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Abstract. In this paper, using mappings of the unit ball in R™, associated with orthogonal matrices, two
types of nonlocal analogues of the polyharmonic operator are introduced. Spectral problems for the Dirichlet
problem and Dirichlet-type problems for these operators are studied. The eigenfunctions and eigenvalues of
the problems under consideration are found. Theorems on the completeness of systems of eigenfunctions in
the space Lo are proved.
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1 Introduction

This work is devoted to the study of spectral problems for some boundary value problems for nonlocal
analogues of the polyharmonic operator. The considered equations enter the class of differential equations
with shifts of spatial variables. There are various types of differential equations with shifts of arguments,
and among them, a special place is occupied by equations with involutive shifts of arguments. Recall that
a mapping S is called an involution if S?(z) = .

Differential equations with involution have numerous applications in various fields of science. For ex-
ample, in [7, 20] the use of such equations in modeling of a specific physical process of thermal diffusion
is described, and in [9], 16} [17] equations with involutively transformed arguments, which have applications
in modeling optical systems, are considered. A detailed description of applications, as well as methods for
solving such equations, are given in monographs [3, [15] 23].

Spectral issues arising in connection with ordinary differential operators with involution were considered
the first-order operators in [l 2], the second-order in [I0} 11, 12, 18], and the higher-order operators in
I8, 14].

Note that spectral issues for differential operators with involution in the case of multiple variables are
insufficiently studied. In this area, we can only note works [21], 22].

Let us consider formulation of such problems. Let € be the unit ball in R",n € N, 0Q2 be the unit
sphere, and Q be a real n x n orthogonal matrix such that Q' = E for some | € Nand Q% # E for 0 < k < L.
Here, FE is the unit matrix.

Note that if z € Q, or & € 99, then for any k € N inclusions Q*z € Q or QFz € 90 take place. This
is the case because the transformation of the space R™ with the orthogonal matrix () preserves the norm:
22 = (2,2) = (QTQu, ) = (Qu, Q) = Q.

Let also Py, P, ..., P, be real symmetric commutative matrices such that sz = F. As an example, we
can consider matrices of the mappings Pjx = (x1,...,2j—1, =2, Tj+1,.--,%n),J = 1,2,...,n.

If we consider all possible products of mappings P;, then the total number of such mappings, including
the identity mapping Pyx = x, is equal to 2".
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To number such mappings, we use the binary number system. Namely, if 0 < ¢ < 2™, then in the binary
number system the following representation holds:

7

(in .. 01)2 = i1 + 2ig 4+ ... + 2" Li,

where i, = 0, 1. Then, for any index i € {0,1,...,2" — 1} we can consider mappings of the type P,i”...PQiQPfl.
Using the mappings Q and Pir...Py?> P{' we introduce the following operators:

where A is the Laplace operator, m € N, and ao, ...,a, are given real numbers and r = [ — 1 for Ly and
r=2"—1for Lp.
Let us consider the following problems in the unit ball 2.
Problem 1. Find a function u # 0 on € belonging to the class C?™(Q)NC™~1(Q) and a number A € C
that satisfy the conditions
Lou(z) = Mu(z), =z € Q, (1.1)
u
i
where v is the unit outer normal to the sphere 0€).
Problem 2. Find a function u # 0 on © belonging to the class C?™(Q)NC™ () and a number A € C
that satisfy the conditions

(£)=0,7=0,1,....,m—1,z € 09, (1.2)

Lpu(z) = u(x), z € 9, (1.3)

and boundary conditions (|1.2)).
Problem 3. Find a function u # 0 on Q belonging to the class C*™(Q)NC™ () and a number A\ € C
that satisfy equation (|1.1)) and the conditions

Au(z)=0,7=0,1,...,m — 1,2 € 9. (1.4)
Problem 4. Find a function u # 0 on Q belonging to the class C*™(Q)NC™ () and a number A € C

that satisfy equation (|1.2) and boundary conditions (1.4]).
Note that Problems 1 and 2 for the case of a nonlocal Laplace operator are studied in [21], 22].

