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1 Introduction

This work is devoted to the study of spectral problems for some boundary value problems for nonlocal
analogues of the polyharmonic operator. The considered equations enter the class of di�erential equations
with shifts of spatial variables. There are various types of di�erential equations with shifts of arguments,
and among them, a special place is occupied by equations with involutive shifts of arguments. Recall that
a mapping S is called an involution if S2(x) = x.

Di�erential equations with involution have numerous applications in various �elds of science. For ex-
ample, in [7, 20] the use of such equations in modeling of a speci�c physical process of thermal di�usion
is described, and in [9, 16, 17] equations with involutively transformed arguments, which have applications
in modeling optical systems, are considered. A detailed description of applications, as well as methods for
solving such equations, are given in monographs [3, 15, 23].

Spectral issues arising in connection with ordinary di�erential operators with involution were considered
the �rst-order operators in [1, 2], the second-order in [10, 11, 12, 18], and the higher-order operators in
[8, 14].

Note that spectral issues for di�erential operators with involution in the case of multiple variables are
insu�ciently studied. In this area, we can only note works [21, 22].

Let us consider formulation of such problems. Let Ω be the unit ball in Rn, n ∈ N, ∂Ω be the unit
sphere, and Q be a real n×n orthogonal matrix such that Ql = E for some l ∈ N and Qk 6= E for 0 < k < l.
Here, E is the unit matrix.

Note that if x ∈ Ω, or x ∈ ∂Ω, then for any k ∈ N inclusions Qkx ∈ Ω or Qkx ∈ ∂Ω take place. This
is the case because the transformation of the space Rn with the orthogonal matrix Q preserves the norm:
|x|2 = (x, x) = (QTQx, x) = (Qx,Qx) = |Qx|2.

Let also P1, P2, . . . , Pn be real symmetric commutative matrices such that P 2
j = E. As an example, we

can consider matrices of the mappings Pjx = (x1, . . . , xj−1,−xj , xj+1, . . . , xn) , j = 1, 2, ..., n.

If we consider all possible products of mappings Pj , then the total number of such mappings, including
the identity mapping P0x = x, is equal to 2n.
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To number such mappings, we use the binary number system. Namely, if 0 ≤ i < 2n, then in the binary
number system the following representation holds:

i ≡ (in . . . i1)2 = i1 + 2i2 + . . .+ 2n−1in,

where ik = 0, 1. Then, for any index i ∈ {0, 1, . . . , 2n − 1} we can consider mappings of the type P inn ...P
i2
2 P

i1
1 .

Using the mappings Q and P inn ...P
i2
2 P

i1
1 we introduce the following operators:

LQu(x) =
l−1∑
i=0

ai(−∆)mu
(
Qix

)
,

LPu(x) =
2n−1∑
i=0

ai(−∆)mu
(
P inn ...P

i2
2 P

i1
1 x
)
,

where ∆ is the Laplace operator, m ∈ N, and a0, . . . , ar are given real numbers and r = l − 1 for LQ and
r = 2n − 1 for LP .

Let us consider the following problems in the unit ball Ω.

Problem 1. Find a function u 6≡ 0 on Ω belonging to the class C2m(Ω)∩Cm−1(Ω̄) and a number λ ∈ C
that satisfy the conditions

LQu (x) = λu (x) , x ∈ Ω, (1.1)

∂ju

∂νj
(x) = 0, j = 0, 1, . . . ,m− 1, x ∈ ∂Ω, (1.2)

where ν is the unit outer normal to the sphere ∂Ω.

Problem 2. Find a function u 6≡ 0 on Ω belonging to the class C2m(Ω)∩Cm−1(Ω̄) and a number λ ∈ C
that satisfy the conditions

LPu (x) = λu (x) , x ∈ Ω, (1.3)

and boundary conditions (1.2).

Problem 3. Find a function u 6≡ 0 on Ω belonging to the class C2m(Ω)∩Cm−1(Ω̄) and a number λ ∈ C
that satisfy equation (1.1) and the conditions

∆ju(x) = 0, j = 0, 1, . . . ,m− 1, x ∈ ∂Ω. (1.4)

Problem 4. Find a function u 6≡ 0 on Ω belonging to the class C2m(Ω)∩Cm−1(Ω̄) and a number λ ∈ C
that satisfy equation (1.2) and boundary conditions (1.4).

