
EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 17, Number 3 (2026), 85 � 91

THE BD PROPERTY OF A CLASS OF HIGH-ORDER
SINGULAR DIFFERENCE OPERATORS

R. Oinarov, D. Sarsenaly, A. Temirkhanova

Communicated by Ya.T. Sultanaev

Key words: di�erence operators, spectral properties, BD property, non-oscillation, roundabout theorem,
variational method.

AMS Mathematics Subject Classi�cation: 39A70, 34C10, 26D15.

Abstract. This paper establishes a criterion for the discreteness of the spectrum and its boundedness from
below for a symmetric di�erence operator of the 2n-order with two positive coe�cients.

DOI: https://doi.org/10.32523/2077-9879-2026-17-3-85-91

1 Introduction

Let n ∈ N, N be the set of all natural numbers. Let ρ = {ρk}∞k=1, v = {vk}∞k=1 be sequences of positive real
numbers.

Let us consider the di�erence operator

lyk+n = (−1)n
∆̄n(ρk∆

nyk)

vk
,

where ∆yk = yk+1 − yk, ∆̄yk = yk − yk−1, ∆nyk = ∆(∆n−1yk), ∆0yk ≡ yk, k ∈ N and ∆̄nyk is de�ned
similarly.

Remark 1. Further, for convenience, instead of ∆̄n(ρk∆
nyk) we will write ∆n(ρk∆

nyk).

Let N ∈ N, and EN be the set of all sequences of real numbers y = {yk}∞k=N such that yN = yN+1 =

· · · = yN+n−1 = 0. Let E̊N ⊂ EN and for any y ∈ E̊N there exists a number M(y) ∈ N such that yk = 0 for
all k ≥M(y).

Let N(N) = {k ∈ N : k ≥ N} and l2,v(N(N)) be the Hilbert space of all sequences f = {fk}∞k=N with the

inner product (f, g)2,v =
∑∞

k=N fkgkvk, f, g ∈ l2,v(N(N)), and with the norm ‖f‖2,v =
(∑∞

i=N vi |fi|
2
) 1

2
.

We consider the following operator Lmin with the domain D(Lmin) = E̊N

Lminyk+n = lyk+n = (−1)n
∆n(ρk∆

nyk)

vk
, ∀y ∈ D(Lmin). (1.1)

The operator Lmin is symmetric on the space l2,v(N(N)), denote its closure in l2,v(N(N)) by L̄min. It is
known [6] that all self-adjoint extensions L of the operator L̄min have similar spectral properties.

In this paper, we investigate the discreteness of the spectrum of an operator L and its boundedness from
below. This property of the operator is called BD property (Bounded Discrete) according to the terminology
introduced in [9].

The BD property for self-adjoint extensions L of the di�erential analogue of the operator L̄min

L̄miny(t) = (−1)n
dn

dt (ρ(t)d
n

dt y(t))

v(t)
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is well studied in books [6], [14] and in many scienti�c articles, for example, in [1], [7], [11], [12], [13].
As stated in [8], the study of the spectral properties of di�erence operators has a rather short history,

which began with the work [10], although the fundamental results of the spectral theory of linear di�erence
operators can be found in the monograph [3].

One of the �rst criteria for the validity of the BD property of an L operator under the assumptions vk ≡ 1
and

∑∞
k=1 ρ

−1
k < ∞ was obtained by O. Dos̆lý [4]. In [16] for an operator L in the case ρk = k(α), α ∈ R,

α /∈ {1, 3, . . . , 2n− 1}, α < 2n − 1 su�cient conditions for the validity of the BD property are obtained,

where k(α) = Γ(k+1)
Γ(k−α+1) , Γ(·) is the Gamma function. For the case vk ≡ 1 , the necessary conditions for the

validity of the BD condition for an L operator are given in [8].
In [5], by passing from the equation

(−1)n∆n(ρk∆
nyk) = λk−(α)yk+n (1.2)

to the corresponding Hamiltonian system and using the classi�cation of solutions of a homogeneous Hamil-
tonian system based on the P�olya factorization [17], various conditions for non-oscillation and oscillation of
solutions to equation (1.2) are found. Further, on the base of these results, various criteria are established
for the validity of the BD property for an operator L for ρk = k(α), k ≥ 1 depending on the properties of
polynomial and non-polynomial solutions of the homogeneous equation ∆n(ρk∆

nyk) = 0.
The above results are based on the statement from [8], which is an analogue of Glazman's statement [6]

for di�erential operators. We present this statement for an operator L.

Theorem 1.1. The following statements are equivalent:

(i) an operator L has the BD property;

(ii) the equation (−1)n∆n(ρk∆
nyk)− λvkyk+n = 0 is non-oscillatory for all λ > 0;

(iii) for any λ > 0, there exists N = N(λ) ∈ N such that

∞∑
k=N

(
ρk |∆nyk|2 − λvky2

k+n

)
≥ 0 (1.3)

for all sequences y = {yk}∞k=0 ∈ E̊N .