2 Eigenfunctions and eigenvalues of Problem 1

Let us assume that a function w and a number p are eigenfunctions and eigenvalues of the Dirichlet problem

(=A)"w (z) = 2w (x), = € Q, (2.1)

oI
a—lj(x):O,jzo,l,...,m—l,xeé)ﬂ. (2.2)
Let ¢; = e?mi/l j =0,1,...,1—1 be all roots of the equation ¢! = 1,e € C, w and y be an eigenfunction

and an eigenvalue, respectively, of Dirichlet problem (2.1)), (2.2).
Let us consider the functions

-1

uj(z) = 725?10 (Q’%) ,xeQ,j=0,1,..01-1 (2.3)
k=0

[
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Lemma 2.1. If w and p are an eigenfunction and an eigenvalue of Dirichlet problem (2.1), (2.2)), then
the functions w; satisfy the conditions of problem (1.1), (1.2)) for all j = 0,1,...,1 — 1. Moreover, the

representation
-1
w(zr) = Zuj(x),x €.
§=0

1s valid.

Proof. Let

A:r%’A[k]:A(A—l)...(A—(k—l))7k€Na

and, for any n x n orthogonal matrix S : R" — R"
Isu(z) = u(Sz),z € Q.
It was proved in [6] that if z € 0f2, then the equality
i
ovi

holds. Moreover, it was also proved in [6] that the operators Ig and A, as well as Ig and A, commute. That
is, the following equalities hold:

Is(Au(z)) = Alsu(z), Is(Au(z)) = Algu(x),z € Q.

(z) = AFlu(z)

Then,
1 -1 i -1 i " -1 i
(—A)"uj(x) = 7 g (=A)"Igrw(r) = i ZstQk(—A)mw(x) =7 2.5 Tew(z)
k=0 k=0 k=0
-1
= /;kzogécw (Qkx) = puj(x),z € Q

Moreover, if z € 99, then QFx € 9Q for k = 0,1,...,1 — 1 and, thus, (2.2) implies the following
equalities:

Pw k| Al 1 Al
% (Q%x) e AV Tew (av)‘aQ = Igr AVw (m)‘aﬂ
w

=0,0<j<m-1,0<k<i—1 (24)
oN

Hence, the functions u; satisfy all conditions of Problem 1.
We note that the following equality holds (see, for example, [5]):

-1
I, k=0
D ek = { ’ (2.5)
— 0, k=1,2,...,1—1,
Then, using equality (2.3]), we obtain:
-1
> uy(w) =
§=0

By changing the order of summation in the last expression, we have:

-1 1 -1 -1 1 -1 1
Z 7 Z eé?w(Qkx) = <Z lw(Qkx)> . Zaf = Zw(x) Al =w(z).
: =

k=0

-1

~
|

1
5?11}(@]“3:), x € €.
0

~| =

J

Il
o
B
Il
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Further, it is easy to verify that all functions u; satisfy for all z € Q) the following equalities:

-1 -1 -1
1 1_ 1_
ui(Qr) = 7Y _ejw(@ ) = 755 ) ejuw(@ ) = 15, Y e w(@ a)
k=0 k=0 k=0
-1
1 X 1
= 577 5f+1w(Qk+1:p) = éjf [5}10(@56) + ...+ 527110(@[_130) + 52w(x)} = &juj(x).

Hence, for any 1 < ¢ <[ — 1 the equality

u(Q1) = luy(a) (2.6)
is valid. As in eigenfunction problem (2.1)), (2.2), using equality (2.6), we obtain
-1 -1
(=2)™ [ D aguj Q%) | = (=A)™ [ Y agelu; ()
q=0 q=0
-1
= (=A)"u; (z) Zaqgg = puj (z) 0 = Ajuj (),
q=0
where the notations -
Nj = poj,05 =) ag]
q=0

are used.
Thus, the following assertion is proved.