Note that Problems 1 and 2 for the case of a nonlocal Laplace operator are studied in [21, 22].

2 Eigenfunctions and eigenvalues of Problem 1

Let us assume that a function w and a number µ are eigenfunctions and eigenvalues of the Dirichlet problem

(−∆)mw (x) = λw (x) , x ∈ Ω, (2.1)

∂jw

∂νj
(x) = 0, j = 0, 1, . . . ,m− 1, x ∈ ∂Ω. (2.2)

Let εj = ei2πj/l, j = 0, 1, . . . , l−1 be all roots of the equation εl = 1, ε ∈ C, w and µ be an eigenfunction
and an eigenvalue, respectively, of Dirichlet problem (2.1), (2.2).

Let us consider the functions

uj(x) =
1

l

l−1∑
k=0

εkjw
(
Qkx

)
, x ∈ Ω, j = 0, 1, ...l − 1. (2.3)
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Lemma 2.1. If w and µ are an eigenfunction and an eigenvalue of Dirichlet problem (2.1), (2.2), then
the functions uj satisfy the conditions of problem (1.1), (1.2) for all j = 0, 1, . . . , l − 1. Moreover, the

representation

w(x) =
l−1∑
j=0

uj(x), x ∈ Ω.

is valid.

Proof. Let

Λ = r
∂

∂r
,Λ[k] = Λ(Λ− 1) . . . (Λ− (k − 1)), k ∈ N,

and, for any n× n orthogonal matrix S : Rn → Rn

ISu(x) = u(Sx), x ∈ Ω.

It was proved in [6] that if x ∈ ∂Ω, then the equality

∂ju

∂νj
(x) = Λ[k]u(x)

holds. Moreover, it was also proved in [6] that the operators IS and Λ, as well as IS and ∆, commute. That
is, the following equalities hold:

IS(Λu(x)) = ΛISu(x), IS(∆u(x)) = ∆ISu(x), x ∈ Ω.

Then,

(−∆)muj(x) =
1

l

l−1∑
k=0

εkj (−∆)mIQkw(x) =
1

l

l−1∑
k=0

εkj IQk(−∆)mw(x) =
µ

l

l−1∑
k=0

εkj IQkw(x)

=
µ

l

l−1∑
k=0

εkjw
(
Qkx

)
= µuj(x), x ∈ Ω.

Moreover, if x ∈ ∂Ω, then Qkx ∈ ∂Ω for k = 0, 1, . . . , l − 1 and, thus, (2.2) implies the following
equalities:

∂jw

∂νj
(Qkx)

∣∣∣∣
∂Ω

= Λ[j]IQkw (x)
∣∣∣
∂Ω

= IQk Λ[j]w (x)
∣∣∣
∂Ω

= IQk
∂jw

∂νj
(x)

∣∣∣∣
∂Ω

= 0, 0 ≤ j ≤ m− 1, 0 ≤ k ≤ l − 1. (2.4)

Hence, the functions uj satisfy all conditions of Problem 1.
We note that the following equality holds (see, for example, [5]):

l−1∑
k=0

εkj =

{
l, k = 0

0, k = 1, 2, . . . , l − 1,
(2.5)

Then, using equality (2.3), we obtain:

l−1∑
j=0

uj(x) =

l−1∑
j=0

1

l

l−1∑
k=0

εkjw(Qkx), x ∈ Ω.

By changing the order of summation in the last expression, we have:

l−1∑
j=0

1

l

l−1∑
k=0

εkjw(Qkx) =

(
l−1∑
k=0

1

l
w(Qkx)

)
·

 l−1∑
j=0

εkj

 =
1

l
w(x) · l = w(x).
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Further, it is easy to verify that all functions uj satisfy for all x ∈ Ω the following equalities:

uj(Qx) =
1

l

l−1∑
k=0

εkjw(Qk+1x) =
1

l
ε̄jεj

l−1∑
k=0

εkjw(Qk+1x) =
1

l
ε̄j

l−1∑
k=0

εk+1
j w(Qk+1x)

= ε̄j
1

l

l−1∑
k=0

εk+1
j w(Qk+1x) = ε̄j

1

l

[
ε1
jw(Qx) + ...+ εl−1

j w(Ql−1x) + ε0
jw(x)

]
= ε̄juj(x).

