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Abstract. We consider a mixed vector autoregressive model with deterministic exogenous
regressors and an autoregressive matrix that has characteristic roots inside the unit circle. The
errors are (2+¢€)-integrable martingale differences with heterogeneous second-order conditional
moments. The behavior of the ordinary least squares (OLS) estimator depends on the rate
of growth of the exogenous regressors. For bounded or slowly growing regressors we prove
asymptotic normality. In case of quickly growing regressors (e.g., polynomial trends) the result
is negative: the OLS asymptotics cannot be derived using the conventional scheme and any
diagonal normalizer.

1 Introduction

We consider the asymptotic distribution of the OLS estimator of matrix parameters A and B in
the vector autoregression
Yy = Axy + By + e, t=1,...,m, (1.1)

where y;, x4, and e; are random vectors. The z; are assumed to be exogenous (determined
outside the system) and known, the y; are observed and the unobserved errors e; are martingale
differences. For the general theory of vector autoregressions one can consult [16], [14], and [9].
Models with deterministic x; are of special interest in some applications. In particular, the OLS
asymptotics for autoregressions with polynomial trends has been a long-standing issue (see [14,
chapter 16| and our Section 2.9).

Our purpose is to develop an asymptotic theory of vector autoregressions (1.1) with as-
sumptions on the deterministic regressors general enough to include various special cases (e.g.,
polynomial and logarithmic trends), with possible discontinuities arising in the theory of struc-
tural breaks. The framework is based on the L,-approximability theory [17] previously applied
to a scalar autoregressive model [18]

Yo =ar + By t+e, t=1,..,n, (1.2)

(o and (B are real parameters). We call (1.2) a basic model. The results presented here are par-
tially new even in this special case and show that vector autoregressions require quite different
techniques than spatial models [21], [22| and static models with slowly varying regressors [20].
Because of space limitations, in this paper we consider only the stable case (when the character-
istic roots of B lie inside the unit circle |A| < 1). [28] and [24] give an idea of the state of affairs
in the unstable case.
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So far, the paper [3] has been the most advanced in the stable case. They allow for both
stochastic and deterministic exogenous regressors. When only deterministic regressors are in-
volved, our result has a wider area of applicability, under less stringent assumptions. Anderson
and Kunitomo impose, among others, three infinite series of conditions, and removing them has
been one of our goals. A detailed comparison of the two results, along with some methodological
remarks, will be provided in the end of Section 2.

To investigate a model with polynomial trends, [27|] have suggested a linear transforma-
tion. However, that transformation uses unknown coefficients and therefore is not feasible. Our
asymptotic result in case of polynomial trends is negative in the sense to be described later.
Moreover, in Section 2.9 we show that the derivation of the asymptotic distribution of the OLS
estimator for an autoregression with a linear trend given in [14, Section 16.3] contains an error.

There have been other suggestions to model deterministic regressors. One approach is appro-
priate for studying consistency of the OLS estimator; see [24] for the details and history. Another
has been proposed in [6] in the context of nonlinear models. Finally, Phillips [25] has employed
properties of slowly varying functions |7] to model asymptotically collinear regressors. Mynbaev
[20] has shown that all sequences of weights arising in the Phillips approach are Lo-approximable.

To explain the main results we need some notation. By putting equations (1.1) side by side
we can write them in a matrix form

Y, =AX,+ BY, +&, (1.3)

where
Yo =1, Un), Xn=(21,..,20), Y, = (Yo, ey Yn—1), En = (€1, ..., €n). (1.4)
Let s(M) denote the size of a matrix M (a pair of its dimensions). We suppose that s(Y,,) =

Y,
s(€,) =sxmn, s(X,)=rxn,s(A)=sxr,s(B)=sxs. Denoting I' = (A, B), Z, = ( })/(ﬁ )

we write (1.3) as
Y, =TZ, +&,. (1.5)

The formula for the OLS estimator of I' is [16]
T, =Y, 2 (Z,2.)"". (1.6)

A basic fact about OLS estimators is that they should be centered and normalized to obtain
convergence in distribution. Let D,, be some nonsingular, diagonal (possibly stochastic) matrix,
called a normalizer. Then (1.5) and (1.6) imply

(fn - P) D, = &2, D-\(D:' 2,2, D). (1.7)

1 and D-factor (denominator) for
D' Z,Z! D;'. By the conventional scheme of deriving the OLS asymptotics we mean the
procedure consisting of three steps:
(1) choose an appropriate normalizer D,,
(2) prove convergence of the N-factor in distribution to a normal vector, and
(3) prove convergence of the D-factor in probability to some nonstochastic matrix Q).

Then, if det @ # 0, convergence in distribution of (fn — F) D,, follows trivially from (1.7) and

the conventional scheme.

