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1 Introduction

Consider the left and right Riemann-Liouville operators of natural orders o of the forms

1250 = gy [ @m0 Wy @0 (1)
and
1% f(a) = Nla) [ @-u iy @< (1.2)

(see e.g. [19]). Here ¢ € [—00,+00]. If ¢ = Foo we denote and by I and I%, respectively.

It is assumed that images I} f and pre-images f of our operators I are identified with density functions
of regular distributions (see e.g. [23]) from spaces of Besov type Bpy' (R) with summation parameters p > 0
and 0 < ¢ < oo, smoothness indices s € R and weights w of the Muckenhoupt type ;zfggc (see related
definitions in Section |2[) By a weight w we mean a locally integrable almost everywhere positive function
on R. The main problem studied in this paper is characterisation of inequalities connecting the norms of
images and pre-images of I% in By, (R).

Similar inequalities for some classes of operators acting in Besov type spaces were studied in [25, Theorem
2.3.8], 5], [18, Theorem 2.20], [10 §4], [27, p. 23], [22]. For I the problem was considered in [I8, Theorem
2.20|, [10, Proposition 4.2|, as well as in [30, B4, BI] and [32]. In particular, the following results were
obtained in [32].

Theorem 1.1 ([32, Theorem 5.5]). Let p > 1, 0 < q < 00, s € R, weights u,v,w € ¢, o € N and
f € LY(R).
(i) Then I f € By (R), if f € Bpd™ ~*"(R) with some x* € R such that

C% (k") = M(1) + M%(0) + sup |24 (d, &*, 1) + . 42(d, m*,O)} < o0, (1.3)
deN
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where
1
Q()r > < (r—r + 1)P > 4
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MY () := sup(E (Qor) > <Z T_T—i_ )pl
B ' TEL \, <, (T —r+ 1 p(6-1)z > QOT‘ ’
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M (d, k€)= —su ( 7 )
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1 / S
1 w(Qa-1yr) g (r— 7+ 1)PEO-DU=E) N 5
0
A €)= 0D (Z o) 2 p@u T )
Here Qg == [2_d7', 274(7 + 1)] and h(Q) := [, h(x) dz. Moreover,
IE Fll gy S CEEINF N prrnr—eo gy (1.4)

(ii) If I®f € Bpy'(R), then f € Bpg ™ " (R) with k. € R such that there exist 0 < epr,em < 1, satisfying
the condition

CS(ks) = M$(em) + ZugM‘;(d, K, €M) < 00, (1.5)
€
where
T 1 746 o 1
— 4 1) PO
e o w@Qo) N\ (R ror+
+(e) i‘ellz) (T;_e (1 — 7+ 1)p0+1)e ; [u(Qo, )P ! )
T+0 /T _ 0+1)(1—e) \ 3
+1) P
WO (o) w(Qor) P (r—r
~(e)==p @ o) 2 T @ ’
T 1 740 / L
1 w(Qa-1)r) ) P ( + (r—7+1)7? (29“)(15)) o
M (d = ; ;
+(d k€)= o i (T_Z;e (r — 7 + 1)p20+Dz ; Q1))
T+0 1, 7 B —p/(2041)(1—¢) \ >
M@_(d’K76 bup( 9) )p(z (7’ ’I"—|—1) — )p‘
rer\ (r =7 + 1 p@OTDE )\ =~ (@)l
Moreover,
11l s e -erwn gy S CEOo) 1L S ey (1.6)
(iii) If IS f € Bpy'(R), then f € Bpgy “"(R), and
HfHB;l;“*“(R) 5 Hfgf”ngzu(R)' (1-7)

To further list the results in [32], we introduce the following notations:

C(k*,¢) = M2(1, ¢) + M(0, ¢) + sup | .A2(d, 5", 1, ¢) + AX(d, &%, 0, c)],
deN

CE (K, ) = Mi‘(eﬁ, c)+ Zugl\]li(d, Ky €55 €),
€
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where with Qg? = [274(r 4+ ¢),27%(r + ¢+ 1)] for some c € R

1
Y

N7 (= 0) i su Q) N\ (o009
e = (S i) (X Ramar )

T€No 0<r<r

A

R
7

= w@F) V(5 (om0,
MY (e,¢) := sup (Z (T—r+10)—P(9—1)5> <0>27; g - ) :

retio \ 2 (@)

(c) 1 ,
— 1 u(Q g1y, ’ (7 —r+ 1)P@-D1-2)\ 3
0 ._ (d—1)r T—7
MY (d, ke c) = 5dr SUP <Z (r—7+1 )—p(20—1)€> < Z © ] ) )
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1
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T o) w(@) 7 (RR Aoy p

M+(57c) = sup < Z (7_ —r+ 1)p(9+1)€ Z 7
0

reNo \, 57 pe (V1 (o) )

Mg(&c) = sup <§:6< w(Qé?) ) )’1’< i: (tr—r+ 1)_1’/(94—1)(1—6))@1/,

re-Ng \2 (r =7+ 1Pt )\ = by

r=T
1
/

T <C> 1 T+9 — —
_ 1 WQuny)  \7 (R (r =7+ 1) FEHDAING
M’ (d, ke, ¢) = o S“P< 2 z ) (Z ; ) ’
2 e e R S (1o ) o

T+ (c) 1, . ., 1
Y 1 w(Qy_1),) v (r— 7 4 1)P @+ 1=\ 3
0 - (d=1)r
MY (d, k,e,¢) := gdr SUP (Z r—7+ 1)p(29+1)5> < Z %) >

T€—No \,. = r=7—0 [U(Q(Z_l)r)]pl_l

Theorem 1.2 ([32, Theorem 6.1]). Letp >1,0< g< 00, s € R, u,v,w € &2, a € N and f € Lioo(R).
Suppose f =0 on (—oo,c) in the case of I and, similarly, f =0 on (c, oo)~f0r I,
(i) Then IS f € Bpy'(R), if f € Bpg ™ ~“"(R) with some k* € R such that C$(k*, c) < co. Moreover,

172 Fllpgy S RO A gyin -y (1)

(i) If I f € Bpy'(R), then f € Bpg ™~ " (R) with such k. € R that with some 0 < ejr, ey < 1 C%(ky,a) <
0. Moreover,

1l ey S CE e @)L S Ly (1.9)

(ili) If I% f € Bpy'(R), then f € Bpg ®™“(R), and (L.7) is true with I% instead of IS .

In Theoremsor sufficient conditions of form (or éa(ﬁ ¢) < o00) and (or C§(ky,a) <
oo) for the validity of inequalities (or (L.8)) and . or ), respectively, are obtained. In this
paper, we improve these results up to criteria (see Theorems [3.4] H and 3.5) by suitably modifying the sec-
ond component (the mother wavelet) of the spline wavelet systems used for deriving upper bounds in the
decomposition theorems (see Theorem

We write h(Q) := fQ x) dx, where Q C R is a bounded measurable set. Symbol R denotes the real
axis, N and Z — the sets of all natural and integer numbers, respectively. Notation Ny is used for the set
N U {0}, [s] — for the integer part of s € R. Relation A < B means that A < ¢B with some constant
¢ > 0, depending only on fixed numerical parameters, for any A, B under consideration. Similarly, A ~ B
is used instead of A = ¢B. We write A ~ B in the case of A < B < A. For r > 1, the conjugate (or
dual) exponent ' is defined as r/(r — 1), with 7/ = oo if » = 1. The symbols := and =: are used to denote
new quantities. By Lio.(R) we denote the collection of all locally integrable functions on R. The notation
LP(R), 0 < p < o0, stands for the Lebesgue spaces of all measurable functions on R with the (quasi-—)norm

1l Loy == (Jg |f (z)[Pdx) YP with standard modification for the case p = 00.
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2 Weighted Besov type spaces

2.1 Weights of the Muckenhoupt class A,

Let @ be a segment in R and |Q| be its length. Denote

P

A,w(Q)] = “]Sf)(@ /Q w> Afw(Q)] = “]Sf) 11wl (o). (2.1)

Definition 1. (i) A weight w belongs to the Muckenhoupt class A,, 1 < p < oo, if

A, (w) == sup A,[w(Q)] < oc;
QCR

(ii) w € Ay if Aj(w) := supgeg A1{w(Q)] < oo;
(ili) the Muckenhoupt class A is 51 Ap.