Lemma 2.2. Let a function w and a number u be an eigenfunction and eigenvalue, respectively, of Dirichlet
problem (2.1)), (2.2)). Moreover, lete;,j =0,1,...,1—1 be all roots of the equation el = 1. Then each function
uj(z) defined by (2.3) and the number p is an eigenfunction and an eigenvalue, respectively, of Problem 1.

Let {wg, pr } pey be a complete system of eigenfunctions and eigenvalues of Dirichlet problem (2.1)), (2.2)
and let 5,7 = 0,1,...,1 — 1 be all roots of the equation el=1.
For each function wy, consider [ functions

-1
1 S S
ui () = 1 3 (@), 27)
s=0
and define the numbers -
Mkj = HkOj, 05 = Y GgeL. (2.8)
q=0

Theorem 2.1. Let the coefficients aq,q = 0,1,...,1 —1 in Problem 1 be such that the conditions o; =
Zé;lo aq?; # 0 are satisfied for j =0,1,...,1—1. Then the functions uy ; defined by (2.7) and the numbers
Ak,j defined by (2.8)) are eigenfunctions and eigenvalues, respectively, of Problem 1. The system of functions

{ur ; zozll_;:o is complete in the space Lo ().

Proof. The assertion that uy ; and Ay ; are eigenfunctions and eigenvalues, respectively, of Problem 1 follows

by Lemma 2.2. Let us prove the completeness of the system {uk]}f:i_]lzo Let a function f € Lo (2) be
=1 Then, using [6, Lemma 5.1] we can write

orthogonal to all elements of the system {ukd’}k:r]’:o .

- 1 =1 -
0= (upy, f) = /Quk,j(x)f(x)dx = Z/Q [; ijk(QSl’)] f(z)dx

IS s S\ £ ) 1 — S LS
SO Q/ w( @) f@)ds = § [ wila) (;sjf@ x>> d,
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where k € N,j = 0,1,...,1 — 1. As the system {wy};-, is complete in Ly () (see, for example, [I3]), the
equalities

-1
> e f(@r)=0
s=0

must hold. Then, summing the last equalities over j and using (2.5]), we obtain

-1 1-1 -1 -1
0=> "> ef(@Qz)=) f(Qx)) &= f(x)
7=0 s=0 s=0 7=0

which means that f(x) = 0 for all € Q. This implies the completeness of the system {ng}?:i_jl:o O

3 Eigenfunctions and eigenvalues of Problem 2

Suppose wy and pug, k € N are eigenfunctions and eigenvalues, respectively, of Dirichlet problem (2.1)), (2.2]).
Let p,q € {0,1,...,2" — 1} and < p,q >= p1q1 + p2g2 + - .. + pnqn. Using wy introduce the following

functions
on 1

W) = 5o o ()T (P P, (31)
q=0

Lemma 3.1. If wy and ux, k € N, are eigenfunctions and eigenvalues, respectively, of problem (2.1)), (2.2),
then the function ui is also an eigenfunction of Dirichlet problem (2.1)), (2.2), corresponding to the eigenvalue

M -

Proof. As
(—A)"w(@) = juo(x)

and
A (w(Pyz)) = Aw(Pyz),

for any ¢; = 0,1,...,2" — 1,5 = 0,1, ...,n the following equality holds:
(=A)"wy (P - PP'z) = ppwy, (PI--- Pl'a),x € Q.