Hence, for any 1 ≤ q ≤ l − 1 the equality

uj(Q
qx) = ε̄qjuj(x) (2.6)

is valid. As in eigenfunction problem (2.1), (2.2), using equality (2.6), we obtain

(−∆)m

 l−1∑
q=0

aquj (Qqx)

 = (−∆)m

 l−1∑
q=0

aq ε̄
q
juj (x)


= (−∆)muj (x)

 l−1∑
q=0

aq ε̄
q
j

 = µuj (x)σj = λjuj (x) ,

where the notations

λj = µσj , σj =
l−1∑
q=0

aq ε̄
q
j

are used.
Thus, the following assertion is proved.

Lemma 2.2. Let a function w and a number µ be an eigenfunction and eigenvalue, respectively, of Dirichlet

problem (2.1), (2.2). Moreover, let εj , j = 0, 1, . . . , l−1 be all roots of the equation εl = 1. Then each function

uj(x) de�ned by (2.3) and the number µ is an eigenfunction and an eigenvalue, respectively, of Problem 1.

Let {wk, µk}∞k=1 be a complete system of eigenfunctions and eigenvalues of Dirichlet problem (2.1), (2.2)
and let εj , j = 0, 1, . . . , l − 1 be all roots of the equation εl = 1.

For each function wk, consider l functions

uk,j(x) =
1

l

l−1∑
s=0

εsjwk(Q
sx), (2.7)

and de�ne the numbers

λk,j = µkσj , σj =
l−1∑
q=0

aq ε̄
q
j . (2.8)

Theorem 2.1. Let the coe�cients aq, q = 0, 1, . . . , l − 1 in Problem 1 be such that the conditions σj =∑l−1
q=0 aq ε̄

q
j 6= 0 are satis�ed for j = 0, 1, . . . , l− 1. Then the functions uk,j de�ned by (2.7) and the numbers

λk,j de�ned by (2.8) are eigenfunctions and eigenvalues, respectively, of Problem 1. The system of functions

{uk,j}∞;l−1
k=1;j=0 is complete in the space L2 (Ω).

Proof. The assertion that uk,j and λk,j are eigenfunctions and eigenvalues, respectively, of Problem 1 follows

by Lemma 2.2. Let us prove the completeness of the system {uk,j}∞; l−1
k=1; j=0 . Let a function f ∈ L2 (Ω) be

orthogonal to all elements of the system {uk,j}∞; l−1
k=1; j=0 . Then, using [6, Lemma 5.1] we can write

0 = (uk,j , f) =

∫
Ω
uk,j(x)f(x)dx =

1

l

∫
Ω

[
l−1∑
s=0

εsjwk(Q
sx)

]
f(x)dx

=
1

l

l−1∑
s=0

εsj

∫
Ω

wk(Q
sx)f(x)dx =

1

l

∫
Ω
wk(x)

(
l−1∑
s=0

εsjf(Qsx)

)
dx,
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where k ∈ N, j = 0, 1, . . . , l − 1. As the system {wk}∞k=1 is complete in L2 (Ω) (see, for example, [13]), the
equalities

l−1∑
s=0

εsjf(Qsx) = 0

must hold. Then, summing the last equalities over j and using (2.5), we obtain

0 =

l−1∑
j=0

l−1∑
s=0

εsjf(Qsx) =

l−1∑
s=0

f(Qsx)

l−1∑
j=0

εsj = f(x)

which means that f(x) = 0 for all x ∈ Ω. This implies the completeness of the system {uk,j}∞; l−1
k=1; j=0.