Below, we mention some properties of weights from the Muckenhoupt class [13], 24]:
—ifwe A, 1<p<oo,then wr' /P ¢ Ay
—if 1 < p;p < p2 < o0, then 4, C A,,;
—ifwe Ay, p> 1, then there exists r < p such that w € A,.
The last property implies the existence of the number

ro :=ro(w) :=1inf{r > 1: w e A,} < o0, w € Ax.
Functions w € A satisfy two important generalised doubling—type conditions [6].

(I) For w € A,, p > 1, there exists a constant ¢y > 0 such that for all segments B and F satisfying
F C B, the following inequality holds:

F|>p w(F)
— | <e¢r . (2.2)
<|B| w(B)
(II) If w € A, then there are p* > 0 and ¢;; > 0 such that for all B and E, such that F C B,
w(E) (\E|)p*
——=<cu|s ) - (2.3)
w(B) | Bl

For a more detailed study of the class Ay, one can refer to |24, Chapter V| or to [0, Lemma 1.3|, [8]
Lemma 2.3] and [9, Lemma 1.4] (and the literature therein).

2.2 Weights of the local Muckenhoupt class A

The next class of weights covers admissible [7], locally regular [12] 20] 21] as well as Ao, —weights.

Definition 2. (i) A weight w is of local Muckenhoupt type Alpoc, 1< p<oo,if (see. (2.1)

Alpoc(w) = S\lfl A, w(Q)] < oo;

(i) w € Ale if Alec(w) = sup|g|<1 A1[w(Q)] < oo;
(iil) we say that w € A% if w € A}OOC for some 1 < p < o0, that is

loc .__ loc
A= | Ape.
p>1
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The weights of the class A!%° mostly have the properties that coincide with the properties of the weights
of the class A [18]. In particular, by analogy with 7 in the case of w € A, there exists a number

rw :=inf{r>1:we AITOC} < 00, w E Aloooc. (2.4)

The doubling type property for w € Al can be formulated as follows: if w € ALOC, 1 < p < 00, then there
exists a constant ¢, > 0 such that the estimate

w(Q1) < exp(cwt/s)w(Qs)

holds for all Qs with |Qs] = s, 0 < s <1 and @, such that Qs C Qy, where |Q¢| =, t > 1.
Let us present the basic property of Alpoc—weights with respect to A,—functions: any w € AlpoC can be
continued outside a given cube @ in such a way that a new extended weight w belongs to A,,.

Lemma 2.1 ([I8, Lemma 1.1]). Let 1 < p < 00, w € ALOC and Q be a cube with |Q| = 1. Then there is
w € A, such that w = w on Q and with a constant c independent of () the following holds:

Ay(w) < cA}DOC(w).
More information about local Muckenhoupt weights can be found in [I8, 12} 35 [36].

2.3 Weighted Besov type spaces

Let p >0, 0 < ¢ < oo and s € R. Definitions of unweighted Besov type spaces B, (R) are given in [25] 26].
For a given w # 1, their weighted generalisations can be specified in several ways depending on a class of
which the function w belongs [9), [17] 20, [18§].

The space ./(R), which is topologically dual to the space .#(R) of Schwartz functions, is used in
unweighted case, as well as in situations when w belongs to the Muckenhoupt class Ao,. For A% —weights,
a more general space of distributions .#/(R) is required than .’/(R).

Definition 3. The space .7.(R) consists of all functions ¢ € C*°(R) such that

an(¢) := sup Nl Z |D7p(x)| < 0o for any N € Np.
z€R 0<~<N
The set .7, (R) is equipped with a locally convex topology defined by the system of seminorms gqy. More

details on the properties of .7 (R) can be found in [20] 18] and [12] § 3].
By Z/(R) we denote the space of all linear continuous functionals on .7, (R). The class .Z/(R) is

e

sometimes conveniently identified with the subset in Z'(R) of all distributions f on Z(R) for which the
estimate

[(f, ®)] < CSUP{‘D7¢($)‘GN‘”C|: reR,0<~y< N}

holds for any ¢ € Z(R) with some constants C and IN depending on f. Each such f can be extended to a
continuous functional on .7, (R).

For ¢,19 € .Z.(R), the convolution ¢ x ¢ belongs to Z(R). If f € Z/(R) and ¢ € Z(R), then the

convolution
fro(x) = (f(),¢(x—")), z€R,
is a function in C*°(R) of at most exponential growth.
To define Besov spaces with Muckenhoupt weights of local type, we take ¢p € Z(R) such that

/ ¢o(z) dx # 0, (2.5)
R

further, we set
$(x) = go(x) — 27" po(x/2) (2.6)
and define ¢g(z) := 2@ p(2¢-1z) for d € N. One can choose ¢y satisfying

/ 27¢(x)dr =0 (2.7)
R

for all v € Ng, v < T, with I" € N. We write I' = —1 if (2.7]) does not hold.
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Definition 4. Let (2.5 hold for some ¢g € Z(R), and let ¢ of form (2.6 satisfy (2.7) with 0 < v < T,
where I > [s]. For w € A%, we define the weighted Besov type space By, (R) of distributions as the set of
all f € Z/(R) such that the (quasi-)norm

Q=

i = (32000 e

d=0

(with standard modification for ¢ = oo) is finite. Here for p > 0 and a weight w the symbol LP(R, w) denotes
the weighted Lebesgue space with the norm || f||zr(r.w) = le/prLp(R)

The definition of B,;"(R) does not depend on the choice of the function ¢g. It generalises the notion of
Besov type smoothness spaces with w € Ay [18] § 2.2 and Remark 2.23].

The spaces Bpg'(R) are similar in their properties to the unweighted spaces B;Q(R), as well as to the
classes B, (R, w) with w € A (for more details, see |10, 12} 18| [35] [36]).

Next, for 7 € Z and d € Ny we define the dyadic segments Qg := [2_dT,2_d(T + 1)] with the origin
at the point zg, := 2747 In what follows, we will also need the Besov type spaces bls)q(w) of sequences
A= {Adr}deNo,TeZa Adr € C, such that

1Ay, ) 3= || 1Aorlxar
TEZL

q
Z |’\dT|XQ(d—1)T

1/q
> <o,
LP(R,w)

Lr(Rw) + (Z 2qu‘

deNg TEL

In the definition of ||)\Hb;q(w), we can take Qg_1)(r+1/2) instead of Q(_1), in the second term. Due to
property (2.2) of the Muckenhoupt weights (see also Lemma , this is possible in this situation.

3 Ciriteria for the validity of the norm inequalities
The results obtained in this section are based on decomposition theorems which relate elements f of the

Besov spaces Bp;'(R) with the sequential spaces by, (w), as well as their corresponding norms. To prove
them, we decompose f with respect to spline wavelet systems of natural orders.

3.1 Decompositions in terms of spline wavelets

Characterization of the spaces Bp;’(R) in terms of spline wavelets of natural orders were given in [29, [32]
(see also [28]). In particular, it was established that

~<k70>
1 B3 @) = 1A Mlbg, w)» (3.1)
where elements
Nor= (L) (rez),  Ap =225 ) (deN re) (3.2)

of the sequences X<k’0> = {XOJ}TGZ U {Xfiui’m}deN rez with k € {0,1} are defined by &, and ‘I’éﬂéﬂﬁ of form
with possible "starting” points a € {0,4£1/2}. In [29], the case @ = 0 was considered, while in [2§]
— a simpler situation a =k = 0.

Result allows a generalisation (see Theorem . Let us start, however, with the basic case
¢ =k = 0. For this, taking into account , we denote

op(w) := ry/min{p, 7y} — 2 + 1.

We will assume that s = 0 in the definitions of ¥{®) ¢ and W0 € (5.13), k,¢ € {0,1}.
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Theorem 3.1 {32, 29]). Let p > 0, 0 < ¢ < 00, s € R and w € A%°. Let &% and ¥, where
a € {0,£1/2}, be functions satisfying (5.14) with some n € N such that

n > max{(), [s]+ 1, [(rw —1)/p— 5] + 1, [op(w) — s]} + 1. (3.3)

Then f € Z!(R) belongs to Bpy" (R) if and only if the following representation holds:

S SEVLICES 3 S VAR TI 5

TEZL deNTEZ

where {)\;?}deNo,reZ = Al ¢ by, (w) and the series converges in /. (R). Representation (3.4) is unique
with
MY =(f,@®) (rez), A =2Xfw) ) (deN, re) (3.5)

and I: f — X is a linear isomorphism of By (R) onto by, (w). Moreover,
1F B3 @y = I [l - (3.6)

_ Below there is a formulation of an analogue of Theorem , which uses a dictionary of functions ® and
W0 of form (5.13) with k = 1 and ¢ = 0. It also asserts (3.1) (see [32, Theorem 4.8]), but with different
representations for f in its sufficiency and necessity parts.