Hence,
1 2" -1
(=" (@) = 55 D (“)F(A) " (P Pa)

q=0

’ 2n—1

k
= B 2 (TP (P PPe) = (@) (32)
q=0

In addition, if z € A, then for any 0 < ¢ < 2" — 1 points Pi" --- Pz also belong to 9Q as (Py)" = P,
[5]. Using equalities (2.4 with @ replaced by Py we verify that the conditions
8ju£

aj(x) =0,7=0,1,...,m—1, (3.3)
v

[2}9)
are satisfied. Hence, all functions u} defined by (3.I) are also eigenfunctions of Dirichlet problem (2.1,
£2). O

Lemma 3.2. If for any p = (pn...,p1)2 and any x € Q equalities

2" —1

D ()T (P Pla) =0 (3.4)
q=0

are satisfied, then f =0 on €.
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Proof. Let us sum up equalities (3.4)) over all p = (pn ..., p1)2

2n—127—1 2n—1 2n—1
0= Z Z <p q>f Pan .. -qula:) — Z f (P -‘qulx) Z (_1)p1Q1+...+pnqn (3.5)
p=0 ¢=0 q=0 p=0

It is easy to see that

on_1 1 1
Z (_1)191Q1+...+pnqn _ Z (_1)p1q1 . Z (_1)pn‘1n'
p=0 p1=0 pn=0
As
: 2, =0
> oy {2 0=
— 07 q1 = 1 ,
we have
an_1 n
Z (_1)p1q1+...+knqn _ 2", q= (Qn---Q1)2 =0
= 0, ¢#0.
Hence,
2n—1 21
S f(PgmePlz) Y (—1PraFeteedn —gn g (P Py) = 2" f(x),
q=0 p=0
and, therefore,
2n—1 21
M f(PE-Pla) Y (—yPrateteean —gn g (PR Pla) = 27 f (),
q=0 k=0
which means that substituting the found value into (3.4) we obtain f(x) = 0. O

Now, let us denote
2n—1

=) (-1)"a (3.6)

=0

where p € {0,1,...,2" — 1}.

Theorem 3.1. Let the coefficients a;, j =0,1,...,2" —1 in Problem 2 be such that the conditions

2n_1
Op =Y (—-1)P"q; #0
=0
are satisfied for p € {0,1,...,2" —1}. Then the elements of the system {ui}:ignp;lo are eigenfunctions of

Problem 2, and the corresponding eigenvalues are determined by the equality

2" —1
X = Z (—1) P a; = uib,.

. p1o0,2"—1
Moreover, the system of functions {uk}

k=0, p—o 'S complete and orthonormal in the space Ly (Q).
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Proof. Let us first consider the function u}, (Pz). Since equality (3.2) holds for the function u} (z) and the

matrices Py, Ps, ..., P, are commutative, we can write
(=8 (Pia) = o5 37 (<) (=A)w (Pge - P Piia)
q=0
1% ,
= 27 Z (_1)<p7q>(_A)mwk (Pgn .. quﬁ_“x)
q=0
27L_1 ‘ | |
- % Z (_1)<p,q>—p1z1wk (Pgn e qulw) = (—1)_p1”,uku£(x) = (_1)p”1,ukUZ(x).
q=0

In the equalities above, the replacement of the index was made q; — ¢ — %1, which implies that

n n
<p,q>= ZPka - ZPka — pri1 =< p,q > —pii1.

k=1 k=1
Similarly, in the general case, using the commutativity of the matrices Py, Ps, ..., P,, we obtain
o 1 22! 4
(_A)mui <P111P212 . PTZlnx) — 27 Z (_1)<P7q>(_A)mwk (Pg" . Plfllplll L. P;{L:U)
q=0
1 2=l
’ n 4774 +
=0 (—1)<PP> (— A) ™y, (Pg Fin ... pi le) .

q=0

Changing the index in the last sum ¢ — g — ¢, we get

n n
<Pg>= > prqk = Y pr(gr — i) =< p,g > — < p,i >,

k=1 i=1
and we obtain
2" —1
(_A)mug (Plz‘1P2z‘2 . PTZLH$) _ % Z (_1)<p,tI>f<p,i>wk (Pgn .. qulx)
q=0

= (=1)"P" el () = (=1)<P" e (2).

Hence,
Lpuf(e) = 3 a(—A)"uf (P PP
=0
2" —1
i (Z (—1>”1“+P2’2+“'+W“ai) ) = il () = N ),
=0

where 6, is defined by (3.6)). Therefore, the function uﬁ satisfies the following equation
Lpuf(z) = Nup ().

