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1 Introduction

It is known that comparing two complex numbers is not always possible, but in some problems we need to
compare two complex values. This is where the relevance of our research comes from.

The article is divided into two main sections. In the �rst section, we de�ne ordered complex sets and
thus de�ne an ordered complex subspace of a complex space and look at the properties of this space.

In the second section we apply the de�nitions contained in the �rst section to three mathematical
problems. We �rst expand the concepts of Young's inequality and H�older's inequality, which are based on
the concept of a partial order. Then, we study the absence of weak solutions to second-order semilinear
equations and inequalities and obtain a condition for the absence of a non-trivial solution. Finally, we study
holomorphic functions based on the concept of a partial order.

In our research we will need the following basic information.

De�nition 1 ([4]). In order for A to be a subspace of C, it must satisfy the conditions:

(1) for any z1, z2 ∈ A it follows that z1 + z2 ∈ A,

(2) for any z ∈ A, then λz ∈ A, where λ is any real number.

De�nition 2 ([4]). A sequence {xn}n∈N of points of a metric space X is called fundamental if for any ε > 0
there exists such a number Nε ∈ N , that ρ(xn, xm) < ε for all n ≥ m > Nε.

De�nition 3 ([4]). If any fundamental sequence converges in the space X, then this space is called complete.

De�nition 4 ([1]). Let E ⊂ Rn be an open set, α ∈ Nn0 , α 6= 0 and f, g ∈ Lqloc(E). A function g is a weak
derivative of a function f of order α on E (for short g = Dα

wf) if

∀ϕ ∈ C∞0 (E)

∫
E
fDαϕdx = (−1)|α|

∫
E
gϕdx. (1.1)

Lemma 1.1. (Young's inequality). If a ≥ 0 and b ≥ 0 are non-negative real numbers and if p > 1 and q > 1
are real numbers such that 1

p + 1
q = 1, then

ab ≤ ap

p
+
bq

q
. (1.2)

Equality holds if and only if ap = bq.
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2 De�nition of a partial-order relation of complex numbers

We de�ne the following partial-order relation in the complex space C.

De�nition 5. If z1 = x1 + iy1, z2 = x2 + iy2, (x1, x2, y1, y2 ∈ R) are some complex numbers, then we write
z1 ≥ z2 or, equivalently, z2 ≤ z1 if the following inequalities hold:

x1 ≥ x2, y1 ≥ y2. (2.1)

If at least one inequality in (2.1) is strict, then we write z1 > z2 or, equivalently, z2 < z1.

De�nition 6. Let us de�ne an ordered set CA ⊂ C as a set for which any two elements z1, z2 ∈ CA satisfy
either z1 ≥ z2 or z1 ≤ z2.

This means that if CA = {zj}nj=1 and the real parts have the following order: x1 ≥ x2 ≥ ... ≥ xn, then
the imaginary parts have the same order: y1 ≥ y2 ≥ ... ≥ yn. For example:

(1) CA1 = {−2− 3i,−1 + i, 1 + 2i}. It is obvious that −2 ≤ −1 ≤ 1 have the same order as −3 ≤ 1 ≤ 2,

(2) CA2 = {−6 − 3i,−3 − i, 1 + 5i, 7 + 8i}, here also −6 ≤ −3 ≤ 1 ≤ 7 have the same order as
−3 ≤ −1 ≤ 5 ≤ 8.

We note that if z1 ≥ z2, then 0 ≥ x1 ≥ x2 ≥ x1 + x2. However, this does not imply that y1 ≥ y2 ≥ y1 + y2.
For example, for z1 = −2− 3i, z2 = −1 + i one has x1 + x2 < x1 < x2, but y1 + y2 6< y1 < y2.

De�nition 7. We say that ordered set CA ⊂ C is a strictly ordered set if its elements satisfy the following
conditions:

(1) numbers x1, x2, x3 = x1 + x2 have the same order as y1, y2, y3 = y1 + y2,

(2) for any α ∈ R and αxj ≥ xj , then αyj ≥ yj , or if αxj ≤ xj , then αyj ≤ yj .

