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1 Introduction

It is known that comparing two complex numbers is not always possible, but in some problems we need to
compare two complex values. This is where the relevance of our research comes from.

The article is divided into two main sections. In the first section, we define ordered complex sets and
thus define an ordered complex subspace of a complex space and look at the properties of this space.

In the second section we apply the definitions contained in the first section to three mathematical
problems. We first expand the concepts of Young’s inequality and Hélder’s inequality, which are based on
the concept of a partial order. Then, we study the absence of weak solutions to second-order semilinear
equations and inequalities and obtain a condition for the absence of a non-trivial solution. Finally, we study
holomorphic functions based on the concept of a partial order.

In our research we will need the following basic information.

Definition 1 ([4]). In order for A to be a subspace of C, it must satisfy the conditions:
(1) for any 21,29 € A it follows that 21 + 29 € A,
(2) for any z € A, then Az € A, where \ is any real number.

Definition 2 ([4]). A sequence {z, }nen of points of a metric space X is called fundamental if for any € > 0
there exists such a number N, € N | that p(z,, z,) < € for all n > m > N,.

Definition 3 ([4]). If any fundamental sequence converges in the space X, then this space is called complete.

Definition 4 ([I]). Let E C R" be an open set, & € Nij, a # 0 and f,g € L], .(E). A function g is a weak
derivative of a function f of order o on E (for short g = DS f) if

Vo € C°(E) /EfDO‘godx:(—l)|°‘/Eg<pdac. (1.1)

Lemma 1.1. (Young’s inequality). If a > 0 and b > 0 are non-negative real numbers and if p > 1 and ¢ > 1
are real numbers such that z% + % =1, then
P e
ab< =+ (1.2)
p q
Equality holds if and only if a? = 9.
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2 Definition of a partial-order relation of complex numbers

We define the following partial-order relation in the complex space C.

Definition 5. If 21 = x1 +iy1, 22 = x2 + iy2, (x1,22,y1,y2 € R) are some complex numbers, then we write
z1 > 29 or, equivalently, zo < 2z if the following inequalities hold:

T2 T2, Y1 = Y2 (2.1)
If at least one inequality in (2.1)) is strict, then we write z1 > zo or, equivalently, zo < z1.

Definition 6. Let us define an ordered set C'4 C C as a set for which any two elements z1, 2o € Cy satisfy
either z1 > z9 or z1 < 29.

This means that if C'4 = {zj}?zl and the real parts have the following order: x1 > z9 > ... > x,, then
the imaginary parts have the same order: y; > yo > ... > y,. For example:

(1) Cay ={-2—3i,—1+1i,1+ 2i}. It is obvious that —2 < —1 < 1 have the same order as —3 <1 < 2,

(2) Cy, = {—6 — 3i,—3 — i,1 + 5i,7 + 8i}, here also —6 < —3 < 1 < 7 have the same order as
-3 -1<5<8.

We note that if z; > 2o, then 0 > 21 > 29 > 21 + 2. However, this does not imply that y; > y2 > y1 + y2.
For example, for z; = —2 — 3i,20 = —1 4+ 4 one has 1 + x9 < x1 < X3, but y1 + y2 £ y1 < Yo.

Definition 7. We say that ordered set C'y C C is a strictly ordered set if its elements satisfy the following
conditions:

(1) numbers x1,x9,x3 = 1 + x2 have the same order as y1,y2,y3 = y1 + ¥,
2) for any a € R and az; > z;, then ay; > y;, or if az; < z;, then ay; < y,.
J J i =Y J J I
Notation: 21 = 2z».

For example, let 21 = —3 — 4, 20 = 1 + 4i. According to the above 21 < 25 because 11 = —3 < 1 + 29 =
2<ry=landy=-1<y1+y2=3<y2 =4
However, z; = —3 +1 g 29 =144, because 11 = -3 <1 +r2=-2<wo=landy; =1<y; +y2 =

5 ﬁ Y2 = 4.
We note that in the example after Definition @the set C4, is ordered, but not strictly ordered, and the
set C'a, is strictly ordered.