Theorem 3.2. Letp >0, 0< ¢ <00, s € R and w € A°. Suppose that for some n € N condition 18
satisfied, and there are functwns Hla > and W with a € {0,+1/2}, satisfying (5.14] -, as well as functwns
® and L0 of form (5.13 , both the pairs are of smoothness n.

(i) A distribution f € 5”’( ) belongs to Bpy"(R), if there is a representation

T & S0 a2 (1,
L= Ror® + > N el (3.7)

TEZL deNTEZ

where )\ ofform is from by, (w) and series (3.7) converges in #;(R). Moreover,

~(1,0) (a)
1Az ST o) S D0 1A s, w)

a=0,%t1/2

with X(@ of form (3
(ii) Conversely, if f € ye’(R) belongs to Bpy'(R), then for a € {0,+£1/2} we have (3.4) in the sense of

convergence in ! (R), where A% e by (w) is given by (3.5). Moreover,

5 (1,0)
N sy < D0 I s ) S 1B ey-
a=0,1/2

A generalisation of Theorem in terms of ® and (LY of form (5.13)) is given below.

Theorem 3.3. Letp >0, 0< ¢ <00, s € R and w € A, Suppose that for some n € N condition @8
satisfied, and there are functzons @) and O with a € {0,41/2}, satisfying -, as well as functzons
® and Y of form (5.13 , the both pairs are of smoothness n.

(i) A distribution f € Y’( ) belongs to Bpy"(R) if there is a representation

F=3 3208 + S AR 22w
TEL deNTEZ

where the sequence X<1’1> = {XO,T}TEZ U {;\fle’D}deN, rez of the form

(L1)

Mor = (£ ®;) (rez), A =2 ) (deN Te) (3:8)
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is from by, (w) with @, and ‘ilécllfi)r given by (5.15) with a = {0,+1/2}. In this case, series (3.7) converges

in ! (R). In addition, with X'*) of form [B.5)), we have

Ay (a)
1z ) STA o) S D 1A los, ) (3.9)
a=0,+1/2

(ii) Conversely, if f € Z/(R) belongs to Bpy"(R), then representation ([3.4) holds for a € {0,+1/2} in the
sense of convergence in .#!(R), where Al ¢ by, (w) is given by (3.5). Moreover,

F(L1)
A e ) < D0 I s ) S IF B2 wy-
a=0.1/2

Observe that in the original decomposition theorem using spline wavelet systems of natural orders (see
[29, §4.3]) the case a = 0 was considered. Later in [32, Theorem 4.8] the cases a = £1/2 were added, they
are justified by property of the Muckenhoupt weights and Lemma The proof of Theorem is
similar to the proof of Theorem [3.2] (see [32, Theorem 4.8], as well as [29, Theorem 4.3]). It is based on the

~(1,1 . o
fact that the elements of the sequence A form a family of atoms |35, [10] (see also [29, Definition 4.1]).

3.2 Main result

Let us introduce into consideration the functional

[01 (QOT)]
27% (01 (Qa—1)r)]

% [0_2(6207)] %7 d= 07

M(d, k;01,02) := sup _
[02(Qa—1)7)]7, deN.

TEL

3 =
3=

Theorem 3.4. Let p > 1, 0 < q < 00, 5 € R, weights u,v,w € /¢ and a € N. Suppose that f €
LY(—o0,x) for any x € R in the case of I and f € L'(x,+00) for all x € R if we consider 1.
(i) The operator I is bounded from Big"™ ~*"(R) to Bit"(R) with some x* € R if and only if

CY(r") =ME(1) + ME(0) + sup M(d, k*;v,u) < 0. (3.10)
deN

Moreover, the norm ||IgHBZ;mfa,u(R)_)Bzau(R) of the operator 1$: B;;H*_Q’U(R) — Bpy'(R) is equivalent to

€Y (k") with constants depending only on the numerical parameters.
(i) Let K« € R and suppose that 0 < C is the best constant in the inequality

11wy < CIIE Ay (3.11)
independent of f, where I$f € Bpy'(R). Inequality (3.11) holds if and only if

C(kx) := sup M(d, ky; u, w) < 00,
deNy

and C = C(k4). In particular, if w = u, then C =~ C(0) = 1.

Proof. (i) Sufficiency. Let us turn to the beginning of the proof of assertion (i) from [32, Theorem 5.5] in
the sufficiency part and show the validity of the inequality

(81 (84 *
M g ey ey = €5 (57):

To do this, we choose n* € N satisfying condition (3.3) with respect to parameters of the space Bpy'(R)
including r, (see (2.4)). Moreover, we set m* := n* + «, which must also satisfy (3.3) with respect to
parameters of the space Bpg ™ ~*"(R) and r,. Then, by (3.9) (see Theorem (i)),

F LD
IS Fll By = 1A Ml )
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)

where X<1’1> is defined by (3.8]) with I¢ f instead of f. Moreover, P is given by B, and \il(l’l (see (5.13)))
is specified by Wy« 0 0.m*(1),a(1)- This means that we can write:
1
HIafH o ~ ‘Z|X | + Z2qu Z|X<171>| q q (3 12)
+J 1By (R) ~ 071X Qor Lr(Ryw) dr  1XQ-1)- Lr@®w) ) :
TEL deN TEL

where

Y I Y 1’1 (6% T, 3
M= (IS1.8) (rez), Ay =220 el ) (deN re).

The first term on the right—hand side of can be estimated by repeating a similar stage of the
proof of assertion (i) from [32, Theorem 5.5]. We present it here in a slightly modified form, by relying on
differential property of basic splines B,,.

As in the proof of Theorem 5.5 of [32], we denote ®,(-) = By« (- — 7) =: P(7) and set

R(r—r) =3 (=1)(F)P(r—r—j).
Sy (§)rr s
Note that

P(r—r) :R(T—T)—Z(—l)J( .)P(r—r—j). (3.13)

Then,

i=1 =2 J
Moreover, by
Pir) - () = (7) [ 1) - sz;(—l)j ($)pe-1-3] - gmﬂ (3)pe-a
= (§)re-n- (%) jaZl<—1>f (T)pe-1-0 —jza;—w (S)pe -0 = ()R-
) - ()] (5) jﬁ;;(—l)f “)ptr-1-4) —2(—1)? (3)re-d

Setting Ag := (g) =1, A := Ao(?), Ay = Ay (O{) — Ap (a)
forming finite iterated differences as shown below

(‘1")2 — (‘;), we continue the procedure for

P(r) = AoR(r) + A R(r — 1) + Aj {R(T ~2) - Za:(—l)j (;") P(r—2- j)]

Jj=1

QF OB

J=2 7=3

— AgR(7) + A R(1 — 1) + AsR(7 — 2) — [Ag (a> A (a) + A @)] P(r - 3)
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which results in obtaining the sum of the form

= Z AR(T — 1), where A, = A, () = Z 1)~ 1AT_]. (a)

>0 j= J

In [32], it was established that A,(a) < (1+7)*~! (see the proof of (5.18) in [32]).
A similar procedure of forming differences can be done by "moving to the right-hand side" and denoting

(t+7r) ::i < ) (1474 7).

Jj=

Then,
= ZAT»R*(T—I—T), where R(7+r)* :B(%)(._T_T)_

m
r>0

Since f € L'(—o0, ) for any € R, also
SuppBﬁn)(—T—f—r+a)—8uppB() (Y=[r—-r—a,7—r+n"+1]

m* T—r—a

and B$27T_T_a =0 at the points T —r—aand 7 —r+n*+1forall k=0,...,a (see §, we have

/If:f(x)Bmoi)(x—T—r /f (y—7+7+a)dy. (3.14)
R
Hence, taking into account the equality R(7 —r) = (—1) ﬁn)( — 7+ 7+ ) (see (5.1), the first term in

(3-12)) can be estimated as follows:

|2 Rorlxane |, o = QOB

TEZL
=" u(Qor) UZA /I"‘f Boi)(x—r—i-r—i-a)dx”p

TEZL r>0
=T'(a) ) u(Qor) UZA /f B (y—7+7+a dy”
TEZL r>0
SZu(QOT[ r+1°‘1‘/f y—T+r+a dy”
TEZL r>0
:ZU(QOT)[ZT—l—i—lal‘/f y+a—ldy”
TEZL I<r

Further, by virtue of (3.10)),

p

> ul(Qo)[(I 1, @0)[" < ME(1) + M) Y v(Qor) (3.15)
TEZ

TEZL

(see [32, Theorem 5.1] or |16, Theorems 1.6 & 1.11]). Using (2.2) and relying on Lemma [2.1} we derive an

estimate of the form
v(Qor) = / v < / v<a / v.
QOT T Q

i=7— a 0(t—ax)

/f m(y +a—71)dy

Then, by substituting » = 7 — a, we can transform 1} to

IS Porlen [, e, = (S @iz, w)

TEL TEL
< e (st ( 0(Qon)| [ 7By =) dy

reZ

3=

3 =

)
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We set [ f(y)Bm=(y—7) dy =: (f, ®.) and set ® to be the first component of a new wavelet system forming
spline basis of order m* (see with ® instead of ® and n = m*). The second component of this system,
as well as the elements it generates, will be denoted by W10 and \ilé:lfnl)ﬂ d € N, respectively (see (5.13])
and with {19 instead of W0 m(1) = n* and n = m*).

