , (3.15)
k k

where w is the winding number of a function on S'. As o(Dy)(+00,&) = o(Dy)(—00,&) by
Lemma 2.1 so the winding numbers in (3.15) are equal, and we get indo’(D)(z, &) = 0.
The proof of Theorem 3.1 is now complete. O]

4 Example
Here we study the Fredholm property of the operator
D=1+a(x)T: HS') — H*(SY), (4.1)

where Tu(z) = u(x + 1) is a shift operator, a(z) € C*(S'). Let us demonstrate independently
that Theorem 2.1 holds for this operator.
The symbol of operator (4.1) is presented as

o(D)(x) =14+a(z+n)T : P(Z,u,) = P(Z,ps), (4.2)

where Tu(n) = u(n + 1) and the density p,,, = |n|*?V.
1. First, we study the Fredholm property of symbol (4.2). To this end, we consider the
commutative diagram
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>k o(Dy)(z+ne )T

IZ(Z, flz,s) lZ(Z7 !”!’Ils—d)
#I:Sl J{\/m
\/P‘I;TE~U(D-)(I+TLE:E)T}“ i—'—la: ; ‘
@) — L (Z).

and replace operator (4.2) with an isomorphic one

25—1
D)) = (L 1+ ale 4TI+ D> =1 () e )T,
As n — oo we obtain the symbol
o"(D)(x) = 1+ a(c0)e™,0 < p < 2, (4.3)

which is invertible for |a(co)| # 1. This condition obviously does not depend on s, moreover, it
must be noted that operator (4.3) is the symbol of operator (4.1) at xy = co. Operators (4.2)
and (4.3) differ by a compact operator, thus, this proves that the Fredholm property of operator
(4.2) also does not depend on s.

2. Second, we study the kernel of operator (4.2). To this end, we consider a nontrivial
solution of the following equation o(D)(x)u(n) = 0.

Operator (4.2) acts on sequences {u(n)} as

(1 +a(x + n)T)u(n) = u(n) + a(z + n)u(n — 1).
Let us find solutions of the equation
u(n) + a(z +n)u(n +1) =0. (4.4)

We rewrite the equation as

u(n) + a(+oo)u(n + 1) + (a(z +n)— a(—l—oo))u(n +1)=0.

We make a change 2/ = m%w when z is fixed and n — 400 and obtain

a(x") — a(0) = a(0) + a’(0)z’ + O(2") — a(0) = ¢ + 0O (i) :

n

Here and below C'is a constant. We obtain the following equation

u(n) + (a(+oo) + % +0 (i» u(n —1) = 0.

n2
Its solution is of the form
n C
C 1 a(400) 1
) =TT (~atro0) - £ =0 (5)) = o) [T (1+ =2 40 () ).

Hence,

n c
In|u(n)| = nln|a(4+00)| —|—Zln (1 + 452 4o (%)),

j=1 J
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and as n — oo this expression is equivalent to

= ‘%| C " dz
In|u(n)| ~ nln|a(+o00)| + L~ nlnla(+oo +_/ el
)]~ o)+ 30 la(+o9)| ‘a<+oo>‘1w
C
~ nlnla(4+o0)| + Inn.
(o) + | e
Thus,
C
ju(n)| ~ €O e = Ola(+oo) ", (4.5)
where o € R.

Let u € kera(D). Then for the sequences {u(n)} we obtain asymptotic behavior (4.5). Hence,
u € 1*(Z, ps) only when
> Cla(oo) P n* 27 < oo, (4.6)

We see that the convergence of series (4.6) does not depend on s as |a(oco)| # 1.

3. At the last step we investigate the index of operator (4.2). Firstly, we check the equality
indo’(D)(x) = 0.
According to the formula for the index of operators with stabilizing coefficients we get
indo’(D)(z) = w(a'(D)(+oo)) - w(o—'(D)(—oo)) - w(1 + a<+oo>ew) - w(1 + a<—oo)ew).
As a(+00) = a(—o0) by the conditions of our problem, so
w (0’(D)(+oo)> = w (a’(D)(—oo)),
and indo’(D)(z) = 0.

As
indo’(D)(x) = dim(kero’(D)(z)) — dim(cokero’(D)(x)),

so dim(cokera’(D)(z)) = 0, so dim(cokero(D)(z)) = 0.
Thus, we see that Theorem 2.1 holds for this example and the invertibility of symbol (4.2)
does not depend on s.
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