Remark 1. Let C'4 C C be a strictly ordered set. If for any o € R, any n € N and any z; € C4,7 =1, ..., 1,
n

asz € Cy, (2.2)
j=1

then C}y is a subspace of C. We call it an ordered complex subspace of the space C.

Proof. Let = 1,n =2, then for any z1, 2o € Cy it follows that 2]2:1 2j = 21 + 2 € C4y.
Let o € R,n =1, then for any z € Cj4 it follows that az € C4. By Definition [I] C4 is a subspace of C. [

Let us give some examples of such spaces.
(1) C4q, ={2 € C|Im(z) =0} =R is an ordered complex subspace of the space C.
(2) Ca, ={z € C|Re(z) =0} = {2z =yi |y € R} is an ordered complex subspace of the space C.

(3) Let z9 = a + ib where a,b are real numbers, simultaneously positive or negative. Then it is easy to
prove that Ca, = {az0}aer is an ordered complex subspace of the space C.
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(4) Let zp = a — ib, where a,b are positive numbers. Then Cy, = {azo}qaecr is an unordered complex
subspace of the space C, because if zo =1 — i and let a1 = 1,90 = —2 then we get z1 = 1 — 4,290 =
—2 4+ 2¢. In this case z1 > x2,y1 < ¥yo.

We can notice that this subspace is complete. To prove that we need the following remark.

Remark 2. A necessary and sufficient condition for a sequence {z, = x, + iyn }nen to be fundamental in
C is that both sequences {zy, }nen, {yn }nen should be fundamental in R.

Theorem 2.1. Let Cy be ordered complex subspace of the space C. Then C4 is complete.
Proof. Let the sequence {z,}neny C C4 be fundamental and

lim z, =z

n—oo

. Then the theorem is true if we prove that z € Cy.
Let zp € Cy4 be such that zy < z; for each z; € {2, }nen. Then we have the following:

(1) 29 < z, with n — 0o we get 2o < z;
(2) Let zp < zp < x0+2n < Y0 < Yn < Yo + yn With n — 0o we get by Remark

ro<rx<zotr Sy <y <yot+y;

(3) Let Az, < zp & Ayn < ypn with n — 0o we get Az < z < Ay < y and vice versa. Let \x,, > x,, &
AYn > yn with n — co we get Az > o & Ay > y.

From the above we find that z € C'4 and C4 is complete. O

Example. Obviously, C'4, and Cy4, are complete spaces, and let us prove that Cy, is also a complete space.
Let {2z, = anzo}nen be a sequence in Cy4 such that «a, is a fundamental sequence in R and lim,, o o, =
a € R. Then {z,} is fundamental in C4 because for any € > 0 there is N, = |zp|e; > 0 where

|20 — 2m| = |anz0 — amzo| < |20l|an — am| < |zoler <€

for any n,m > N and lim,_, o 2, = lim, 00 a2z = azg € C4.

Definition 8. Let Cr = {fj};en be a family of functions f; : G; — C, where G; C C is the domain of f;,
and assume that ﬂjeN Gj # @. We say that Cp is a strictly ordered function set if, for any z € ﬂjeN Gj
either f;(2) = fi(2) or f;(2) 2 fi(2).

This means that:
(1) if uj > wy then v; > v, where fj(2) = uj(x,y) + iv;(z,y) and fr(2) = ug(z,y) + tvg(z, y),
(2) wj,uk, uj + ug have the same number order as vj, vy, v; + vy,
(3) for any a € R,j € N, if au; > u; one has av; > v; or if au; < uj then av; < vj.