" for d > 0 on the right-hand side (B:12) via (£, ®(5%}, ). To do this,

~(1,
The next step is to estimate /\517 )

we write out an exact expression for the element \flg(lj’_la)ﬂ based on (5.10)) and (5.12):

2—d/2,yn* An* {IV,(;,_D

( 1)7(') =Yn* ‘I’n*,o,o;m*(l),au)(2d_1 - —T)

= > ApmH)EDT YT A () (=D
|

[l <m* s|<n*
2a+n*+1
1 * 12
X () Bt o e
k=0

We will also need the Zhu—Vandermonde identity [19, page 15]

k
<T—IL_S>:Z<:L><kin>’ where 7,s€ R and k€N, (3.16)

n=0

from which it follows for r = 1 4+ m™ and s = o that

2o+n*+1 %
Z (_1)k <1 +nk+ 2()é> Bn*(de —2r + (m* . k) 55— l)
k=0
2a+n*+1 k 1+m* a
_ _1\k . - *x e
= Z ( 1)2( . )(k—r)Ban 2r+(m*—k)—s—1)
k=0 r=0
mAl 1+m* — «
= 2 (—1)7"( . >mz::o(—l)m<m>Bn*(2d:c—27+(m*—r—m)—s—l).

Observe that

I (;>Bn*(2da¢ o (mt —r—m)—s—)

m=0

=279 (20— 2r 4 (m* —r) —s—1). (3.17)

Also,
supp Bfgi)(Qda: — 27+ (m* —r)—s—1) =:supp Bﬁ),27+s+l+r_m*(2d-)
2r+s+l+r—m* 2r+s+1+r+1
- 2 ’ 2
and Bﬁ)727+8+l+r7m*(2d-) = 0 at the points 27427 + s+ 1+ 7 —m*) and 27421 + s+ 1+ r + 1) for all
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k=0,...,a. Therefore, and in view of integrability of f on the semiaxes (—oo, z) for any =z,

A</_;Mx> i(—l)m<a>B (2% =21+ (m* —r —m) —s—1)

2T+s+l+r+m+1

m

() r5d *
= a)B L(2% =214+ (m" —71)—s—1)

27‘+s+l+r+m m* 27‘+s+l+r+m+1

/ Bﬁ)(2dx—27+(m*—r)—s—l)dx J
27'+s+l+r+m m* y

27’+ 9+l+'r+m m* <

—00 (.Z’ - y)lia
27+s+l+r+m+1 a) d *
</y B,(n*(2a:—27'+(m —r)—s—l)d:c)dy
-
27+e+l+r+m m* 2T+s+l+r+'m m* (x — y)

a) W
’ *
N 2d70é /;T+S+l+’l‘m* f(y)Bm* (2dy - 2T + (m - r) -8 — l)
C2d

From this we obtain that

QdGAn* (1,1) 2da,yn* i
2W271“(()4)<Iaf’ (d-1)r >_ F(Oé) <I$f7 \I/n*,O,O;m*(l),a(l)(2 : —7')>
o +m
= 2 D 3 A DI S (- ( >
[ <m* |s|<n* r=
m*A
/f e (2y = 27 + (m* _T)_S—l)dy—’de/z (o000,

where W{L0) is specified by Ve 0,0m* (1),(0) (see (5.13)), and we can write that

p
2PdaZU(Q(d—1)7—)|<Iaf, (d 1) >‘ d 1)7- /f d 1)7 )dy
TEZ TEZ
Applying condition (3.10)), we derive the following estimate:
(L,1) »
—d/20d(—r* b1 _ od(—k* (L,1) P
2 02 SR [, gy = 2 (@ 12780,
TEL TEZL
1
—dkr* P
SERA OOCISIIA TUTY

TEZL

3=

< sup(d, .0 3 0@ U ¥, \p)

deN TEL

1/p
§€ﬁ(li*)<z (Qua- I)T)’<f7 (d— 1)T>‘p) (f, @ (d 1 ”

LP(R
TEL U)

Thus, o0 together with ®, (see page forms a spline wavelet system of order m*. The sequen-

(d=1)v
tial norms corresponding to this system, by Theorem are equivalent to the norm of f in the space
Byt ™ T®Y(R). This means that assertion (i) is proved.

Necessity. Suppose that the operator 1% is bounded from Bgs ™ ~*"(R) with some x* € R to Bg"(R).
Accordingly, the following inequality holds

I fllBgr ) < Q:”f”B;qw*fa,v(R)y (3.18)
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where € > 0 is the best constant, i.e. € = We will show that

2 g ey gy

¢ 2 ¢ (k") > max{M%(1), MS(0),supM(d, x*;v,u)}. (3.19)
deN

Let n* € N and m* € N satisfy condition (3.3) with respect to the parameters of the spaces B;;"'(R) and
Bpd ™ T (R), respectively. By Theorem

<(a)
I fll B my = ||)‘(I$f)Hb;q(u)a (3.20)

where the sequence Xé?% #) Is determined by the elements

(@

A <@

= (I, ®%) (rez), Ay =22Ue090 ) (deN ren) (3.21)

Here, <i><a> is defined by B, g, and ‘i’<a) (see (5.13) is specified via W« 5, where a can take values 0 or
+1/2. Based on the above, we can write:

1

! )q. (3.22)

LP(R,u)

s (@)
1 sz = |3 A8 x|, (22‘” | 3% e,

TEZL TEZ

Moreover, also basing on Theorem [3.1]
~ [\
HfHB;;rN**a»U(R) ~ ”)‘f ||b;éﬂ€**°‘(v)7
where the sequence )\gca> with @ € {0,41/2} is determined by the elements
= (@) (rez), AP=2VXf9) ) (deN TED) (3.23)

In this case, ®'% is specified by Bp.q, and ®(@ (see (5.14))) is defined by W, 4.0. Thus, for the right-hand
side of (3.18) we can write that

1
a K*—a a q q
171 g e oy |20 167 Dxor | g+ (Z%d“* )DLV . )> SNERT
T€Z v deN Tz v

To prove ([3.19)) we first suppose that the maximum on the right side of (3.19) is equal to

M2(0) = sup( S u@o)) (i -+ 07 VlutQuol )

TEL r>T r<t

Then, we fix n* with m* = n* + a and leave only the first of the two terms on the right side of (3.22])
under consideration. Due to the procedure of forming iterative differences (to the left side) of order o with

coeflicients
-

At =S -177

j=1

(see e.g. (3.14) and (5.1))) the following equalities hold:

j)AT jla), where Ap(a) =1,

|XQ07 LP(R = Z QOT +f, z{v)$—6>> ’p
TEL
p
—Z Qo[> Ar(a /f (y—7+a—a+r)dy
TEL r>0
p
Z QOT ZA m* T—ata— r) Z QOT ZAT l m* J— a+a>
TE r>0 TEZ I<r
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Then, we obtain from , and :
<Z QOT ZAT @ m A= a-l—a > — HZ|AOT |XQ07—

TEL I<r €7
SIME By m < QHf”B;;”**‘**%R)
1
~ Ale 2qd s+rK* —oc)H )\ a
[H;r e (. (Z T%' TN

—el(Zv@oTW B i) ) # (e (T v 1)T>\<f,w§;‘>_m>\>g)§].