Notation: z1 = z2.

For example, let z1 = −3− i, z2 = 1 + 4i. According to the above z1 5 z2 because x1 = −3 ≤ x1 + x2 =
−2 ≤ x2 = 1 and y1 = −1 ≤ y1 + y2 = 3 ≤ y2 = 4.

However, z1 = −3 + i � z2 = 1 + 4i, because x1 = −3 ≤ x1 + x2 = −2 ≤ x2 = 1 and y1 = 1 ≤ y1 + y2 =
5 � y2 = 4.

We note that in the example after De�nition 6 the set CA1 is ordered, but not strictly ordered, and the
set CA2 is strictly ordered.

Remark 1. Let CA ⊂ C be a strictly ordered set. If for any α ∈ R, any n ∈ N and any zj ∈ CA, j = 1, ..., n,

α

n∑
j=1

zj ∈ CA, (2.2)

then CA is a subspace of C. We call it an ordered complex subspace of the space C.

Proof. Let α = 1, n = 2, then for any z1, z2 ∈ CA it follows that
∑2

j=1 zj = z1 + z2 ∈ CA.
Let α ∈ R, n = 1, then for any z ∈ CA it follows that αz ∈ CA. By De�nition 1 CA is a subspace of C.

Let us give some examples of such spaces.

(1) CA1 = {z ∈ C|Im(z) = 0} = R is an ordered complex subspace of the space C.

(2) CA2 = {z ∈ C|Re(z) = 0} = {z = yi |y ∈ R} is an ordered complex subspace of the space C.

(3) Let z0 = a + ib where a, b are real numbers, simultaneously positive or negative. Then it is easy to
prove that CA3 = {αz0}α∈R is an ordered complex subspace of the space C.
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(4) Let z0 = a − ib, where a, b are positive numbers. Then CA3 = {αz0}α∈R is an unordered complex
subspace of the space C, because if z0 = 1 − i and let α1 = 1, α2 = −2 then we get z1 = 1 − i, z2 =
−2 + 2i. In this case x1 > x2, y1 < y2.

We can notice that this subspace is complete. To prove that we need the following remark.

Remark 2. A necessary and su�cient condition for a sequence {zn = xn + iyn}n∈N to be fundamental in
C is that both sequences {xn}n∈N, {yn}n∈N should be fundamental in R.

Theorem 2.1. Let CA be ordered complex subspace of the space C. Then CA is complete.

Proof. Let the sequence {zn}n∈N ⊂ CA be fundamental and

lim
n→∞

zn = z

. Then the theorem is true if we prove that z ∈ CA.
Let z0 ∈ CA be such that z0 ≤ zj for each zj ∈ {zn}n∈N. Then we have the following:

(1) z0 ≤ zn with n→∞ we get z0 ≤ z;

(2) Let x0 ≤ xn ≤ x0 + xn ⇔ y0 ≤ yn ≤ y0 + yn with n→∞ we get by Remark 2

x0 ≤ x ≤ x0 + x⇔ y0 ≤ y ≤ y0 + y;

(3) Let λxn ≤ xn ⇔ λyn ≤ yn with n → ∞ we get λx ≤ x ⇔ λy ≤ y and vice versa. Let λxn ≥ xn ⇔
λyn ≥ yn with n→∞ we get λx ≥ x⇔ λy ≥ y.

From the above we �nd that z ∈ CA and CA is complete.

Example. Obviously, CA1 and CA2 are complete spaces, and let us prove that CA3 is also a complete space.
Let {zn = αnz0}n∈N be a sequence in CA such that αn is a fundamental sequence in R and limn→∞ αn =
α ∈ R. Then {zn} is fundamental in CA because for any ε > 0 there is Nε = |z0|ε1 > 0 where

|zn − zm| = |αnz0 − αmz0| ≤ |z0||αn − αm| ≤ |z0|ε1 ≤ ε

for any n,m > Nε and limn→∞ zn = limn→∞ αnz0 = αz0 ∈ CA.