3 Eigenfunctions and eigenvalues of Problem 2

Suppose wk and µk, k ∈ N are eigenfunctions and eigenvalues, respectively, of Dirichlet problem (2.1), (2.2).
Let p, q ∈ {0, 1, ..., 2n − 1} and < p, q >= p1q1 + p2q2 + . . . + pnqn. Using wk introduce the following

functions

upk(x) =
1

2n

2n−1∑
q=0

(−1)<p,q>wk (P qnn · · ·P
q1
1 x) . (3.1)

Lemma 3.1. If wk and µk, k ∈ N, are eigenfunctions and eigenvalues, respectively, of problem (2.1), (2.2),
then the function upk is also an eigenfunction of Dirichlet problem (2.1), (2.2), corresponding to the eigenvalue
µk.

Proof. As
(−∆)mw(x) = µw(x)

and
∆ (w(Pkx)) = ∆w(Pkx),

for any qj = 0, 1, ..., 2n − 1, j = 0, 1, ..., n the following equality holds:

(−∆)mwk (P qnn · · ·P
q1
1 x) = µkwk (P qnn · · ·P

q1
1 x) , x ∈ Ω.

Hence,

(−∆)mupk(x) =
1

2n

2n−1∑
q=0

(−1)<p,q>(−∆)mwk (P qnn · · ·P
q1
1 x)

=
µk
2n

2n−1∑
q=0

(−1)<p,q>wk (P qnn · · ·P
q1
1 x) = µku

p
k(x). (3.2)

In addition, if x ∈ ∂Ω, then for any 0 ≤ q ≤ 2n − 1 points P qnn · · ·P q11 x also belong to ∂Ω as (Pk)
t = Pk

[5]. Using equalities (2.4) with Q replaced by Pk we verify that the conditions

∂jupk
∂νj

(x)

∣∣∣∣
∂Ω

= 0, j = 0, 1, . . . ,m− 1, (3.3)

are satis�ed. Hence, all functions upk de�ned by (3.1) are also eigenfunctions of Dirichlet problem (2.1),
(2.2).

Lemma 3.2. If for any p = (pn . . . , p1)2 and any x ∈ Ω equalities

2n−1∑
q=0

(−1)<p,q>f (P qnn · · ·P
q1
1 x) = 0 (3.4)

are satis�ed, then f ≡ 0 on Ω.
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Proof. Let us sum up equalities (3.4) over all p = (pn . . . , p1)2

0 =
2n−1∑
p=0

2n−1∑
q=0

(−1)<p,q>f (P qnn · · ·P
q1
1 x) =

2n−1∑
q=0

f (P qnn · · ·P
q1
1 x)

2n−1∑
p=0

(−1)p1q1+...+pnqn (3.5)

It is easy to see that

2n−1∑
p=0

(−1)p1q1+...+pnqn =
1∑

p1=0

(−1)p1q1 · · ·
1∑

pn=0

(−1)pnqn .

As
1∑

p1=0

(−1)p1q1 =

{
2, q1 = 0

0, q1 = 1
,

we have
2n−1∑
p=0

(−1)p1q1+...+knqn =

{
2n, q = (qn . . . q1)2 = 0

0, q 6= 0.
.

Hence,

2n−1∑
q=0

f (P qnn · · ·P
q1
1 x)

2l−1∑
p=0

(−1)p1q1+...+pnqn = 2nf
(
P 0
n · · ·P 0

1 x
)

= 2nf(x),

and, therefore,

2n−1∑
q=0

f (P qnn · · ·P
q1
1 x)

2l−1∑
k=0

(−1)p1q1+...+pnqn = 2nf
(
P 0
n · · ·P 0

1 x
)

= 2nf(x),

which means that substituting the found value into (3.4) we obtain f(x) = 0.

Now, let us denote

θp =
2n−1∑
i=0

(−1)<p,i>ai, (3.6)

where p ∈ {0, 1, . . . , 2n − 1}.

Theorem 3.1. Let the coe�cients aj, j = 0, 1, . . . , 2n − 1 in Problem 2 be such that the conditions

θp =

2n−1∑
i=0

(−1)<p,i>ai 6= 0

are satis�ed for p ∈ {0, 1, . . . , 2n − 1}. Then the elements of the system
{
upk
}∞, 2n−1

k=0, p=0
are eigenfunctions of

Problem 2, and the corresponding eigenvalues are determined by the equality

λpk = µk

2n−1∑
i=0

(−1)<p,i>ai ≡ µkθp.

