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Abstract. Set-valued mappings with finite images are considered. For these mappings, a
theorem on the existence of continuous selections is proved.

1 Introduction

This paper is devoted to continuous selections of a specific type of continuous set-valued map-
pings. Given topological spaces X and Y, recall that a mapping F' : X == Y is called a
set-valued mapping if it corresponds a closed nonempty set F'(z) C Y to each x € X. A set-
valued mapping F': X = Y is called lower semicontinuous if for each x € X, for each open
set V C Y intersecting F'(z) there exists a neighbourhood U C X of x such that F(u) NV # ()
for each v € U. A mapping f : X — Y is called a selection of a set-valued mapping F : X =2 Y
if f(z) € F(x) for each € X. Here and below the notation f : X — Y means that f is a
single-valued mapping.

Theorems on the existence and properties of selections play important role in control theory,
variational analysis and differential inclusions theory. One of the classical result in this area is
Michael selection theorem. It states that if X is a paracompact space, Y is a Banach space, a
set-valued mapping F : X =Y is lower semicontinuous, and F(x) is convex for each x € X,
then F' has a continuous selection (see [3]).

In this paper, we obtain a continuous selection theorem for a very specific class of set-valued
mappings, namely, for mappings F' : X = Y satisfying the following condition: there exists a
positive integer number k such that

(%) card(F(x)) =k V x € X.

Here card(F'(z)) is the cardinality of the set F(z).

Recall some definitions and auxiliary propositions. A set-valued mapping F' : X = Y is
called upper semicontinuous if for each x € X, for each neighbourhood V' C Y of the set
F(x) there exists a neighbourhood U C X of x such that F'(U) C V. A set-valued mapping is
called continuous if it is both upper and lower semicontinuous.

It is a straightforward task to ensure that if Y is a Hausdorff space, then for any mapping F :
X =Y satisfying assumption (%) for some k properties of continuity and lower semicontinuity
are equivalent. For a single-valued mapping this proposition is valid even if the topological space
Y is not a Hausdorff space.
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2 Main result

Theorem 2.1. Let Y be a Hausdorff space, X be a simply-connected topological space (i.e. X
is path-connected and its fundamental group is trivial), a set-valued mapping F : X = Y be
continuous and satisfy () for some positive integer k. Then there exist continuous mappings
fi - X =Y, j=1,k, such that

F(x)={fi(x),..., fu(x)} VzeX.
We precede the proof of this theorem by auxiliary propositions.

Lemma 2.1. Let Y be a Hausdorff space, a set-valued mapping F be continuous and satisfy
(%) for some positive integer k. Then for each & € X there exists a neighbourhood U of T and
continuous mappings f; : U =Y, j = 1,k, such that

F(2) = {fi(@), o fil2)} Vel

Proof. Denote the pairwise different points of F(Z) by y1,...yx. Since Y is a Hausdorff space,
there exist pairwise disjoint neighbourhoods Vi,...,V, C Y of the points y1, ..., yx, respectively.
Since F' is lower semicontinuous, for each j = 1, k: there exists a neighbourhood U; C X of

—_— k —_—
such that F(z) NV} # 0 for each z € U;. Set U = () U;. Obviously, U is a neighbourhood of z
j=1
and

F(x)NV;#0 VoeU, VYj=1,k
Thus, since Vj are pairwise disjoint, (x) implies that card(F(z) N'V;) = 1 for each j = 1,k.
Therefore, for each 7 = 1, k a mapping

fi:U=Y, {fjx)}=F@)nV; VaeU

is well defined. We have F(z) = {fi(x), ..., fe(z)} for each z € U, since V; are pairwise disjoint,
the union of V; contains F(z), and each V; contains the only point of F(z). Moreover, the
inclusion y; € V; implies f;(%) = y;, j = 1, k.

Let us prove that f; is continuous for each j = 1, k. Take an arbitrary € U and a neigh-
bourhood V' C Y of f;(x). Since F is upper semicontinuous, there exists a neighbourhood U C U

of x such that
F(U)c (VN (U V)
i#]

It follows from the relations f;(U) C V; and V; NV, = 0 for each i # j that f;(U) C VNV, C V.
Therefore, f; is continuous. ]

Lemma 2.2. Let Y be a Hausdorff space, a mapping F : [0,1] = Y be continuous and satisfy
(%) for some positive integer k. Then there exist continuous mappings f; : [0,1] =Y, j = 1,k,

such that
F((ﬂ) = {fl(x)7vfk(x)} Vi e [O’ 1]'

Proof. 1t follows by Lemma 2.1 that for each z € [0,1] there exists €(x) > 0 such that the
restriction of F' to U(x) := (z — e(x),z + ¢(x)) N [0,1] is the union of k continuous selections,
whose graphs are pairwise disjoint. Since [0, 1] is compact, there exist a finite subset Dy C [0, 1]

such that
= J U@

€Dy
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Let us prove that there exist g, x1, ..., x, € Dy, ag, ay, ..., a, € [0,1] such that
O=a <1< a1 < ... <@y <xn§an:1, [ai,l,ai] CU((EZ), z:l,_n

Set ag := 0. As x; take any point that provides maximum to the function x — xz+e&(x) on the
set { € Dy : x—e(x) < ap}. This point exists, since Dy is finite and intervals (z —e(x), z+¢(x)),
x € Dy, cover the segment [ag, 1]. Set Dy := {z € Dy : x —e(x) > ap}. By construction, intervals
(x —e(z),z +e(x)), x € Dy, cover the segment [z1 + (1), 1].