De�nition 8. Let CF = {fj}j∈N be a family of functions fj : Gj → C, where Gj ⊆ C is the domain of fj ,
and assume that

⋂
j∈NGj 6= ∅. We say that CF is a strictly ordered function set if, for any z ∈

⋂
j∈NGj

either fj(z) 5 fk(z) or fj(z) = fk(z).

This means that:

(1) if uj ≥ ul then vj ≥ vk, where fj(z) = uj(x, y) + ivj(x, y) and fk(z) = uk(x, y) + ivk(x, y),

(2) uj , uk, uj + uk have the same number order as vj , vk, vj + vk,

(3) for any α ∈ R, j ∈ N, if αuj ≥ uj one has αvj ≥ vj or if αuj ≤ uj then αvj ≤ vj .

De�nition 9. Let CF = {fj}∞j=1 be a strictly ordered set of functions. For any α ∈ R and any n ∈ N, if
the element α

∑n
j=1 fj ∈ CF , then CF is an ordered complex subspace.
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3 Application of previous concepts to solving mathematical problems

In this section, we will use the previous de�nitions to solve some mathematical problems. For example, we
will study the solutions to inequalities that involve complex variables.

Consider the di�erential inequality

∂u

∂x
(x, y) + y + 2i ≤ x− i∂v

∂y
(x, y), u(0, y) = W (y), v(x, 0) = M(x). (3.1)

for functions u(x, y) : R2 → R, v(x, y) : R2 → R such that u, ∂u∂x , v, and
∂v
∂y are continuous on R2 and the

functions W,M : R→ R are continuous on R. By De�nition 5 this means for all x, y ∈ R

∂u

∂x
(x, y) ≤ x− y;

∂v

∂y
(x, y) ≤ −2.

Then, for all x, y ∈ R

x∫
0

∂u

∂x
(ξ, y)dξ ≤

x∫
0

(ξ − y)dξ,

y∫
0

∂v

∂y
(x, η)dη ≤

y∫
0

(−2)dη.

Hence,

u(x, y) ≤ x2

2
− xy +W (y); v(x, y) ≤ −2y +M(x). (3.2)

Thus, f(z) = u + iv ≤ g(z) = x2

2 − xy + W (y) + i(−2y + M(x)). The set of all solutions to di�erential
inequality (3.1) is the ordered set of all functions Cf .

3.1 Young's and H�older's inequalities

In this subsection, we will extend the concept of Young's and H�older's inequalities to complex space on the
base of the de�nition of a partial order.

Theorem 3.1. If as, bs ∈ C, s = 1, 2, ..,m, where Arg(as) + Arg(bs) ∈ [0, π2 ], and if p > 1 and q > 1 are

real numbers such that 1
p + 1

q = 1, then

m∑
s=1

asbs ≤ (1 + i)

(
m∑
s=1

|as|p
)1/p( m∑

s=1

|bs|q
)1/q

; m ∈ N. (3.3)

Proof. Let as = |as|eiθs , bs = |bs|eiϑs ∈ C, then

asbs = |as||bs| ei(θs+ϑs) = |asbs|ei(θs+ϑs); θs + ϑs ∈ [0,
π

2
]

|asbs| = |as||bs||ei(θs+ϑs)| = |as||bs|

and we have
0 ≤ cos(θs + ϑs) ≤ 1, 0 ≤ sin(θs + ϑs) ≤ 1.

Then, by De�nition 5

0 ≤ |as||bs|cos(θs + ϑs) + |as||bs|i sin(θs + ϑs) ≤ |as||bs|(1 + i).

m∑
s=1

|asbs|ei(θs+ϑs) =
m∑
s=1

(
|asbs|cos(θs + ϑs)

)
+ i

m∑
s=1

(
|asbs|sin(θs + ϑs)

)
m∑
s=1

|asbs|ei(θs+ϑs) ≤
m∑
s=1

|asbs|+ i

m∑
s=1

|asbs| =
m∑
s=1

|asbs|(1 + i).
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By H�older's inequality we get

m∑
s=1

|asbs|ei(θs+ϑs) ≤

(
m∑
s=1

|as|p
)1/p( m∑

s=1

|bs|q
)1/q

(1 + i).