Moreover, the system of functions
{
upk
}∞, 2n−1

k=0, p=0
is complete and orthonormal in the space L2 (Ω).
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Proof. Let us �rst consider the function upk (P1x). Since equality (3.2) holds for the function upk(x) and the
matrices P1, P2, . . . , Pn are commutative, we can write

(−∆)mupk

(
P i11 x

)
=

1

2n

2n−1∑
q=0

(−1)<p,q>(−∆)mwk

(
P qnn · · ·P

q1
1 P i11 x

)

=
1

2n

2n−1∑
q=0

(−1)<p,q>(−∆)mwk

(
P qnn · · ·P

q1+i1
1 x

)

=
µk
2n

2n−1∑
q=0

(−1)<p,q>−p1i1wk (P qnn · · ·P
q1
1 x) = (−1)−p1i1µku

p
k(x) = (−1)p1i1µku

p
k(x).

In the equalities above, the replacement of the index was made q1 → q1 − i1, which implies that

< p, q >=

n∑
k=1

pkqk →
n∑
k=1

pkqk − p1i1 =< p, q > −p1i1.

Similarly, in the general case, using the commutativity of the matrices P1, P2, . . . , Pn, we obtain

(−∆)mupk

(
P i11 P

i2
2 · · ·P

in
n x
)

=
1

2n

2n−1∑
q=0

(−1)<p,q>(−∆)mwk

(
P qnn · · ·P

q1
1 P i11 · · ·P

in
n x
)

=
1

2n

2n−1∑
q=0

(−1)<p,q>(−∆)mwk

(
P qn+in
n · · ·P q1+i1

1 x
)
.

Changing the index in the last sum q → q − i, we get

< p, q >=
n∑
k=1

pkqk →
n∑
i=1

pk(qk − ik) =< p, q > − < p, i >,

and we obtain

(−∆)mupk

(
P i11 P

i2
2 · · ·P

in
n x
)

=
µk
2n

2n−1∑
q=0

(−1)<p,q>−<p,i>wk (P qnn · · ·P
q1
1 x)

= (−1)−<p,i>µku
p
k(x) = (−1)<p,i>µku

p
k(x).

Hence,

LPu
p
k(x) =

2n−1∑
i=0

ai(−∆)mupk

(
P inn · · ·P

i2
2 P

i1
1 x
)

=

(
2n−1∑
i=0

(−1)p1i1+p2i2+···+pninai

)
µku

p
k(x) = θpµku

p
k(x) = λpku

p
k(x),

where θp is de�ned by (3.6). Therefore, the function upk satis�es the following equation

LPu
p
k(x) = λpku

p
k(x).

On the other hand, as shown above, for the system of functions upk, equalities (3.3) hold.

Thus, the elements of the system
{
upk
}∞, 2n−1

k=1, p=0
are eigenfunctions, and the numbers λpk = θp µk for k ∈ N

and p = 0, 1, . . . , 2n − 1 corresponding to them are the eigenvalues of Problem 2.
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Let us prove the completeness of the system
{
upk
}∞,2n−1

k=1, p=0
. Let a function f ∈ L2 (Ω) be orthogonal to

all elements of the system
{
upk
}∞, 2n−1

k=1, p=0
. Then we have:

0 = (upk, f) =

∫
Ω
upk(x)f(x)dx =

1

2n

2n−1∑
q=0

(−1)<p,q>
∫

Ω
wk (P qnn · · ·P

q1
1 x) f(x)dx

=
1

2n

2n−1∑
q=0

(−1)<p,q>
∫

Ω
wk(x)f (P qnn · · ·P q11 x)dx

=

∫
Ω
wk(x)

 1

2n

2n−1∑
q=0

(−1)<p,q>f (P qnn · · ·P q11 x)

 dx.
As the system wk is complete in L2(Ω), we have

∫
Ω
wk(x)

 1

2n

2n−1∑
q=0

(−1)<p,q>f (P qnn · · ·P q11 x)

 dx = 0.