TEZ deN TEZL

By Lemma and property ,
Z v(QOT) ‘ <f7 Bm*,r+a> |P S Z U(Q(]l) ‘ <f7 Bm*,lfa+a> ‘p'

TEZL leZ

Thus,
L 1
(Z QOT Z AT l m* J— a+a> ) S < [(Z U(QOZ)|<f7 Bm*,la+a>|p)
TEZL I<r leZ
a1
. P\ 4
. (Z (") <zv<@<d_1>7>|<f, @ 1)T>|) ) ] . (3:29)
deN TEL
For A,(m) with fixed m € N, the following lower bound holds for all » € N:
m—1
—1)! =
(m — 1A (m) > (14 7)™ z:; A~ 1 — S) (3.26)
We will show that this is true, by taking into account (see [32, (5.20)]) that Ag(m) =1, A1(m) = m and
> A,  (meN). (3.27)
1<Il<m

Then, (3.26)) holds for » = 1 by (3.27) for all m € N, in particular, for 1 < m < mg with some mg > 1.
Suppose that (3.26)) holds for » = k — 1 with some k& > 1 and any m = [, where 1 <[ < mg. Then it follows

from (3.27)) that
k:l_l
Z Ap—1(l) > Z =

1<I<mg 1<I<myg

mo—1 ;¢ mo—1 s mo—1
S L S k _ (Rt
sl(mg —1—s)! (mo — 1)!

Next, we set @ = @ = 0 and denote by B,,« the class of all functions belonging to Bsg ™ ~*"(R) which
can be represented as a finite linear combination of integer shifts of B—splines of order m*. Due to the
semi—-orthogonality of the basis elements in the right—hand side of (3.24)) (see (5.16])), the restriction of (3.25)

to the sequences A§c0> with f belonging to the class B,,~ has the form

(Z (Qor) p)’l’ < s, <Zv(czoz)}<f, Bm*,z_aﬂp) %. (3.28)

TEL leZ

ZATZ mla>

I<r
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Moreover, the best constant €y, in this inequality does not exceed €.
For a sufficiently large R € N, we substitute into (3.28)) a function f}; of the form

R = Y =7+ D) VD (@Qo)]' 7 By r—aly)

—R<r<v

_ZV_T+1 al(pfl[(QO)] m*(y_7+a) (veZ). (3.29)

T<v

This will lead us to the inequality

(3wt

TEL
Due to non-negativity of fr and B,,+ and on the basis of m,

ZATl fRa m*,l—a >Z7—_l+1)a 1<fR7 m*,l— a>

I<r I<r

1 1

p> P SCy <Z U(QOZ)Hf;‘%,Bm*,l_a)‘p) a3 (3.30)

leZ

S Ar () (fis B

I<r

Moreover,
N
(3 Qo) S =1+ )% B )
TEZ <7

> (> u(@on)) S 1 ) B e,

T>V I<v

Thus, (3.30) is transformable into

(> u(QoT)>1/p S w14+ D)% i B o) S s, (ZU(QW)W;, Bm*7l_a>|p> " (3.31)

>V I<v lez
Further, we write for the sum depending on f} in the left-hand side of (3.31]):

Z(V -+ 1)a71<f1f27 Bm*,l—a>

I<v

=

= Z(V -1+ 1)(1—1 Z (V -7+ 1)(a_1)(p/_1)[U(QOT)]I_p/<Bm*,T—aa Bm*,l—a>

I<v —R<<v

= Y =T+ D)@ Y (v =1+ 1) (Brrras Buri-a)

—R<<v I<v
> Y (w—r+ D)@Y (v =14+ 1)* YBue r—a Buri-a)
—R<7<v I<r
> Y =7+ D) (@Qo )Y (Bt r-as Brei-a)-
—R<m<v I<r

Due to (5.5) and in view of the orthonormality of {¢n, +}rez,

61%1* Z<Bm*,’r—aa Bm*,l7a>
I<r

*

= Zo/%/ Z a/,,Z/qu Y+ -7+ ) (y+ " -1+ )

»#'=0 »#""=0 I<r
m*
/ !
= Z Z a%/a e o Z (6 i o W]
»=0 ! — = ! — ! =m*
m* m*

2 Z(a;)Q + Z ool +. + Z oo, = (Z a;)z = (2. (3.32)

2=0 s — 32| =1 |s¢ — 3¢ |=m* 2=0
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Thus, the left—hand side of (3.31]) is estimated from below, up to some constant, by

(ZU(QOT))E S W=7+ )@ Qo) (3.33)

T>V —R<<v

To estimate the right—hand side of (3.31)) from above, we write by using the Holder inequality:

(fi Breaall” = 32 (v =7+ D@D D Q)] (B (- = 7+ @), Boe (- — 1+ )|

—R<<v

< Y =+ )V Qo)) T (B (- = T+ @), Bpe (- — L+ @)

—R<7<v

<[ X Bl —r+a) Bl —1ta)]” .

—R<r<v

Hence, due to the boundedness of the supports of By,

Z U(QOZ) | <f1*%7 Bm*,lfa> ‘p

lEZ

<3 0@Qu) S W=7+ D)@ Qo)) (Bur (- — 7+ @) B (- — 1 + @)

I€Z —R<r<v

<[ 2 Bl —rra) Bl —ita)]”

—R<r<v
= Y =+ ) (Qo) Y o(Qu)(Burr (- =7+ @), B (- = 1+ @)
—R<<v leZ
x[ 3 <Bm*(-—r+a),Bm*(-—l+a)>}p71
—R<r<v
< 3 -+ DO @) Y w(Qu) (B (- — 7+ @), B (- — 1+ )
—R<7T<v [l—7|<m*

< [ B =1+ B (=14 a]"

r<v

For a fixed [, due to (5.5) and in view of the orthonormality of {¢y,= +}rez (see (3.32)),

Y (B =r+0),Bps(-—l+a)< Y (B —r+0a),Bp(-— 1+ )<L

r<v |r—1|<m*

By virtue of Lemma and property (2.2) we have v(Qq) < v(Qor) for any |l — 7| < m*. Therefore, for
the right—hand side of (3.31)) it holds that

Z v(Qor) | <f]*%7 Bm*,l—a> ‘p

lEZ

S Y w=r+ ) @) Y (B (= 7+ @), Bus (- — 1+ @)

—R<r<v [l—T7|<m*

< 3 -+ )@V Qo)

—R<1<v

Combining this with (3.31) and (3.33]), we obtain from (3.30) that

(’:%m*RSUP<ZU(Q07)>;( ST v+ D Qo) ) ,

veL T>V —R<m<v

% e
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from which, by tending R — oo, we get the estimate € > €y . 2 M$(0) for the best constant in inequality
(3-18). Similarly, it can be shown that € 2 M$(1), where

M2() = sup (Y= 7+ 1D ) (St@n )

TEL r>T r<t1

=
3=

To do this, one should define the function

gry) = Y (r=v+ D)V V(Qor )] Bus r—a(y)

v<7t<R

and substitute it into the dual to (3.28]) inequality of the form

<Z Qo)1 A ( B j—a)

TEZL >t

/

) 7 < (S (@l g B o)

leZ

e

Now, we suppose that the maximum in the right-hand side of (3.19) is achieved at supgen M(d, £*; v, u).
Let us show the necessity of such a characteristic. To this end, for some dg and 79 we define

h;k—o (y) = Ai}“ym*,d,é;n*(l),a(l) (2d0_1y - TO)

2 2c¢
I G VR SR —1)'”'%(—1>k(2,j‘>hm;k,%<y> (3.34)

k=0 [5¢|<n*

with s € R, which we will specify later, and

hTo;k(y):\I’m ,a,8;m* (1), ()(20 _7'0—]43/2-1—@/2),
Pryitse(y) = Crns 0 5(207y — 19 — /2 — 3/2 + @ /2).