Lemma 3.1. Let a, b ∈ C and let p > 1 and q > 1 be real numbers such that 1
p + 1

q = 1.

(i) If Arg(a) +Arg(b) ∈ [π, 3
2π], then

ab ≥
(
|a|p

p
+
|b|q

q

)
(−1− i). (3.4)

(ii) If Arg(a) +Arg(b) ∈ (π2 , π), then

−
(
|a|p

p
+
|b|q

q

)
< ab < i

(
|a|p

p
+
|b|q

q

)
. (3.5)

(iii) If Arg(a) +Arg(b) ∈ (3
2π, 2π), then

− i
(
|a|p

p
+
|b|q

q

)
< ab <

(
|a|p

p
+
|b|q

q

)
. (3.6)

Proof. Let a = |a|eiθ, b = |b|eiϑ ∈ C, then ab = |a||b| ei(θ+ϑ). By Lemma 1.1 we have |a| |b| ≤ |a|
p

p + |b|q
q ,

(i) If θ + ϑ ∈ [π, 3
2π], then

0 ≥ Re(ab) = |a| |b| cos(θ + ϑ) ≥ −|a| |b| ≥ −
(
|a|p

p
+
|b|q

q

)
,

0 ≥ Im(ab) = |a| |b| sin(θ + ϑ) ≥ −|a| |b| ≥ −
(
|a|p

p
+
|b|q

q

)
.

According to De�nition 5 we get

ab = |a| |b| cos(θ + ϑ) + i|a| |b| sin(θ + ϑ) ≥
(
|a|p

p
+
|b|q

q

)
(−1− i).

(ii) If θ + ϑ ∈ (π2 , π), by De�nition 5 we get

−1 + 0i < cos(θ + ϑ) + isin(θ + ϑ) = ei(θ+ϑ) < 0 + i

and

−
(
|a|p

p
+
|b|q

q

)
< −|a||b| < |a||b|ei(θ+ϑ) < i|a||b| < i

(
|a|p

p
+
|b|q

q

)
.

(iii) If θ + ϑ ∈ (3
2π, 2π), we have by De�nition 5

0− i < cos(θ + ϑ) + isin(θ + ϑ) = ei(θ+ϑ) < 1 + 0i

and

−i
(
|a|p

p
+
|b|q

q

)
< −i|a||b| < |a||b|ei(θ+ϑ) < |a||b| <

(
|a|p

p
+
|b|q

q

)
.
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Remark 3. (H�olders's inequality for functions of complex variable) If f(z), g(z) are functions de�ned and
continuous in the domain D, γ is piecewise smooth curve lying in D, and if p > 1, q > 1 are real numbers
such that 1

p + 1
q = 1, then for Arg(f) +Arg(g) ∈ [0, π2 ] one has∫
γ
fgdz ≤

(∫
γ
|f |pdx

)1/p(∫
γ
|g|qdx

)1/q

+ i

(∫
γ
|f |pdy

)1/p(∫
γ
|g|qdy

)1/q

, (3.7)

where z = x+ iy.

Proof. The assumption Arg(f) +Arg(g) ∈ [0, π2 ] gives

0 ≤ e(Arg(f)+Arg(g))i = cos(Arg(f) +Arg(g)) + i sin(Arg(f) +Arg(g)) ≤ 1 + i,∫
γ
fgdz =

∫
γ
|fg|e(Arg(f)+Arg(g))idz ≤ (1 + i)

∫
γ
|fg|dz, (3.8)∫

γ
|fg|dz =

∫
γ
|fg|dx+ i

∫
γ
|fg|dy. (3.9)

Now, by using H�older's inequality for the real and imaginary parts of (3.9) and by De�nition 5 we obtain∫
γ
fgdz ≤

(∫
γ
|f |pdx

)1/p(∫
γ
|g|qdx

)1/q

+ i

(∫
γ
|f |pdy

)1/p(∫
γ
|g|qdy

)1/q

, (3.10)

and the statement of the remark is proved.