In the above mentioned works, the validity of the BD property of an operator L was studied for particular
cases vk ≡ 1 or ρk = k(α). Below, we investigate the validity of the BD property of an operator L under the
assumption that sequences ρ = {ρk}∞k=1, v = {vk}∞k=1 are arbitrary sequences of positive numbers.

2 Preliminary results

Let us consider the discrete Sobolev space Wn
2,ρ(EN ) on the set EN , N ∈ N with the �nite norm

‖y‖Wn
2,ρ

=

( ∞∑
k=N

ρk |∆nyk|2
) 1

2

. (2.1)

Since E̊N ⊂Wn
2,ρ(EN ), the closure of the set E̊N in Wn

2,ρ(EN ) is denoted by W̊n
2,ρ(EN ).

Let us consider (1.3) for λ = 1. Let the inequality

∞∑
k=N

(
ρk |∆nyk|2 − vky2

k+n

)
≥ 0, ∀y ∈ E̊N (2.2)

hold for all N ∈ N. The sequence y ∈ E̊N has only a �nite number of non-zero elements and
¯̊
EN = W̊n

2,ρ(EN ),
therefore,

∞∑
k=N

v̄k|yk|2 ≤
∞∑
k=N

ρk |∆nyk|2 , ∀y ∈ W̊n
2,ρ(EN ), (2.3)



BD property of singular di�erence operators 87

where v̄k = vk−n.

Let us consider the inequality

∞∑
k=N

v̄k|yk|2 ≤ CN
∞∑
k=N

ρk |∆nyk|2 , ∀y ∈ W̊n
2,ρ(EN ) (2.4)

with the least constant CN > 0.

Lemma 2.1. Let CN be the least constant in (2.4). Relation (2.2) holds for all N ∈ N if and only if

0 < CN ≤ 1. (2.5)

Consider statement (iii) of Theorem 1.1. Let for any λ > 0 there exist N(λ) ∈ N such that

∞∑
k=N(λ)

(
ρk |∆nyk|2 − λvkyk+n

)
≥ 0, ∀y ∈ E̊N(λ). (2.6)

Lemma 2.2. Let CN be the least constant in (2.4). Statement (iii) of Theorem 1.1 holds if and only if

inf
N∈N

CN = 0. (2.7)

Theorem 1.1 and Lemma 2.2 directly imply the following statement.

Theorem 2.1. Let N ∈ N and CN be the least constant in (2.4). Any operator L generated by expression

(1.1) has the BD property if and only if inf
N∈N

CN = 0.

Thus, to establish the BD property of an operator L, we need to know the value of CN or its estimate
for all N ∈ N.

3 Two-sided estimate for the least constant CN in (2.4)

Applying the summation step by step, it is easy to verify that

yk =
1

(n− 1)!

k−1∑
j=N

(k − j − 1)(n−1)∆nyj , k > N, y ∈ W̊n
2,ρ(EN ). (3.1)

Substituting (3.1) into the left-hand side of (2.4), we obtain

∞∑
k=N

v̄k−1

∣∣∣∣∣∣ 1

(n− 1)!

k∑
j=N

(k − j)(n−1)∆nyj

∣∣∣∣∣∣
2

≤ CN
∞∑
k=N

ρk |∆nyk|2 , y ∈ W̊n
2,ρ(EN ).

Suppose that fj = ∆nyj , j ≥ N . Then f = {fj}∞j=1 ∈ l2,ρ(EN ) and the last inequality takes the form

∞∑
k=N

ṽk

∣∣∣∣∣∣ 1

(n− 1)!

k∑
j=N

(k − j)(n−1)fj

∣∣∣∣∣∣
2

≤ CN
∞∑
k=N

ρk |fk|2 , f ∈ l2,ρ(N(N)), (3.2)

where ṽk = vk−(n−1). The least constants in (2.4) and (3.2) coincide.

The representation

(k − j)(n−1) = (k − j)(k − j − 1) · · · (k − j − (n− 1) + 1), k > j, k, j ∈ N
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is not convenient for investigation of inequality (3.2). It is more convenient to apply the following binomial
formula for the (k − j)(n−1): for any i, j, k ∈ N : k > i > j

(k − j)(n−1) =
n∑
t=1

(n− 1)!

(t− 1)!(n− t)!
(k − i)(t−1)(i− j)(n−t). (3.3)

For a non-negative matrix (ak,i), k, i ∈ N, consider the inequality

∞∑
k=1

vk

∣∣∣∣∣
k∑
i=1

ak,ifi

∣∣∣∣∣
2

≤ C
∞∑
j=1

ρj |fj |2 , f ∈ l2,ρ(N). (3.4)

In [15] the classes O−n , n ∈ N ∪ {0} of matrices (ak,j) , ak,j ≥ 0, if k ≥ j ≥ 1 and ak,j = 0, if k < j, were
introduced.