Definition 9. Let Cr = {f;}32; be a strictly ordered set of functions. For any a € R and any n € N, if
the element « Z?Zl fj € Cr, then CF is an ordered complex subspace.
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3 Application of previous concepts to solving mathematical problems

In this section, we will use the previous definitions to solve some mathematical problems. For example, we
will study the solutions to inequalities that involve complex variables.
Consider the differential inequality

ou ) O0v
(wy)ty+2i<a—i—(zy), u(0,y)=W(y), v(z,0)=M(z). (3.1)
Ox oy
for functions u(z,y) : R> = R, v(z,y) : R> — R such that u, g:, v, and % are continuous on R? and the
functions W, M : R — R are continuous on R. By Definition [] this means for all z,y € R

ou ov
- <gz— — < 2.
o (z,y) <z —y; 9y (z,y) < -2

Then, for all z,y € R

T

/aéyd§</(£ D), /3 xndnsofy

0

Hence,

$2

u(@,y) < 5 —zy+ Wly); vl(ey) < -2y + M(). (3.2)

Thus, f(z) = u+iv < g(z) = %2 —xy + W(y) +i(—2y + M(z)). The set of all solutions to differential
inequality (3.1) is the ordered set of all functions C'.

3.1 Young’s and Holder’s inequalities

In this subsection, we will extend the concept of Young’s and Hélder’s inequalities to complex space on the
base of the definition of a partial order.

Theorem 3.1. If as,b, € C, s = 1,2,..,m, where Arg(as) + Arg(bs) € [0, 3], and if p > 1 and ¢ > 1 are
real numbers such that % + % =1, then

m m 1/p m 1/q
}:%@5m1+@(§:m¢ﬁ (E:bﬁﬁ :meN. (3.3)
s=1 s=1 s=1

Proof. Let as = |as|e’s, by = |bs|e’’s € C, then

a@:MMMJ%”Q:MMJM%%&+mGM9

lasbs| = ‘a5‘|bs,|6i(gs+ﬂs)| = |as]|bs]

and we have
0 <cos(Bs+1s) <1, 0<sin(fs+9s) <1

Then, by Definition

0 < as||bs|cos(0s + Os) + |as||bs|i sin(0s + V) < |as||bs|(1 + ).

m

Z |asbs|e?¥sT7s) = Z (]asbslcosws + 195)) -i-iz <|a5b5|sin(05 + 195)>

s=1 s=1

m m m
RS SIMTANE) SIATES SRR
s=1 s=1 s=1 s=1
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By Ho6lder’s inequality we get

m m 1/p m 1/q
S (Enr) (En) o
s=1 s=1 s=1

O
Lemma 3.1. Let a,b € C and let p > 1 and q > 1 be real numbers such that % + % =1.
(i) If Arg(a) + Arg(b) € [r, 37], then
alP  |bl? ,
ab > <|p’+’q|> (—1—1). (3.4)
(i) If Arg(a) + Arg(b) € (5, 7), then
—(W+|b|q><ab<z‘(’a|p+|b‘q>. (3.5)
p q p q
(iii) If Arg(a) + Arg(b) € (3m,2n), then
—i<w+|b‘q><ab<<’a|p+|b‘q>. (3.6)
p q p q

Proof. Let a = |ale?, b= |ble”’ € C, then ab = |a|[b] /?+?). By Lemmawe have |al [b] < % + %,
q)
!q>

P q
ab = |a| |b] cos(0 + V) + ila| |b| sin(§ + ) > <|(;| + |l;|> (—1—1).

(i) If 0+ € [, 37, then

S

p
02 Re(at) = o] Il cos(6+9) = ~lal o = - (12 +
i

S

OZImmw—vAWSmw+w>z—mHMz—<]j+

2|

According to Definition [5] we get

(ii) If @+ € (5, ), by Definition [f| we get
—1+0i < cos(6 + ) +isin(d +0) = ) <044
and

P ble ) P ble
- <M| + ||> < —a||b| < |a||b|e’ @+ < i|a||b| < i (M + ") .
p q p q

(iii) If @ + 9 € (3m,27), we have by Definition

0—i < cos(0 +19) 4 isin(0 +9) = ) < 140

P bla ) p bla
—i (““‘ + H) < —ilal|b] < |a||b|e’ ) < |a||b| < (M + ") .
p q p q

and
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Remark 3. (Holders’s inequality for functions of complex variable) If f(z), g(z) are functions defined and
continuous in the domain D, « is piecewise smooth curve lying in D, and if p > 1, ¢ > 1 are real numbers

such that % + % = 1, then for Arg(f) + Arg(g) € [0, 5] one has

raaz< ([ 1rpax) " ( [ra0a) i ( [rovan) ([ roran) (3.7)
Jorme<(f / / /

where z = x + 1y.