Note that if we use Young's inequality for the real and imaginary parts of the complex integral (3.9), we
obtain ∫

γ
|fg|dx ≤ 1

p

∫
γ
|f |pdx+

1

q

∫
γ
|g|qdx, (3.11)∫

γ
|fg|dy ≤ 1

p

∫
γ
|f |pdy +

1

q

∫
γ
|g|qdy. (3.12)

By De�nition 5 we can write ∫
γ
fgdz ≤

(
1

p

∫
γ
|f |pdz +

1

q

∫
γ
|g|qdz

)
(1 + i). (3.13)

3.2 Absence of non-trivial solutions to inequalities

In this subsection we consider obtaining a condition for the absence of a weak and nontrivial solution to
�rst-order evolution problems with complex variables.

Let the functions H(f), L(f), G(f) ∈ CF , for any f(z, t) ∈ Lqloc(C
n+1), q ≥ 1, where CF is an ordered

complex subspace, be de�ned in the following way:

L(f(z, t)) =
∑
|α|=m

(D)α(aα(z, t)fp(z, t)); p ≥ 1,

H(f(z, t)) =
∂f(z, t)

∂t
, G(f(z, t)) = f q(z, t).

 (3.14)

Here, aα(z, t) are bounded measurable functions de�ned for t ≥ 0, z ∈ Cn. Let us now study the existence
and absence of solutions to the following �rst-order evolution problem:{

H(f(z, t)) = L(f(z, t)) +G(f(z, t)); (z, t) ∈ Bn × (0,∞),
f(z, 0) = f0(z) ≥ 0; z ∈ Bn.

(3.15)

The absence of a solution to this problem in real space has already been studied by V.A. Galaktionov,
Yu.V. Egorov, V.A. Kondratiev, and S.I. Pokhozhaev [2],[3], and they got the following result.
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De�nition 10 ([5]). A weak solution f of (3.15) where z = x ∈ Rn is de�ned as a non-negative function
f(x, t) satisfying the inequality

−
∫ T

0

∫
Rn
f
∂ϕ

∂t
dxdt−

∫
Rn
f0ϕ(x, 0)dx ≥

∫ T

0

∫
Rn
fpL∗(ϕ)dxdt+

∫ T

0

∫
Rn
f qϕdxdt (3.16)

for any function ϕ ∈ Cm0 (Rn+1), ϕ(x, t) ≥ 0, where

L∗(ϕ) =
∑
|α|=m

aα(z, t)(−D)αϕp(z, t).

Theorem 3.2 ([5]). If a non-negative function f(x, t), belonging to the class L1
loc(R

n+1
+ ) ∩ Lqloc(R

n+1
+ ) and

such that f0(x) ∈ L1
loc(R

n+1
+ ), satis�es inequality (3.16) and if 1 ≤ p < q ≤ p+m/n, then f(x, t) ≡ 0.

By De�nition 8 and inequality (3.15) we get

Re(H(f(z, t))) ≥ Re(L(f(z, t))) +Re(G(f(z, t))),

Im(H(f(z, t))) ≥ Im(L(f(z, t))) + Im(G(f(z, t))),

Re(f0(z)) ≥ 0; Im(f0(z)) ≥ 0.