Hence, in the domain Ω the equality

2n−1∑
q=0

(−1)<p,q>f (P qnn · · ·P q11 x) = 0

is valid almost everywhere. Then, using the assertion of Lemma 3.2, we obtain that f = 0 almost everywhere
on Ω.

4 Eigenfunctions and eigenvalues of Problem 3

In the case of Problem 3, to construct the eigenfunctions and eigenvalues of this problem, we use the Dirichlet
spectral problem for the Laplace operator. Namely, we assume that wk and µk for k ∈ N are respectively
the eigenfunctions and eigenvalues of the following Dirichlet problem

−∆w(x) = µw(x), x ∈ Ω; w(x) = 0, x ∈ ∂Ω. (4.1)

Note that the system {wk}∞k=1 has the following properties (see, for example, [13, 4]):

1) the system is complete and orthonormal in the space L2 (Ω);

2) the system belongs to the class C∞ (Ω).

Lemma 4.1. The functions wk and numbers µk, k ∈ N satisfy the following conditions:

(−∆)mw(x) = µmw(x), x ∈ Ω; ∆jw(x) = 0, j = 0, 1, . . . ,m− 1, x ∈ ∂Ω. (4.2)

Proof. As ∆wk(x) = −µkwk(x), then successively applying the Laplace operator ∆ to this equality we
obtain

∆mwk(x) = (−1)mµmk wk(x), x ∈ Ω

and

wk(x) = 0,∆wk(x) = 0, . . . ,∆m−1wk(x) = 0, x ∈ ∂Ω.

Thus, the functions wk satisfy all conditions of problem (4.2).
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Now, as in the case of Problem 1, assuming that εj , j = 0, 1, . . . , l−1 are all roots of the equation εl = 1,
for each function wk, we consider l functions uk,j , j = 0, 1, . . . , l − 1 of type (2.7) and de�ne the numbers
λk,j as in (2.8).

Note that the functions uk,j(x), j = 0, 1, . . . , l − 1 satisfy the equalities

−∆uk,j(x) =
1

l

l−1∑
s=0

εsj (−∆)wk(Q
sx) =

µk
l

l−1∑
s=0

εsjwk(Q
sx) = µkuk,j(x), x ∈ Ω,

moreover, uk,j(x)|∂Ω = 0. This means that the functions uk,j , j = 0, 1, . . . , l − 1 satisfy all conditions of
problem (4.1). Then, by Lemma 4.1, they also satisfy all conditions of problem (4.2). Since the equalities
uk,j (Qqx) = ε̄qjuk,j(x) hold for the functions uk,j , j = 0, 1, . . . , l − 1, we obtain

LQuk,j(x) = (−∆)m

[
l−1∑
s=0

asuk,j (Qsx)

]
= (−∆)m

[
l−1∑
s=0

asε̄
s
juk,j(x)

]

= µmk

l−1∑
s=0

asε̄
s
juk,j(x) = µmk uk,j(x)

(
l−1∑
s=0

asε̄
s
j

)
= µmk σjuk,j(x) = λk,juk,j(x),

where σj =
∑l−1

i=0 aiε̄
i
j , λk,j = µmk σj .

Thus, the following assertion is proved.

Theorem 4.1. Let the coe�cients aq, q = 0, 1, . . . , l− 1 in Problem 3 be such that for all j = 0, 1, . . . , l− 1

the conditions σj =
∑l−1

q=0 aq ε̄
q
j 6= 0 are satis�ed, and let the functions wk and numbers µk be eigenfunctions

and eigenvalues, respectively, of Problem (4.1). Then the functions

uk,j(x) =
1

l

l−1∑
s=0

εsjwk(Q
sx)

and the numbers λk,j = µmk σj are eigenfunctions and eigenvalues, respectively, of Problem 3. The system of

functions {uk,j}∞; l−1
k=1; j=0 is complete in the space L2 (Ω).

5 Eigenfunctions and eigenvalues of Problem 4

As in the case of Problem 3, to construct the eigenfunctions and eigenvalues of Problem 4, we use Dirichlet
spectral problem (4.1).

Let wk and µk, k ∈ N be eigenfunctions and eigenvalues, respectively, of problem (4.1). For an arbitrary
p ∈ {0, 1, . . . , 2n − 1}, we construct functions of form (3.1), i.e. functions

upk(x) =
1

2n

2n−1∑
q=0

(−1)<p,q>wk (P qnn · · ·P
q1
1 x) .