We will need representation (3.22) for f = h} and (3.24) for f = hry, with & = 0,...,2a and » =

—n*,...,0,...,n* In this situation, we fix n* and m* so that n* = m* 4+ a.
Then (see and (3.17)),
’Ym*I—lo—lh;k'O(m) - 2_ad07n*l:[’n ,a,8;m*(1),a(0 )(2d0 ! _TO) =2 b Z )\|7‘ )(_1)|T|
|r|<m*
n*+1
X Z Al (0 1)l Z ( ) Bn*(QdO(m—E—d)—270+n*—j—r—/{). (3.35)
|k|<n*
Note that

. 270+ 5+a) —2n* —m* 2(70+5+a)+2n* +m* +2
B T
(see §[D). On the other hand, the supports of the functions Qn*7670(2d_1 - —7) forming the coefficients Xf;?
in 3.22[) coincide with

21 +2a — 2n* 27 +2a 4+ 2n* + 2
2d ’ 2d

(see §|§[). Moreover,

Yo T a0 (277 =) = Y Ay (=)

| <n*

n*+1 %
X (—1)° (1 tn ) Bn-(2%(y—a) — 27 +n* —s—1). (3.36)
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Denote fR B, (t)B,(t — n)dt =: B, and observe that B,, > 0 for any n € N. We call B,, as
B,,—intersection, which is minimal in some sense. The following relations hold (see ([3.22])):

* s (@ s x T {a
HI—?-LhTOHp oy (R) Z 2d0 p|)‘do7'o|p [U(Q(do—l)’m)] = Qdo p2d0p/2|<lﬁhm’ \I’édg—l)roﬂp [U(Q(do—l)m)}

= 20— PdP (P L oo (1)) (2T =T0), W 5.0 (2797 —T0)) P [u(Qay—1)m0 )]

= 20, o g (1),00) (/2 = T0)s e a0 (/2 = 1)) [W(Q(ay-1)r))- (3:37)

If we choose 8 = —1—m*—4n* and set @ = a = 0, then the supports of .« 5 5.+(1),(0) a0d ¥« 5 o in
intersect only at an intersection set of the supports of the leftmost By« in representation , which is
B+ (-—2719+2n"), and the rightmost By, in representation , which corresponds to By« (-—2719+3n*). So,
it will be exactly the intersection of the type B,,». The supports of other B,,+ in the specified representations
will not intersect each other if s = —1 — m* — 4n*. Therefore, taking into account all the coefficients in the
definitions of W, « 5 5. (1),a(0) and W,x 5o, we conclude that

16Bn- _, o(n*). (3.38)

<‘I’n*,d,.§;m*(1),a(0)('/2 - TO)v ‘Iln*,a,()(‘/2 - T0)> = Yok Y+ -

From here and (3.37)) we obtain that

1

ISR | ey 2 207 [w(Q(dp—1))] 7 O (7).

On the other hand,

2
i . 2a
HhTO HB;jn*fa,’U(R) S; Z )\‘%| (n ) Z ( k ) ||h7_0§k7%

|| <n* k=1

* _
5=y

where .1 . are finite linear combinations of mutually orthogonal integer shifts of wm*,@7§(2d0*1 - =Ty —
k/2 — 5/2 4+ o/2) with @ and 8 as above. For fixed k and s, this corresponds to ¥y, q.s(2%71 - —75) with
a=(k+x—a)/2—[(k+x—a)/2] and s =5+ [(k+ » — o) /2] (see (B.7)).

From representation we can write for each k + s

2qd(5+l<d*fa) H A(a}
LP(R,v) + <d% Z| dr |XQ(CH>T

TEL

! : 3.39
LP(Rw)) (3.39)

where the elements )\;La> ., are given in (3.23) by Byxa and ¥,,x o 0 with a as above. The basis generated
T3k,

5

s (@)
‘B;;N**avv(R) ~ HZ ’)‘0?- 1XQor
TEZL

HhTo;k,%

by Bpx.a and Uy« g0 is semi-orthogonal (see detailed comments at the end of Section 5). Within the frame
of KMAB,,, ,, this implies that the basis elements <I>.<ra>, T € 7, of the subspace Vy C L?(R) are orthogonal

to the elements ‘Il§§>—1)7'7 T € 7, forming the basis in the subspace Wy_; C L%(R) for any d € N. Moreover,
W;,_1 L Wj_l, ) 75 7. Due to hka’% € Wdo—ly we have

_ * _ p
om0 200 +1>pHZ|<hm;k,z(.),\pm*,a,o(2do Rata I CTINS H
TEZ ’
= A, 22BN gL (2907 1), U 6,020 =) [P[0(Qag—1)r)- (3.40)
TEZL

Since the support of U« 40 is compact, the sum over 7 is bounded: |79 + s — 7| < 2m*. In this case,
V(Qdy—1)r) S v(Q(dy—1)r,) With a constant depending on n* and . In view of the equality

Vm* Wm*7a70(2d0_1 . —T) = Z ag : wm*,a,0<2d0_l iy T)

|p|<m*

(see (5.7)), we have
Z |<\I’m*,a,s(2d07l : _7-0)7 lI’m*,a,O(2d071 : _T)>‘ g A?n*

|T0+s—7|<2m*
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(see |28, §4.1]). From this we obtain that

1

? [w(Q(dy—1)r)]

3=

€ 227 [0(Qdy—1)ry)]

for arbitrary do and 9. Hence,

¢ > supM(d, k*;v,u). (3.41)
deN

A proof of statement (i) for /% is similar. In this case, it is required to apply the procedure of forming
iterative differences to the right side.

(ii) Sufficiency of the conditions in this part follows from Theorem [L.1] (iii) and the criteria for continuous
embeddings of the Besov weighted spaces (see [9, Proposition 2.1] and [12), Proposition 5.1]).

Necessity can be proved similarly to the proof of the estimate € 2 supgeny M(d, £*;v,u). Namely, it is
should be assumed first that inequality is valid. Next, one should fix n, € N and m, € N satisfying
N« = ms + o and condition with respect to the parameters of the spaces Bpy'(R) and By, ™~ “"(R),

respectively. Then, by Theorem representation (3.20]) is valid with S\éi% g of form (3.21)), where €><a>

are defined by B, 5, and (Ivl<a> (see (5.13)) — via W« 5, with some a € {0,41/2}. Thus, representation

(3.22) takes place for the right—hand side of (3.11)).
Similarly, also basing on Theorem we get

~ (@
”fHB;‘;”**""w(R) ~ H)‘f “b;gﬁ**a(w)v

where the sequence )\gca> with @ € {0,41/2} is defined in (3.23) with ®* and ¥(® (see (5.14)), specified
by Bms«a and Wy« 0. That is, for the left-hand side of ([3.11)) the following relation holds:

1
d(s—ha— !
1m0 1M xur |, (22‘1 Rl ) DV N IR

TEL TEL
Next, for arbitrary do and 7o, the function hs ,, = h} is introduced into consideration (see (3.34)). In

this case (see (3.33)),
Ve 290 TERE (2) = W 4 5me (1), a(o)(zdofly = 7o)

= Y Aym) (D)W a5 2%y — 1 — 1/2) = > Ay(m)(=D)hy 41 (y).

[t|<m* || <m*

We will use representation (8.42) for f = h. r, and (8.22) for h,,,; with |I| < m* instead of I¢f. First, we
estimate the left-hand side of (lo 11). To do this, we write (see (3.42))

Hh‘* 70 ||Bé Kx — O, W(R) 2 QdO(S_H‘* p|AdoTO |p [ (Q(do—l)’?'())]
_ 2d0(sfmfa)p2dop/2‘<h*’m’ \I,égg 1)T0>|p [0(Q dy—1)r)]
_ 2d0(87ﬁ*7a)p2d0p’<‘Ilm*,d,§;n*(1),a(1)(2d0 1. —70), ‘I’m*,a70(2d071 . _7-0)>|p [w<Q(dofl)To)]‘

Just as in , it suffices to fix here 5 in a way that allows to reduce the intersection of the supports
of Ws a5+ (1),(1 )(2 0=l —79) and Wy« g0 With @ = @ = 0 to By, —intersection of the supports of the
rightmost B, in the formula for \Ilm*7a7§;n*(1),a(1)(2d0_1 -—7p) and the leftmost By,+ in representation
using W, 0. This will lead us to the estimate

1 *
ool g evi gy 2 29077 [w(Q 1y —1), )] » © ("), (3.43)

On the other hand, we will estimate HIﬂh*JOH%;Z]u(R) from above via 269 A2, by analogy with (3.39)
and ((3.40). Together with ([3.43)) this will lead us to the inequality

1
C Z 2_d0’i* [U(Q(do—l)ﬂ))] [w(Q(do—l)To)] P, (344)
and, hence, to the required lower bound for the best constant C in inequality (3.11}). ]

3=
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For the operators I with ¢ € R the following analogue of Theorem [3.4]is true.