 (3.17)

To make it easier to calculate fp, f q, we will use polar coordinates.
Let z = ρeiθ ∈ Cn, ρ ∈

(
[0,∞)

)n
, θ ∈

(
[0, 2π]

)n
, f(z, t) = R(ρ, θ, t)eiϑ(ρ,θ,t) and aα(z, t) =

Aα(ρ, θ, t)eiφα(ρ,θ,t), where R ∈ Lqloc(V ), V =
(
[0,∞)

)n × ([0, 2π])n × (0,∞) and ϑ : V → [0, 2π), (3.17)
takes the form:

∂(Rcosϑ)

∂t
≥ LRe(f) +Rqcos(qϑ),

∂(Rsinϑ)

∂t
≥ LIm(f) +Rqsin(qϑ),

R0cos(ϑ0) = R(ρ, θ, 0)cos(ϑ(ρ, θ, 0)) ≥ 0,

R0sin(ϑ0) = R(ρ, θ, 0)sin(ϑ(ρ, θ, 0)) ≥ 0,


(3.18)

where
LRe(f) =

∑
|α|=m

Dα (AαR
pcos(φα + pϑ)) ,

LIm(f) =
∑
|α|=m

Dα (AαR
psin(φα + pϑ)) .

 (3.19)

According to De�nition 10, the non-negative functions R(ρ, θ, t)cos(ϑ(ρ, θ, t)), R(ρ, θ, t)sin(ϑ(ρ, θ, t)) satisfy
the inequalities

−
∫
V
Rcosϑ

∂ϕ

∂t
dV −

∫
S
R0cos(ϑ0)ϕ(ρ, θ, 0)dS ≥

∫
V
RpLc(ϕ)dV +

∫
V
Rqcos(qϑ)ϕdV,

−
∫
V
Rsinϑ

∂ϕ

∂t
dV −

∫
S
R0sin(ϑ0)ϕ(ρ, θ, 0)dS ≥

∫
V
RpLs(ϕ)dV +

∫
V
Rqsin(qϑ)ϕdV,

 (3.20)

where ϕ ≥ 0, ϕ ∈ Cm0 (R2n+1),∫
S
g(ρ, θ)dS =

∫ +∞

0
...

∫ +∞

0

∫ 2π

0
...

∫ 2π

0
g(ρ, θ) dρ1...dρndθ1...dθn,∫

V
g(ρ, θ)dV =

∫ T

0

∫ +∞

0
..

∫ +∞

0

∫ 2π

0
..

∫ 2 pi

0
g(ρ, θ) dρ1..dρndθ1..dθndt,

 (3.21)

and
Lc(ϕ) =

∑
|α|=m

(Aαcos(φα + pϑ)(−D)α(ϕ)) ,

Ls(ϕ) =
∑
|α|=m

(Aαsin(φα + pϑ)(−D)α(ϕ)) .

 (3.22)

Then, taking into account inequalities (3.20) and De�nition 5, we come to the following de�nition.
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De�nition 11. A function f(z, t) ∈ L1
loc(Cn+1) ∩ Lqloc(C

n+1) such that f0(z) ∈ L1
loc(Cn) is called a weak

solution to problem (3.15) if Arg(f) ∈ [0, π2q ] and the following inequality holds:

−
∫
V
f
∂ϕ

∂t
dV −

∫
S
f0ϕ0dS ≥

∫
V
fpL∗(ϕ)dV +

∫
V
f qϕdV (3.23)

for any function ϕ ≥ 0, ϕ ∈ Cm0 (R2n+1
+ ), where L∗(ϕ) = Lc(ϕ) + iLs(ϕ).

In its traditional formulation, it is usually assumed that the function f is real-valued and non-negative.
Moreover, f may be interpreted as a physical quantity, such as density, concentration, or temperature. This
model is based on the interaction of two fundamental mechanisms: di�usion and growth.

In the present work, we begin by addressing the following fundamental question: can the traditional
formulation of inequality (3.23) be extended so that the function f becomes complex-valued, thereby al-
lowing it to be represented simultaneously in terms of amplitude and phase, while preserving the physical
interpretation of the model?

Such an extension involves more than merely changing the mathematical nature of the unknown function.
It introduces a new mechanism into the dynamics of the amplitude: its evolution is determined not only by
the interplay between di�usion and growth, but also depends directly on the phase and its spatial gradient.
Thus, the proposed extension provides a foundation for further development of the model and its subsequent
application to problems involving wave propagation.