Theorem 5.1. Let the functions wk and numbers µk, k ∈ N be eigenfunctions and eigenvalues, respec-

tively, of problem (4.1). If in Problem 4 the coe�cients aj , j = 0, 1, . . . , 2n − 1 are such that for any

p ∈ {0, 1, . . . , 2n − 1} the conditions

θp =

2n−1∑
i=0

(−1)<p,i>ai 6= 0

are satis�ed, then the system of functions
{
upk(x) : k ∈ N, p ∈ {0, 1, . . . , 2n − 1}

}
is a system of eigenfunctions

of Problem 4, and the corresponding eigenvalues are de�ned by the equalities λpk = θpµ
m
k . Moreover, the

system
{
upk(x) : k ∈ N, p ∈ {0, 1, . . . , 2n − 1}

}
is a complete and orthonormal system of functions in the

space L2 (Ω).
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Proof. According to Lemma 3.1 (for m = 1) the functions upk are eigenfunctions of Dirichlet problem (2.1),
(2.2), corresponding to the eigenvalues µk. Then they must also satisfy the conditions of problem (4.2).
Indeed, as

−∆upp(x) = µku
p
k(x), x ∈ Ω,

then according to (3.3), upk(x)
∣∣
∂Ω

= 0. Hence, for any j = 1, 2, ...,m− 1, ∆jupk(x)
∣∣
∂Ω

= 0 and

(−∆)mupk(x) = µmk u
p
k(x), x ∈ Ω.

Moreover, the function upk satis�es the equality

upk

(
P i11 P

i2
2 · · ·P

in
n x
)

= (−1)p1i1+p2i2+···+pninupk(x).

Indeed, similarly to the proof of Theorem 3.1, using the commutativity of the matrices P1, P2, . . . , Pn,
we can write

upk

(
P i11 P

i2
2 · · ·P

in
n x
)

=
1

2n

2n−1∑
q=0

(−1)<p,q>wk

(
P qnn · · ·P

q1
1 P i11 · · ·P

in
n x
)

=
1

2n

2n−1∑
q=0

(−1)<p,q>(−∆)mwk

(
P qn+in
n · · ·P q1+i1

1 x
)
.

Replacing the index in the last sum as q → q − i, and taking into account that

< p, q >=

n∑
k=1

pkqk →
n∑
i=1

pk(qk − ik) =< p, q > − < p, q >,

we obtain:

upk

(
P i11 P

i2
2 · · ·P

in
n x
)

=

2n−1∑
q=0

(−1)<p,q>−<p,i>wk (P qnn · · ·P
q1
1 x)

= (−1)−<p,i>upk(x) = (−1)<p,i>upk(x).

Then, we obtain:

LPu
p
k(x) =

2n−1∑
i=0

ai(−∆)mupk

(
P inn · · ·P

i1
1 x
)

= µmk

2n−1∑
i=0

aiu
p
k

(
P inn · · ·P

i1
1 x
)

= µmk

2n−1∑
i=0

ai(−1)p1i1+···+pninupk(x) = µmk u
p
k(x)

2n−1∑
i=0

ai(−1)p1i1+···+pnin

= θpµ
m
k u

p
k(x) = λpkv

p
k(x),

for all x ∈ Ω.
Thus, the functions upk satisfy all conditions of Problem 4. The completeness of the system{

upk(x) : k ∈ N, p ∈ {0, 1, . . . , 2n − 1}
}
is proved by the same method as in the case of Problem 2.

6 Conclusion

In this paper, spectral problems for nonlocal analogues of the polyharmonic operator are studied. The Dirich-
let and Dirichlet-type boundary value problems for two types of nonlocal analogues of the polyharmonic
operator are considered. The eigenfunctions and eigenvalues of these problems are determined. Theorems
on the completeness of systems of eigenfunctions in the space L2 (Ω) are proved. The aim of further research
is to study initial boundary value problems for nonlocal analogues of parabolic and hyperbolic equations
with nonlocal polyharmonic operators.
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