Let us give the de�nitions of these classes. We assume ak,j ≡ a
(n)
k,j , if (ak,j) ∈ O−n , n ∈ N ∪ {0}.

De�nition 1. A matrix
(
a

(0)
k,j

)
belong to the class O−0 , if a

(0)
k,j = wi ≥ 0, k ≥ j ≥ 1.

Let the classes O−γ , γ = 0, 1, ..., n− 1, be de�ned.

De�nition 2. Let (ak,j) be a matrix which is non-negative and non-increasing in the second index for

all k ≥ j ≥ 1. A matrix (ak,j) ≡ (a
(n)
k,j ) ∈ O−n , if there exist matrices

(
a

(γ)
k,j

)
∈ O−γ , γ = 0, 1, ..., n − 1,

non-negative matrices
(
dγ,ni,j

)
, γ = 0, 1, . . . , n− 1 such that

a
(n)
k,j ≈

n∑
γ=0

a
(γ)
k,i d

γ,n
i,j , n ≥ 1

for all k ≥ i ≥ j ≥ 1, where dn,nk,j = 1.

Remark 2. Here, A ≈ B means A� B � A, with A� B denoting A ≤ cB, where c is a constant.

By Theorem 3.1 of [15], we have the following statement.

Theorem 3.1. Let a matrix (ak,j) ∈ O−n , n ∈ N. Then inequality (3.4) holds for all f ∈ l2,ρ(N) if and only

if

Bn = sup
k≥1

k∑
j=1

ρ−1
j

∞∑
i=k

a2
i,jvi <∞.

Moreover, there exists a constant βn > 0, such that for the least constant C in inequality (3.4) the following
estimate holds:

Bn ≤ C ≤ βnBn,∀n ∈ N.

We assume ak,j ≡ (k − j)(n−1) ≥ 0, if k ≥ j ≥ 1 and ak,j ≡ (k − j)(n−1) = 0, if k < j.
We establish the following statement.

Proposition 3.1. The matrix (ak,j) ≡
(
(k − j)(n−1)

)
∈ O−n−1.

By Theorem 3.1 and Proposition 3.1, we obtain the following statement.

Theorem 3.2. Inequality (3.2)(or (2.4)) holds for all y ∈ W̊n
2,ρ(EN ) if and only if

Bn−1(N) = sup
s≥N

s∑
j=N

ρ−1
j

∞∑
k=s

ṽk[(k − j)(n−1)]2 <∞. (3.5)

Moreover, there exists a constant βn−1 > 0, such that for the least constant CN in inequality (3.2)(or (2.4))
the following estimate holds:

Bn−1(N)

[(n− 1)!]2
≤ CN ≤ βn−1

Bn−1(N)

[(n− 1)!]2
. (3.6)
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4 BD property of an operator L

On the basis of Theorems 2.1 and 3.1, by virtue of (3.6) it follows that inf
N∈N

CN = 0 if and only if

inf
N∈N

Bn−1(N) = 0, where CN is the least constant in inequality (3.2) ((2.4)).

From expression (3.5), it follows that Bn−1(N) is decreasing with respect to N ∈ N, hence inf
N∈N

CN = 0

if and only if lim
N→∞

Bn−1(N) = 0.

Next, we prove that Bn−1(N)

[(n−1)!]2
≈ max

1≤t≤n

[
1

(t−1)!(n−t)!

]2
Bn−1(N, t), where

Bn−1(N, t) = sup
s≥N

s∑
j=N

[
ρ−1
j (s− j)(n−t)

]2
∞∑
k=s

ṽk

[
(k − s)(t−1)

]2
.

Hence, we obtain the following statement.

Theorem 4.1. An operator L has the BD property if and only if

lim
N→∞

sup
s≥N

s∑
j=N

ρ−1
j [(s− j)(n−t)]2

∞∑
k=s

ṽk[(k − s)(t−1)]2 = 0 (4.1)

for all t = 1, 2, ..., n.

Below, we present an alternative criterion that is equivalent to (4.1).

Theorem 4.2. An operator L has the BD property if and only if

lim
s→∞

sup
s∑
j=1

ρ−1
j [(s− j)(n−t)]2

∞∑
k=s

ṽk[(k − s)(t−1)]2 = 0

for all t = 1, 2, ..., n.

Theorem 4.2 implies the following corollaries.

Corollary 4.1. If Bn−1(N, 1) ≥ max
1≤t≤n

Bn−1(N, t), ∀N ∈ N, then an operator L has the BD property if and

only if

lim
s→∞

sup
s−1∑
z=0

ρ−1
s−z[z

(n−1)]2
∞∑
k=s

ṽk = 0.

Corollary 4.2. If Bn−1(N,n) ≥ max
1≤t≤n

Bn−1(N, t), ∀N ∈ N, then an operator L has the BD property if and

only if

lim
s→∞

sup
s∑
j=1

ρ−1
s

j∑
z=0

ṽz+s[z
(n−1)]2 = 0.
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