Theorem 3.3. If a function f(z, t) ∈ L1
loc(Cn+1) ∩ Lqloc(C

n+1) is such that f0(z) ∈ L1
loc(Cn+1), Arg(f) ∈

[0, π2q ], satis�es inequality (3.15) and

1 ≤ p+ 1

2
< q ≤ n+ ν

n+ ν −m
p, ν ≥ 2, (3.24)

then f(x, t) ≡ 0.

Proof. We have Arg(f) ∈ [0, π2q ] ⊂ [0, π/2], then the real and imaginary parts of the function f(z, t) are
non-negative and f(z, t) ≥ 0 + 0i. Let

ϕ0(s) =

{
1 s ≤ 1,
0 s ≥ 2,

(3.25)

then −
∫
S f0ϕ0dS ≤ 0. By De�nition 11 we get the following:

0 ≤
∫
V
f qϕdV ≤ −

∫
V
f
∂ϕ

∂t
dV −

∫
V
fpL∗(ϕ)dV, , (3.26)

where ϕ ∈ Cm0 (R2n+1
+ ) and f ≥ 0, then −

∫
V f

∂ϕ
∂t ϕdV ≤ 0, and we get

0 ≤
∫
V
f qϕdV ≤ −

∫
V
fpL∗(ϕ)dV. (3.27)

Using inequality (3.13), we obtain ∫
V
RqEϕdV ≤ c1

∫
V

|L∗(ϕ)|q/(q−p)

ϕp/(q−p)
dV, (3.28)

where E(ϑ, q, p) = eiqϑ + p
q e

5π
4
i and c1 = (q−p)eiπ/4

q ∈ C. Now, we choose the function

ϕ(ρ, θ, t) = ϕ0

(
ρ2 + t2/ν

B2

)
, B > 0, ν ≥ 2, (3.29)

where ϕ0 is de�ned in (3.25).



28 E.I. Galakhov, A. Hanan, A. Mohamad

Next, we change the variables t = Bντ, ρ = Bζ and we get:∫
V

|L∗(ϕ)|q/(q−p)

ϕp/(q−p)
dV = c2B

n+ν− qm
q−p ,

where

c2 =

∫
θ

∫∫
1≤(τ1/ν+|ζ|≤

√
2)

|L∗(ϕ0)|q/(q−p)

ϕ
p/(q−p)
0

dζ1...dζndθ1...dθndτ <∞.

Substituting the last estimate into inequality (3.28), we get∫
V
RqEϕdV ≤ c1c2B

n+ν− mq
q−p . (3.30)

If B →∞ and q < n+ν
n+ν−mp, then

∫
V R

qEϕdV = 0 and f ≡ 0.

3.3 Holomorphic functions

In this subsection we consider the possibility of proving that a function is holomorphic, based on the notions
greater or less for a holomorphic function. The main contribution of this work is the development of a
comparison criterion for establishing the holomorphy of complex-valued functions. The criterion relates the
function under consideration to a holomorphic comparison of a function and a system of di�erential inequal-
ities. Consequently, the holomorphy can be established indirectly, without requiring the direct veri�cation
of the classical Cauchy�Riemann conditions.

Theorem 3.4. Let CF be an ordered complex subspace. If f(z) = u + iv ∈ CF is a holomorphic function

on C and there is a function g(z) = w + ih satisfying the following system of inequalities:

du

dz̄
≥ dw

dz̄
dv

dz
≥ dh

dz

 ∀z ∈ D, (3.31)

where D ⊆ C is the non-empty intersection of the domains of f, g. Then g(z) will be a holomorphic function

on D if and only if g(z) = f(z) + c .

Proof. The function f(z) is holomorphic, which means

∂u

∂x
=
∂v

∂y
;

∂u

∂y
= −∂v

∂x
. (3.32)

We can rewrite inequalities (3.31) in more detailed form:

∂u

∂x
+ i

∂u

∂y
≥ ∂w

∂x
+ i

∂w

∂y
;

∂v

∂x
− i∂v

∂y
≥ ∂h

∂x
− i∂h

∂y
.