Proof. The assumption Arg(f) + Arg(g) € [0, 5] gives

0 < AINFTAIOT = cos(Arg(f) + Arg(g)) +i sin(Arg(f) + Arg(g)) < 1+1,

/fgdz _ / |fg‘e(Arg(f)+Arg(9))idZ < (1+41) / |fgldz, (3.8)
gl gl v

dz = dx +1 dy. 3.9
A\fg\z /W\fgx%/vlfg!y (3.9)

Now, by using Holder’s inequality for the real and imaginary parts of (3.9)) and by Definition |5| we obtain

| otz < ( / rfrpdx)l/p ( / ot Y ( / ) h ( / sty " (3.10)

and the statement of the remark is proved. O

Note that if we use Young’s inequality for the real and imaginary parts of the complex integral (3.9)), we

obtain ) )
/ Folde < X / frde / 9|4, (3.11)
v P Jy 7y

1 1
/ Faldy < & / Py + - / 19l4dy. (3.12)
v P Jy qJy

1 1 .
/vfgdz< <p/7]f|pdz+q/vg\qdz> (144). (3.13)

3.2 Absence of non-trivial solutions to inequalities

By Definition [p] we can write

In this subsection we consider obtaining a condition for the absence of a weak and nontrivial solution to
first-order evolution problems with complex variables.

Let the functions H(f), L(f), G(f) € Cp, for any f(z,t) € L] (C"™'),q > 1, where CF is an ordered
complex subspace, be defined in the following way:

L(f(z 1) = > (D)*(aa(z, ) fP(2,1);p > 1,
lad=m (3.14)

= @D ) = (e,

H(f(z0) =

Here, aq(z,t) are bounded measurable functions defined for ¢ > 0,z € C". Let us now study the existence
and absence of solutions to the following first-order evolution problem:

{ H(f(z,t)) 2 L(f(2,1)) + G(f(2,1)); (2,t) € B" x (0,00), (3.15)
f(2,0) = fo(z) = 0; z € B". '

The absence of a solution to this problem in real space has already been studied by V.A. Galaktionov,
Yu.V. Egorov, V.A. Kondratiev, and S.I. Pokhozhaev [2],[3], and they got the following result.
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Definition 10 (J5]). A weak solution f of (3.15) where z = z € R" is defined as a non-negative function
f(z,t) satisfying the inequality

T 8410 T T
- / f—dxdt — fop(z,0)dx > / / fPL* (p)dxdt + / flodzdt (3.16)
0 Rn at Rn 0 n 0 R

for any function ¢ € CJ*(R™™1), ¢(x,t) > 0, where
L*(p) = Y aal(z,t)(=D)*¢P(21).
|a|=m
loc(R1+1> and
such that fo(x) € LlOC(RZL_H), satisfies inequality (3.16) and if 1 <p < g <p+ m/n then f(xz,t) = 0.
By Definition l and inequality we get
Re(H(f(2,t))) = Re(L(f(2,t))) + Re(G(f(2,1)))
Im(H(f(z,t))) = Im(L(f(2,1))) + Im(G(f(2,1))), (3.17)
Re(fo(z)) = 0; Im(fo(2)) = 0.

To make it easier to calculate fP, f¢, we will use polar coordinates.

Let = = pe € C"p € ([0,00)",0 € ([0,2n])", f(z,t) = R(p,0,t)e?Pot) and aq(z,t) =
An(p, 0,t)ei® POt  where R € LL.(V), V= ([0,00))” x ([0,27])™ x (0,00) and ¥ : V' — [0, 27), 1}
takes the form:

Theorem 3.2 ([5]). If a non-negative function f(z,t), belonging to the class L;, (R"'H) N L}

I(Rcos?)

ot
W > Lim(f) + Rsin(q?), (3.18)

Rycos(¥y) = R(p, 8,0)cos(V(p,d,0)) > 0,
Rysin(vy) = R(p, 8,0)sin(I(p,0,0)) > 0,

> Lpe(f) + Ricos(qv),

where
Lre(f) = Y D*(AaRPcos(da +pv)),

laf=m

Lim(f) = ) D*(AaRPsin(¢a + p?)).