Set a; := x1 + e(x1). For xo take any point that provides maximum to the function z +—
x + €(x) on the set {z € Dy :  — e(x) < a;}. This point exists since D; is finite and intervals
(x —e(z),z +e(x)), © € Dy, cover the segment [ay, 1]. Set Dy := {z € Dy : v —e(x) > a;}. By
construction, intervals (x — e(z),z + (), x € Ds, cover the segment [z5 + £(22), 1].

Repeating this procedure we obtain that for some positive integer n at the n-th step the
desired points aj,z;, j = 1,n, are constructed, since the initial set Dy is finite and intervals
(x —e(x),x 4+ €(x)) cover the segment [0, 1].

Let us proceed to the construction of selections. Let f; : U(z1) =Y, j = 1, k, be continuous
selections of the restriction of F' to the interval U(z) such that

F(z) = {fi(x), ., fu(2)} Ve € U(ay).

Mappings f; are defined on the segment [ag, a;] C U(x1). Let us construct their extensions to
the segment [ag, az).

Let g; : U(za) — Y be continuous selections of the restriction of F' to the interval U(zs) such
that

F(az) ={g1(2), ... gu(2)} Va € Ulaa).
It follows from relations a; € U(x1) NU(x2), fi(a1) # fij(a1) and g;(a1) # gj(aq) for i # j that

{filar), ., fu(ar)} = Flar) = {g1(ar), ., gr(a1) }-

In virtue of condition (%) the points f;(a;), j = 1, k, are pairwise different and the points g;(a;),
j = 1,k, are pairwise different. So, the above equality implies that the mappings 9, ] = 1.k,
can be renumerated in such a way that the equalities f;(a;) = gj(a1), j = 1, k, hold. So, putting
fi(z) == gj(x) for x € (ay, as] we extend the mappings f; to the larger domain [ag, as], preserving

continuity property and the relation

F(z) ={g1(x),....,gx(x)} Vz €l0,as].

Repeating this procedure we extend the mappings f;, j = 1,k to each of the segments [0, a;l,
7 = 2, k, preserving continuity property and the relation

F(z) ={g:1(@), ., qe(2)} Vo el0,q.

Obviously, the mappings f;, j = 1,k, defined on the segment [0,a;] = [0,1] are the desired
ones. [

Proof of Theorem 2.1. Take an arbitrary point z € X. Denote the pairwise different points of
F(Z) by y1,...yx. Set
gph(F) == {(z,y) : v € X, y € F(z)}.
Take an arbitrary ¢ € {1, ..., k}, denote by &; a path-component of the set gph(F') that contains
(Z,y;). Set
P:®,—- X, Px,y):=x V(x,y) € &,.
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Take an arbitrary ¢ € {1, ..., k}. Let us show that P is a covering for each i = 1, k.
First, let us prove that P;(®;) = X. Take an arbitrary z € X. Since X is path-connected,
there exists a continuous mapping « : [0, 1] — X such that u(0) = z, u(1) = x. Set

G:0,1] > Y, Gt):=F(ut) Ytelo1].

Lemma 2.2 implies that there exists a continuous mapping v : [0,1] — Y such that v(t) € G(t)
for each t € [0, 1], v(0) = y;. Obviously, (u(t),v(t)) € gph(F) for every t € [0, 1]. Since &; is a
path-component, we obtain (x,v(1)) € &,;. Thus, the equality P;(z,v(1)) = x implies z € P;(®;).
Therefore, P;(®;) = X.

Let us show now that for any x € X there exists a neighbourhood U C X, a set of indices
J, and disjoint open sets W; C &, j € J, such that P, '(U) is the union of Wj, j € J, each of
which is mapped homeomorphically onto U by P;.

It follows by Lemma 2.1 that there exists a neighbourhood U C X and a continuous mapping
fi U =Y, j=1k, such that F(x) = {fi(z), ..., fu(x)} for each z € U. Set

J:={j: f;(z) € &}
The graphs of f;, j = 1, k, are pairwise disjoint, since card(F(z)) = k. Thus, the sets
W; :={(z, fj(x)): z €U}, jeJ

are pairwise disjoint. Obviously the sets W, are open, P7YU) is the disjoint union of the

open sets W; C &;, j € J, the restriction of F; to each W;, j € J is continuous and bijective.
Moreover, the inverse mappings to these restrictions PZ-};; U — W;, j € J, are continuous, since
J

Pl‘;vl (z) = (z, f;(z)) for each x € U. Hence, each W; is mapped homeomorphically onto U by
b;. rfhus, the mapping P; is a covering.

So, each P, : &; — X is a covering mapping, the spaces &, are path-connected, the space X
is simply-connected. Thus, P; is a homeomorphism (see, for example, [2|, Chapter 18). Set

Qi 6, =Y, Qi(r,y)=y.

Since fi(z) = Q;(P'(x)), Q; are continuous and P; are homeomorphisms, we obtain that the
mappings f; are continuous. Obviously F(x) = {fi(z), ..., fx(z)} for each x € X. O

Remark 1. Under the assumption that both X and Y are compact Hausdorff spaces this result
was proved in [4].

Remark 2. Assumption (x) is essential and cannot be omitted. The set-valued mapping
F:C=C, Fz)={yeC: y* =z} for each z € C

provides P° corresponding example. For this mapping, assumption (x) does not hold, since
card(F(x)) = 2 for each x # 0 and card(F(0)) = 1, while the rest of the assumptions of
Theorem 2.1 hold. At the same time it follows from Brouwer domain invariance theorem that
F has no continuous selections (for more details see [1|, Lemma 1 and Example 2).

Let us eliminate zero from the domain, i.e. consider F' as a self-mapping of C\ {0}. In
this case, assumption (x) holds for k£ = 2, but the space X = C\ {0} is not simply-connected.
Obviously, the mapping F' has no continuous selections. This example shows that in Theorem
2.1 the assumption of simple-connectedness is essential.
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