Theorem 3.5. Let p>1,0 < q < o0, s € R, weights u,v,w € &%, a € N and f € Lioc(R). Suppose that
f =0 on (—o0,c) in the case of the operator I% and f =0 on (c,00) for I

i) I% is bounded from B3 TY(R) to BSY(R) with some k* € R if and only if
¢ Pq Pq

€2 (K", ¢) = ME(1,¢) + ME(0, ¢) + sup M (d, 5*, ¢; v, u) < 00,
deN

where

— _1 ¢ 1
M (d, i, v,0) = sup 27 [0(Q{F 1)) 7 w1,
T 0

Moreover, the norm |[I& | gsns—a ) of the operator I is equivalent to €% (k*, ¢) with constants
praq

_ _ (R)—Bpy* (R
depending only on the numerical parameters.

(ii) Let K« € R and assume that 0 < C s the best and independent of f constant in the inequality
1l s eeen gy < O Fll g e (3.45)

where I% f € Bpy'(R). Inequality (3.45) holds if and only if

(Nj(li*) := sup ﬁi(d, Ky C; Uy W) < 00,
deNy

where

N (N1~ 5 Tw(OLN)] 5 d=0
M. (d, K, C: 1, ’U)) = sup [u(d?OT )] <CI; [U)( 21)} P, “ . )
TetNy | 2 [U(Q(dfl)T)} g [w(Q(d—l)T)] 7, deN.

Moreover, C =~ C(ky).
Proof. Specifics of the proof can be found in [32] §6]. O

Remark 1. The characteristics found in Theorem (1) differ from those presented in Theorem [3.4] (i) by
the supreme components over d € N, namely,

sup [///ia(d, K1) + A3 (d, k", 0)} > supM(d, k*; v, u).
deN deN

The characteristics obtained in part (ii) of Theorem are also redundant compared with the new sharp
ones established in Theorem ii) since C¢(k«) > C(kx).
The same is true for the results of Theorems [1.2] and [3.5]

At the end of this Section, let us give an example.

Example 1. Let u(z) = w(z) = (1 + |z|)~t and v(x) = (1 + |z|) 7t with ¢t > max{l,pa — (p — 1)} and
s—a,v

min{l,a} < a < s. For the operator I acting from the space By, “"(R) to the space Bp;'(R) we have
the following estimates:

i
SupTENo(l + T) P , ap <t <sp,

M(0,0) € o
SUp,¢en, (1 +7) , t>sp

and Ctyed
ME(1,0) < § SWPremo(l+7) 7T < s,
Sup’TENo(l + T)is+a7 t Z Sp,

in particular, the quantities Mfﬁ (7,0), i = 0, 1, are finite. The condition

M, (d,0,0;v,u) < oo
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is also satisfied and E)AJ/Q(d,O,O; u,w) < oo (see also [14]). Therefore, under the assumed conditions and by
virtue of Theorem the operator I is bounded from By, “*(R) to Bpg*(R). Moreover, the norm inequal-

ity of form (B.45) corresponding to the embedding By (R) — Bag ““(R) holds (since My (d, 0, 0; u, w) < 00).
For I, assume that t + (p — 1) + p(ae — 1) < sp and ap < t. Then,

St L togiol
MS(1) Ssup(1+7) POV 4 osup (1—7)r TR < oo,
T€N T7€—Np

M (0) S sup(1l+ T)7£+a + sup (1-171)° < o0.
TeN 7€—Np

Moreover, M(d, 0; v, u) < oo and M(d, 0;u,w) < oo for all d € Ny. Hence, by Theorem (3.4} the operator I¢
is bounded from Bpg, “"(R) to Bpy'(R) and inequality (3.11]) holds with ., = 0.

For the estimates in Example |1} the «power rule» for sums was applied (see [4, Lemma 1]).

4 Estimates under additional conditions on weights

To simplify the quantitative characteristics obtained in Theorems and we can consider them on
certain subclasses of weight functions.

4.1 Weights with homogeneous anti—derivatives

The parameters k, and £* in the definitions of the function spaces Bag™ ~*"(R) and Bjg ™~ *"(R) (sce
Theorems 3.4/ and depend on the weight functions v and w, as well as on the weight u of By;'(R). They
can be refined by narrowing the functionals sup ey M(d, £*; v, u) and supgey, M(d, k4; u, w) in Theorem [3.4]

as well as supgey ﬁi(d, K", c;v,u) and supgep, ﬁi(d, K, C;u, w) to certain subclasses of weights.
Consider the collection of the so—called positively homogeneous weights. Recall that a function h: R — R
is positively homogeneous of degree s(h) if for any x € R in the function’s domain and any A > 0

h(Az) = \°" h(z).

The number sy is called the order of homogeneity.

In our situation, the appropriate values of the parameter X are 27¢, d € N. Given that the anti-derivative
of each weight o0y, i = 1,2, is a homogeneous function X; of degree sy,, one can transform the functional
S/)Jv?i(d, K, C;01,092) to a more transparent form in the case of d € N. Namely,

— d—1 —
My (d,k,c;01,09) = 2_d”27(521_522)9ﬁi(0, K, C;01,02).
Assuming k = (sx, — sx,)/p, we obtain that

sup mi(d7 R,C;01, 02) = m:t<07 R,C;01, 02)'
deNg

Examples are ;(z) ~ [z[¢ on |z > |c| for I% with ¢ > 0 or I® with ¢ < 0.
To simplify the functionals of the type 94, one can also use direct (2.2)) and/or inverse (2.3) doubling
conditions for the Muckenhoupt—type functions in combination with Lemma 2.1]

4.2 Usage of an average type condition

The functionals M%(e), as well as M%(a—:,c), e = 0,1, in assertions (i) of Theorems and can be
reduced to an integral form if weights o satisfy the condition

r+1
/ o~o(T) for some T € [r,r+1] (4.1)
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(see [30), B4]). The result, if 0 = v and o = v are of type (4.1)), is as follows:

e =an([ o) ([ rmriete)
e[ ) ([ )
M, () ~ sup (/:c @—7 _U(Cxicﬁp(el)s> ; (/;*c (t+c _[Uy(i)]i)_pp(/igél)(ls)> 7

e d v [e [o(y)]* ' dy
ME () u(z) /
_(6) Tzli%o </—oo (7' +c—x+ 1)—p(9—1)6 T+c (y —T—cC+ 1)_p/(0_1)(1_8)

5 Appendix

Y e

Y e

Y e

e

Here we give precise definitions of elements of the Battle-Lemarié type wavelet systems, in terms of which
decomposition theorems in the Besov spaces By (R) are given in §
We start with defining a basic spline of order n € No: namely, By = x|p,1) and

Bn(l‘):(Bn 1*Bg /Bn 1$—td

The key property of B, in our case is the property of its derivative By(lk) of order k:

k

BR() =3 <’;> Bur(-—1) (n>keN). (5.1)

=0

Other properties of B,, can be seen, for example, in [I] and [32].
The B, is a scaling function, i.e. it generates in L?(R) the so—called multiresolution analysis K M Ag_ in

the form of expanding subspaces Vg C V11, d € N, such that closzzg) (UdeZ Vd> = L?(R) and Naez Va =
{0}. Moreover, for each d € Ny the system

{Bn(2d : —T)}Tez

of integer shifts of dyadic dilations of B-spline B,,, which has compact support [0,n + 1], forms a non—
orthogonal but Riesz basis in Vy C L?(R).

Let Wy denote the orthogonal complement of Vy; to Vyiq, ie. Vyy1 = Vg @ Wy for all d € N. Then,
W; L Wj for ¢ # j. From this, in particular, we obtain that

2 R):%@(@Wl).

>0

The spaces Wy, d € Z, are called wavelet spaces. Just as the spaces Vy are generated by integer shifts of dyadic
dilations of the scaling function B,,, the spaces W, are generated by basis functions—wavelets, constructed
from B,. The multiresolution analysis KM A4 with ¢ = B,, allows one to construct a wavelet Riesz basis
in L?(R) using integer shifts of B,, and the same type of shifts of dyadic dilations of the corresponding to
B,, wavelets. Within the framework of KM Ap, , one can move from the scaling function B, to another,
orthonormal one, satisfying the relation

n o Bn Bn(w> _ = e Iy - —p oW In 5 w
%(W)_(eiwn—l—l)...(eiwm—i—l)_ﬁnllzz:o( 1e%) mlnz::o( n €7 Bnlw). (52
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Here 8, := (r1 +1)...(rn + 1), where {r;}7_; C (0,1) are the roots of the Euler trigonometric polynomial
(see, for example, [33]). The function ¢, is named after G. Battle |2, B] and P.G. Lemarié-Rieusset [11].
One can write (see e.g. [15l B3] 32])

o0 o0

Gn(x) = Bn > (=r1)" ... (=) Bu(w + ... + L)