On the other hand, as shown above, for the system of functions «, equalities ([3.3) hold.

Thus, the elements of the system {ui}iiinp;o are eigenfunctions, and the numbers /\i =0y for k € N

and p=0,1,...,2" — 1 corresponding to them are the eigenvalues of Problem 2.
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00,27 —1
k=1,p=0"

all elements of the system {uﬁ}Zo:fnp;lo Then we have:

Let us prove the completeness of the system {uz} Let a function f € Lo (2) be orthogonal to

2m—1

0= (ug, f) = /Q%(iﬂ)f(l‘)dfc =00 (—1)<”"’>/ wy, (P - Pl'w) f(w)dz

q=0 @

- (—1)<Pe> / wn(@)f (BT PP a)da
Q

2n—1
1
:/ka(a:) o > ()PP (PE PR | d.
q=0

As the system wy, is complete in Lo(Q2), we have

2"—1

/ka(a:) ! Z(—1)<p’q>f(P,§"-~P1q1x) dz = 0.

on
q=0

Hence, in the domain €2 the equality

2" —1

3 ()P (B PPa) = 0
q=0

is valid almost everywhere. Then, using the assertion of Lemma 3.2, we obtain that f = 0 almost everywhere
on €. O

4 Eigenfunctions and eigenvalues of Problem 3
In the case of Problem 3, to construct the eigenfunctions and eigenvalues of this problem, we use the Dirichlet
spectral problem for the Laplace operator. Namely, we assume that wy and py for k& € N are respectively
the eigenfunctions and eigenvalues of the following Dirichlet problem
— Aw(x) = pw(z),xz € Q; w(x) =0,z € . (4.1)
Note that the system {wy}r-; has the following properties (see, for example, [13] 4]):
1) the system is complete and orthonormal in the space Lo (£2);

2) the system belongs to the class C™ (2).

Lemma 4.1. The functions wy, and numbers g, k € N satisfy the following conditions:

(—A)"w(z) = p"w(z), z € & Aw(x)=0,j=0,1,...,m—1, z € ON. (4.2)
Proof. As Awy(x) = —ppwi(x), then successively applying the Laplace operator A to this equality we
obtain
AMwg(z) = (1) pfwg(z), z €
and

wi(x) =0, Awg(z) = 0,..., A" wy(z) = 0, z € ON.

Thus, the functions wy, satisfy all conditions of problem (4.2]). O
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Now, as in the case of Problem 1, assuming that €;,j = 0,1,...,l—1 are all roots of the equation el =1,
for each function wy, we consider [ functions uy j,7 = 0,1,...,1 — 1 of type (2.7) and define the numbers

Ak,j as in (2.8).

Note that the functions ug j(x),j = 0,1,...,1 — 1 satisfy the equalities

-1
1
*Auk,j(iﬂ):jzﬁj( A)wp(Q°z) = 26 wy(Q°x) = prpug (), x € Q,
s=0
moreover, ug;(z)|y, = 0. This means that the functions ugj,j = 0,1,...,1 — 1 satisfy all conditions of
problem (4.1)). Then, by Lemma 4.1, they also satisfy all conditions of problem (4.2). Since the equalities
uy, j (QIx) = &juy, j(2) hold for the functions uy j,j = 0,1,...,1 — 1, we obtain

Louy,j()

-1
Zasuk] QS ] = Zasgj‘uk,j(x)]
s=0
-1
=Y asup () = ppup(x <Z as€ ) = g ojukj(T) = Ag jur,; (),
s=0

-1 i
where o =3 170 @i}, A,j = p1' 0
Thus, the following assertion is proved.