|a|=m
According to Definition [L0} the non-negative functions R(p, 0, t)cos(d(p,6,1)), R(p,0,t)sin(9(p,0,t)) satisfy
the inequalities

/Rcosﬁ%’odv /Rocos J0)e(p, 0, 0)dS>/
v

(3.19)

RPL.(p)dV +/ Ycos(q)edV,

5 v v (3.20)
—/ Rsinﬁa—fdv — / Rysin(9o)p(p, 0,0)dS > / RPL( dV+/ Tsin(q)edV,
% v

where ¢ > 0, p € CjH(R* 1)

+o00 +o0 2 2m
/g(p,@)dS:/ / / / g9(p,0) dp;...dp,d0;...doy,
s 0 0 0 0

, (3.21)
T —+00 +o0o 27 2 pi
/Vg(p, H)dV:/O /0 ../0 /0 ../0 g(p,0) dpi..dppdb..doydt,
and
Le(p) = Z (Aacos(¢a +pI)(—D)*(¢)) ,
laf=m (3.22)
Li(p) = Y (Aasin(ga +pd)(—D)*(p)).
|a|=m

Then, taking into account inequalities (3.20) and Definition |5 we come to the following definition.
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Definition 11. A functlon f(z,t) € L (C"™)y N LL (C™*1) such that fo(z) € L}, (C") is called a weak

solution to problem (3 if Arg(f) €0, 3] and the following inequality holds:

/ f&pdV /S fopodS > /V FPL*(p)dV + /V FlpdV (3.23)

for any function ¢ > 0, ¢ € C(RY"™), where L*(¢) = Le(p) +iLs(i0).

In its traditional formulation, it is usually assumed that the function f is real-valued and non-negative.
Moreover, f may be interpreted as a physical quantity, such as density, concentration, or temperature. This
model is based on the interaction of two fundamental mechanisms: diffusion and growth.

In the present work, we begin by addressing the following fundamental question: can the traditional
formulation of inequality be extended so that the function f becomes complex-valued, thereby al-
lowing it to be represented simultaneously in terms of amplitude and phase, while preserving the physical
interpretation of the model?

Such an extension involves more than merely changing the mathematical nature of the unknown function.
It introduces a new mechanism into the dynamics of the amplitude: its evolution is determined not only by
the interplay between diffusion and growth, but also depends directly on the phase and its spatial gradient.
Thus, the proposed extension provides a foundation for further development of the model and its subsequent
application to problems involving wave propagation.

Theorem 3.3. If a function f(z,t) € L}, (C**1) N LL (C") is such that fo(z) € Li,.(C"), Arg(f) €
[0, 2’;], satisfies inequality 1) and
p+1 n+v

1<—<qg< —— > 2 3.24
2 7= n—i—l/—mp7 v=s ( )
then f(z,t) = 0.

Proof. We have Arg(f) € [0,5] C [0,7/2], then the real and imaginary parts of the function f(z,t) are
non-negative and f(z,t) > 0+ Oz Let

1 s<1,
) ={ 5 25, (3.25)

then — [ fogodS < 0. By Deﬁnition we get the following:
dp ]
0< | flodV < — | f==dV — [ fPL*(p)dV,, (3.26)
1% v ot v
where ¢ € CJ'(RY"*!) and f > 0, then — |, f ZodV < 0, and we get
0< / flpdV < —/ fPL*(p)dV. (3.27)
\%4 \%4

Using inequality (3.13)), we obtain

RIBpdV < ¢; L (3.28)
v - v pp/a-p) ’
where E(0,q,p) = e'1” + %e%i and ¢ = W € C. Now, we choose the function
2 t2/V
90(p797t) = ¥o (p_;Q , B>0, v>2, (329)

where g is defined in (3.25)).
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Next, we change the variables t = BY7, p = B({ and we get:

v op/a-p) 2 ’

* q/(a—p)
oy = /// L (“’(/’2‘ dCy...dC,db: ...d6,dT < .
7_1/V+|C‘<\/7 p/a— p

Substituting the last estimate into inequality (3 , we get

where

mgq

/ RIE@dV < cicaB" a=p, (3.30)
.