 (3.33)

By De�nition 5 and inequalities (3.33) we have
∂u
∂x ≥

∂w
∂x ; ∂u

∂y ≥
∂w
∂y ;

∂v
∂x ≥

∂h
∂x ; ∂v

∂y ≤
∂h
∂y .

 (3.34)

Now, let us prove that ∂w
∂x −

∂h
∂y = 0, ∂w∂y + ∂h

∂x = 0,

∂w

∂x
− ∂h

∂y
≤ ∂u

∂x
− ∂v

∂y
= 0;

∂w

∂y
+
∂h

∂x
≤ ∂u

∂y
+
∂h

∂x
= 0.

 (3.35)
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From this we obtain that g(z) will be a holomorphic function on D if

0 ≤ ∂w

∂x
− ∂h

∂y

0 ≤ ∂w

∂y
+
∂h

∂x

⇔
dw

dz̄
≥ (−i)dh

dz̄
. (3.36)

By (3.34) there holds
∂h

∂y
≤ ∂w

∂x
≤ ∂u

∂x
=
∂v

∂y
≤ ∂h

∂y
,

−∂h
∂x
≤ ∂w

∂y
≤ ∂u

∂y
= −∂v

∂x
≤ −∂h

∂x
.

From this we conclude that

∂h

∂y
=
∂v

∂y
=
∂u

∂x
=
∂w

∂x
,

−∂h
∂x

= −∂v
∂x

=
∂u

∂y
=
∂w

∂y

⇔ g(z) = f(z) + c. (3.37)

Remark 4. Let CF be an ordered complex subspace. If f(z) = u+ iv ∈ CF is a holomorphic function on
C and there is a function g(z) = w + ih satisfying

du

dz̄
≤ dw

dz̄
dv

dz
≤ dh

dz

 ∀z ∈ D ⊂ C, (3.38)

then g(z) will be a holomorphic function on D if and only if g(z) = f(z) + c.

Proof. We can rewrite inequalities (3.38)

∂u

∂x
+ i

∂u

∂y
≥ ∂w

∂x
+ i

∂w

∂y

∂v

∂x
− i∂v

∂y
≥ ∂h

∂x
− i∂h

∂y

⇔


∂u
∂x ≥

∂w
∂x ; ∂u

∂y ≥
∂w
∂y

∂v
∂x ≥

∂h
∂x ; ∂v

∂y ≤
∂h
∂y

 . (3.39)

Now, let us prove that ∂w
∂x −

∂h
∂y = 0, ∂w∂y + ∂h

∂x = 0 and

∂w

∂x
− ∂h

∂y
≥ ∂u

∂x
− ∂v

∂y
= 0;

∂w

∂y
+
∂h

∂x
≥ ∂u

∂y
+
∂h

∂x
= 0.

 (3.40)

From this we obtain that g(z) will be a holomorphic function on D if

∂w

∂x
− ∂h

∂y
≤ 0;

∂w

∂y
+
∂h

∂x
≤ 0. (3.41)

By (3.39) and (3.32) there hold

∂h

∂y
≥ ∂w

∂x
≥ ∂u

∂x
=
∂v

∂y
≥ ∂h

∂y
,

−∂h
∂x
≥ ∂w

∂y
≥ ∂u

∂y
= −∂v

∂x
≥ −∂h

∂x

⇔


∂h

∂y
=
∂v

∂y
=
∂u

∂x
=
∂w

∂x
,

−∂h
∂x

= −∂v
∂x

=
∂u

∂y
=
∂w

∂y

(3.42)

and g(z) = f(z) + c on D.

Both statements lead us to the following conclusion: if f(z) = u + iv is a holomorphic function on
C and there are functions w(x, y), h(x, y) ∈ R2 satisfying du

dz̄ ,
dw
dz̄ ,

dv
dz ,

dh
dz ∈ CF , which is an ordered set of

functions, then the function w(x, y) + ih(x, y) = g(z) will be a holomorphic function in CF if and only if
g(z) = f(z) + c.
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