Theorem 4.1. Let the coefficients ay,q = 0,1,...,1 —1 in Problem 3 be such that for all j =0,1,...,1—1
the conditions o; = Zé;% aq?; =% 0 are satisfied, and let the functions wy and numbers py, be eigenfunctions

and eigenvalues, respectively, of Problem (4.1). Then the functions

ug j (T efwg (Q°x)
=7 Z

and the numbers Ak] = pp'oj are eigenfunctions and eigenvalues, respectively, of Problem 3. The system of
functions {ng}k L J o s complete in the space Lz (§2).

5 Eigenfunctions and eigenvalues of Problem 4

As in the case of Problem 3, to construct the eigenfunctions and eigenvalues of Problem 4, we use Dirichlet
spectral problem .

Let wg and pyg, k € N be eigenfunctions and eigenvalues, respectively, of problem . For an arbitrary
p € {0,1,...,2" — 1}, we construct functions of form , i.e. functions

2n—1
1

@) = 57 D ()T w (Pl Pl
q=0
Theorem 5.1. Let the functions wy and numbers ug, k € N be eigenfunctions and eigenvalues, respec-
tively, of problem (4.1)). If in Problem 4 the coefficients aj,j = 0,1,...,2" — 1 are such that for any
p € {0,1,...,2" — 1} the conditions
2n_1
Op =Y (-1)P"q; #0

i=0
are satisfied, then the system of functions {ui(m) ckeNpe{0,1,...,2" — 1}} is a system of eigenfunctions
of Problem 4, and the corresponding eigenvalues are defined by the equalities )\i = Opui*. Moreover, the

system {uk :keN,pe{0,1,...,2" — 1}} 1s a complete and orthonormal system of functions in the
space Lo (92).
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Proof. According to Lemma 3.1 (for m = 1) the functions u} are eigenfunctions of Dirichlet problem ,
, corresponding to the eigenvalues pi. Then they must also satisfy the conditions of problem .
Indeed, as

—Aub(z) = prup(z), = € Q,

then according to (3.3), uf(z)|,,, = 0. Hence, for any j =1,2,...,m — 1, Aluj(z)|,, = 0 and
(=A)"up (z) = plup(z), x e

Moreover, the function ui satisfies the equality

p 11 pi2 i _ p1i1+p2iz+-+pnin, P
ul (P1 P ---Pn"m> = (—1) ninyP ().

Indeed, similarly to the proof of Theorem 3.1, using the commutativity of the matrices Pi, P, ..., Py,
we can write
o , T 4 .
Uz (plllp212 ) "sznfﬁ) = o Z (—1)<PT (Pgn ...popi.. .P;an)
q=0
] 2l ' ‘
— 271 Z (_1)<p7Q>(_A)mwk (Pgn+1n o P{ll"'zlx) .
q=0

Replacing the index in the last sum as ¢ — ¢ — ¢, and taking into account that

n n
<pg>= Y prtk = Y pelae — ix) =<p,q¢ > — <p,q >,

k=1 i=1
we obtain:
2n—1
o (PR Pirw) = 3 (S (P P
q=0

= ()" ) = ()P ().

Then, we obtain:

gn_1 on_1
Lod(@) = 3 al—A)"af (P Pia) =i 3 aad (Pir--- Pita)
i—0 =0
on_q 2" —1
= > ai(= )P () = g () 7 a(— 1)
=0 =0

= Oppy'uy, (x) = Nvi (@),

for all x € Q.
Thus, the functions u} satisfy all conditions of Problem 4. The completeness of the system
{uf(z) : ke N,pe{0,1,...,2" — 1}} is proved by the same method as in the case of Problem 2.
O

6 Conclusion

In this paper, spectral problems for nonlocal analogues of the polyharmonic operator are studied. The Dirich-
let and Dirichlet-type boundary value problems for two types of nonlocal analogues of the polyharmonic
operator are considered. The eigenfunctions and eigenvalues of these problems are determined. Theorems
on the completeness of systems of eigenfunctions in the space Lo (£2) are proved. The aim of further research
is to study initial boundary value problems for nonlocal analogues of parabolic and hyperbolic equations
with nonlocal polyharmonic operators.
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