If B— oo and ¢ < 75 p, then [, RIE@dV =0 and f = 0.

3.3 Holomorphic functions

In this subsection we consider the possibility of proving that a function is holomorphic, based on the notions
greater or less for a holomorphic function. The main contribution of this work is the development of a
comparison criterion for establishing the holomorphy of complex-valued functions. The criterion relates the
function under consideration to a holomorphic comparison of a function and a system of differential inequal-
ities. Consequently, the holomorphy can be established indirectly, without requiring the direct verification
of the classical Cauchy—Riemann conditions.

Theorem 3.4. Let Cp be an ordered complex subspace. If f(z) = u+ iv € CF is a holomorphic function
on C and there is a function g(z) = w + ih satisfying the following system of inequalities:

du dw
dz dz
dv dh Vz e D, (3.31)
dz dz

where D C C is the non-empty intersection of the domains of f,g. Then g(z) will be a holomorphic function
on D if and only if g(z) = f(z)+c .

Proof. The function f(z) is holomorphic, which means

u_ v Qu_ _Ov (3.32)

dx 9y’ Oy Ox
We can rewrite inequalities (3.31]) in more detailed form:
Or Oy~ Ox oy’ (3.33)
ov Ov _ 0Oh . Oh '
Tl 2 — i .
ox oy — Ox oy
By Definition 5| and inequalities (3.33)) we have

ou ow. ou ow.
9z 2 9z5 oy =y’
(3.34)
v 8h ov oh
Now, let us prove that oo — S = (), ?91; + % =0,

ow o _ou v,
or Oy — 830 oy ’
ow Oh _0Ou Oh 0 (3.35)

67y+6m 8y+%_
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From this we obtain that g(z) will be a holomorphic function on D if

0 < ow Oh
= dxr  dy dw dh
ow on (2T (3:36)
0< —+
Oy Oz

By (3.34)) there holds
' 8h ow < @ _ @ < @
8y ox — 8z Oy — oy’
8h 8w ou @ < _@
8$ = oy 8@/ Oox — Ox’
From this we conclude that

@ _Ov Ou  Ow
dy  dy dxr oz’
ahy éyu o ow (T IR =) e (3.37)

O

Remark 4. Let Cr be an ordered complex subspace. If f(z) = u + iv € Cp is a holomorphic function on
C and there is a function g(z) = w + ih satistying

du  dw
FEE
dv dh Vze D CC, (3.38)
dz dz

then g(z) will be a holomorphic function on D if and only if g(z) = f(2) + c.
Proof. We can rewrite inequalities (3.38)
ou Ou _ Ow  Ow ou

ow. Ju ow
%‘Flafy_%—'—laiy %28:5’ 8y28y
& ) (3.39)
w v oh on (T w s
ox 8y Ox By Oz = O’ dy = dy
o) _
Now, let us prove that w9t =, 81;’ + % =0 and

ow 0Oh _ Ou Ov
>

Or OJy — 0r Oy ;
dw Lo 8h ou N on . (3.40)
oy 8x dy  dr

From this we obtain that g(z) will be a holomorphic function on D if

ow 0Oh ow Oh
w _Oh . oh A1
oz oy =% gy Tar =Y (341)

By (3.39) and (3.32)) there hold

oh_ow_on_ov_ on oh_ov_on_ow
Oy = 0z — 0x 0Oy — 0y’ oy Oy Ox Ox’

oh_dw_ou_ ov_ oh(T) oh_ ov_ou_ow .
dr — 0y — 0y  Ox — Ox or  O0xr 0Oy Oy

and ¢g(z) = f(z) +con D. O

Both statements lead us to the following conclusion: if f(z) = w + iv is a holomorphic function on

C and there are functions w(z,y), h(z,y) € R? satisfying %, %ﬁ, %, % € Cp, which is an ordered set of

functions, then the function w(z,y) + ih(z,y) = g(z) will be a holomorphic function in Cr if and only if
9(z) = f(z) +c.
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