11=0 ln=0

The Battle-Lemariet wavelets 1, corresponding to ¢, satisfy the following condition (see [33] 32]):

D o(w) =20 (1fry — e /2) (1 — o 1/2) 3 ((1)("+1)-e(n—k)zw/2
k=0

2¢ewws — k! n+1—k)!
x H Z My (—rie?)i B (w/2) (s €2), (5.3)
j=1m;=0 1;=0

where v, = 27"8,(r1...7m,) and s is fixed. Their integer shifts form an orthonormal basis in Wy C LQ(R).
By analogy with ¢,,, one can write:

wn,s(' + S) = Tn Z (_Tl)ml Z(_Tl)ll s Z (_Tn)mn Z(_Tn)ln
mi1=0 11=0 my=0 In=0
n+1 )'
[ZH s Bp(2-—k—2my+11 —...—2mp, + 1)

n+1
1 (—1)k(n +1)!
_ - B2 —-k+1-2 Ii—...=2mp + 1,

{_ 2. rj}zk!(n—i—l—k)! (2 =k+1=2m+h n ) ¥
]16{1,...,77/} ! k=0

n+1
{ Z 1 }i(—l)k(n+1)! Bn(2'_k+2_2m1+ll_~'-—2mn+ln)+

el Ln) 120 120 El(n+1—k)!
J1#j2
c n+1 )‘
. Bp(2-—k+c—2 Lhi—...—2m, +1
+{' 3‘%{:1 nrh“- }Zk'wrl—) ( +e—2mi+1h M + 1) +
17"'7C PEEES)
J#Fe
n n+1 )'
+.. Zkln—i—l_ k)! B,2-+(n—k)=2mi+1i —...=2my +1,)|.

The Fourier transform of ¢, ¢ in (5.3 can be represented as (see details in [32, (2.31)])

n+l '
(n—k)iw/2
wns 2ezw8 Zkln+1_ )
|1762‘U/ T]| —zwm - 2w\l D
X H H Z —rje )N (13 el By (w/2).
j=1m;=0 1;=0

The orthonormal wavelet basis in L?(R) generated by the pair {¢,, ¥, s} is formed as follows: it is
V2¢n(z — 7) and 29714, 5(2¢712 — 7) for all 7 € Z and d € Ny.

Instead of B,, one can take the function By q(-) := Byp(- — a) with @ € R. This would form another
KMApg, , and, generally speaking, some other system {¢n a,%n,a,s}, generating an orthonormal basis of
Battle-Lemarié wavelets in L?(R).

Since ¢pq and 1, q s have unbounded supports, in [29], with the aim of effective using spline systems
of this type in decomposition theorems, the so-called localisation algorithm was proposed. It consists in
forming, within the framework of KM Ap, ,, new basis elements which are finite linear combinations of
integer shifts of the scaling or wavelet Battle-Lemarié functions.
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As a localised analogue of ¢, o we use the function ®,, o = B, q, which turns out to be a linear combi-
nation of n + 1 integer shifts of ¢,, 4. Indeed, by (5.2)),

n

~ 1 . ~ ~
n,a “r; 1) =Bha =P, 4 . 4
n, (w)jl;Ilerrl(e rj+1) a(w) a(w) (5.4)
Therefore, we have
0
supp @ q = [a,a +n + 1] and D,a() =81 Z o, dnal-— ), (5.5)
where o, > 0 for all » = — ,0 and Z%,_n = (. Recall that integer shifts of ¢, q in (5.5)) are

mutually orthogonal, moreover, () <rj<lforallj= 1, .o,nin (5.4)).
As a localised analogue of v, q 5, Wwe consider the function ¥, 4 ¢ satisfying

\i’n,a,s( )_’Yn 1Qz)nas H 1+e—sz eiw’f’?)
J=1
B w/z n+1 1 n |1_ezw/27. ‘2
_ “na Z (n— k'Lw/ZH
ezws | TL+ 1 o
+1
- na W/2 S n"‘l)‘ k)iw/2
- 2eiws Z k[ n+1-— )' (n—k)iw H . — 2cos ]W/Q))] (56)

where p; :==7r; +1/r; =2(20; — 1) with a; > 1, j =1,...,n (see details in [32]). From this, on one hand,
it is clear that W,, 4 s is a linear combination of 2n 4 1 mutually orthogonal integer shifts of 1, 5 q. On the
other hand, ¥, 4 ¢ is a finite linear combination of integer and a half shifts of B, 4(2-). Since all r; lie inside
(0,1), the system {Q/n7a73(- — T)}TeZ forms a Riesz basis in Wy(By,q). Also observe that

suppVUpas =[s+a—n,s+a+n+1 and U,,4()= IZa” Un,a,s(- — %), (5.7)

||<n

where

S el = 2nﬁ (1 —i-‘?“j)( ﬁ (1r; — i) = Ay > 0.

PR j=1

To formulate decomposition theorems, we also need the functions of the form

. A m kr2a 1\ ¢
Vo a,sim(k),c(€) (W) =Vp qsw) {H [pj(m) —2 coS(W/2))]] [Z (L'(;()x(z))' (@=0)iw/2 )
=1 =0

where k, ¢ € {0,1}. Due to the fact that

rj(m)[p;(m) — 2cos(w/2)] = [1 — &“/r;(m)|?
and

)

2

Za: (71)L(2a)!e(afb)iw/2 — eaiw/Q(l _ efiw/2)2a
U2a —1)!

=0

the element V,, g s:m(1),a(¢), € = 0,1, is a linear combination of integer and a half shifts of W, 4.5. Observe

that

supp ¥, q,s:m(k),a(¢) = 8 Ta—n—mk/2 —al/2,s +a+n+1+mk/2+ a/2] (5.8)

and

\Ilnasm ), ( Z )‘| | I |\Ilnas( _%/2) (59)

|| <m
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2c¢
\Iln,a,s smy( a(l Z >\\ | _1)‘%‘ Z <2?> (_1)€\I’n,a,s(' — C/Q + O’./2 — %/2)
¢=0

|| <m
"1 —r2(m)
i N =T —L—L =
with > Ay (m “=T] . " A, (5.10)
|| <m J=1
(see [32, p. 18]). Moreover,
m m
H rj +1/r;) — 2 cos(w/2)] Z 1)7\j cos(jw/2), (5.11)
Jj=1 j=0
where A, =2 and 0 < A\j = A(p1, ..., pm) in the case j # m, and A; are even for j # 0. For completeness,
let us also write down that (see (5.6)))
n+1
Wpas() =" Y Ag(n) "Z ( )Bn(2'+(nk:)s). (5.12)
s|<n
In conclusion, for a € R we define pairs of functions of the form
®=0,, and T8O =T, 0 a)/An where k¢ €{0,1}; (5.13)
& =3,, and TY=0,,./A,. (5.14)

In (5.13) and (5.14) the first components ® and ®(® (the scaling functions or, in other words, the father
wavelets) are identical to each other. We denote them differently only to distinguish from each other the
wavelet systems {®, U<} and {®(® W{} The difference in the systems is in the second components
U0 and ¥(@ or the wavelet functions (the mother wavelets). Here T Q) s a more general function,
which, however, coincides with ¥(@) if k = ¢=0.

The order of smoothness of the functions in (5.13) and (5.14) is n. For x € R we denote:

®.(r):=®(x—7) and @gia (z) :=22@%C) (29 — 7) (r €Z,deNy), (5.15)
and also
3@ (x):=®@(x—7) and ¥\ (x):=2720 @02 —7) (r€Z, deN). (5.16)

As noted in [32, Remark 2.4], the construction of W, g ¢ mw)a)(- — 7); k,¢ € {0,1}, starts with
By, 2(s+a+7)(*). As for observations and concerning the supports of W, g ¢ 1 (k).a(c), they are
slightly tweaked in this paper in comparison with the information presented in [32] §2].

Systems , as well as , if they are generated by elements with k = ¢ = 0, form semi-
orthogonal Riesz bases in L?(R) (i.e. elements from V{ are orthogonal to W; with [ > 0, and functions of
the space Wi, with fixed Iy € Ny are orthogonal to Wj if I # lp). The special structure of the elements of
such systems allows them to be used for obtaining lower bounds (or proofs of necessity) in decomposition
theorems (see §. Upper bounds in such theorems (or proofs of sufficiency) are less demanding and allow
representation with respect to combined elements of type , when they are generated by functions
with k =1 and/or ¢ = 1.
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