Qualitatively, the contribution of this paper consists of two statements.

Positive statement. A nonstochastic normalizer D,,, which takes into account the relative
rates of growth of the exogenous and endogenous regressors, is chosen in such a way that both

We use the name N-factor (numerator) for &,Z) D,
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the N-factor and D-factor converge. The convergence is proved in the class of regressors x; that
become Ly-approximable upon normalization. This class includes constants, polynomial and
logarithmic trends and slowly varying regressors. Not surprisingly, all sets of regressors fall into
one of two categories: either det @) # 0 or det ) = 0. The condition det ) # 0 is completely
characterized in terms of the growth rates of the regressors. In case det ) # 0, naturally, there
is asymptotic normality of the OLS estimator. The heterogeneity of the errors may result in a
degenerate OLS asymptotics even when () is nonsingular.

Negative statement. In the asymptotically collinear case (when det@ = 0 with our
normalizer) we prove that there is no diagonal, possibly stochastic, normalizer that would render
the conventional scheme feasible. Thus, in terms of the diagonal normalizer choice, our positive
statement is final.

The negative answer means that the conventional scheme has to be modified to deal with the
asymptotically collinear case. We think that this can be done following the ideas of [25]. The
corresponding result would be very interesting because Phillips considers only static models. In
addition to the negative statement, in Section 2.9 we prove that using non-diagonal normalizers
does not work for the basic model (1.2). A full study of the issue is beyond the scope of this
paper.

The main results are stated and the ideas are explained in Section 2. Section 2 is concluded
with examples. All proofs are given in Section 3.

2 Main results

2.1 Elements of the conventional scheme

Everywhere we abide by the usual matrix algebra conventions: all vectors are column-vectors
and all matrices in the same formula are compatible. All properties of the Kronecker product,
trace and vectorization we use can be found in [16]. det A is also denoted |A|. |z]|, denotes the
Euclidean norm of a vector .

The choice of the normalizer is of principal importance. If the lag is absent from the basic
model, ¥ = ax; + e, the best normalizer is known to be D, = ||z|,, where x = (21, ..., 2,)’,
see |1, Theorem 2.6.1] and [2, Theorem 3.5.4]. We call ||z||, the growth rate of the regressor
x¢. When, on the other hand, there is no exogenous regressor, y; = Sy;_1 + €;, the normalizer
is v/n [1, Theorem 5.5.6]. The question is: how interaction of x; and y;_; in the basic model
with nonzero a, § is to be reflected in the normalizer? The answer has been given in [18]. Let
us call \/n the borderline rate. If the growth rate of the regressor x; is equal to or lower than
the borderline rate, then 8 — 8 must be normalized by the borderline rate. If | z||, exceeds \/n,
then 3 — 8 must be normalized by the growth rate of x;. @ — o must always be normalized by
the latter. This verbal description translates to

Dr ( g:g ) N ( H:f)'b max{||:v0||2,\/ﬁ} ) ( g:g ) : (2.1)

In Section 2.9 we show that for the basic model this choice cannot be improved even in the class
of non-diagonal normalizers.
In the vector case (1.3) we use as a normalizer for X,, the matrix

d,, = diag [dy1, ..., dny]

with Euclidean norms d,; = (3 a:?t)l/ ? of rows of X, on the main diagonal. Generalizing
upon (2.1) we choose A, I as a normalizer for Y, where

A, = max{d,1, ..., dpr, V1 } (2.2)
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and I, is the identity matrix of size s x s. Implicit in this choice is the presumption that all lags
of y should converge at the same rate. Denoting

H, = d'X,, D, = ( ‘é” AOI ) (2.3)
n=s (s+r)x(s+r)
we finalize the definition of the elements of the conventional scheme with
H
D,'Z, = < n ) (2.4)
3.
2.2 Representation of the N- and D-factors
It is easy to obtain from (1.1) by induction
t
Y = ZBt_S(AxS—{—eS)—{—BtyO, t=1,..,n. (2.5)

s=1

Let F' be a matrix of size s x n with columns denoted F;, t = 1,...,n. With the matrix B we
associate an operator P acting on F' according to

t—1
(PgF), =) B"™'""F, t=1,..n.

s=1

Here and in the sequel we put » 7 ... = 0 if n < m. This definition and (2.5) imply

Yn_ = M, + Pn
where
M, = Pg(AX, +&,) = Pg(Ad,H,, + &), pn = (Y0, BYo, .., B" ') (2.6)
are the main part and residual, respectively. From (2.4) we see that the N-factor equals
£.2. D = (&.H., e + oif;p’ (2.7)
n n n n n’ An n n 7An nHn M
and the D-factor is
H,H/ L g,M
—1 / -1 _ nttn A, TN

0 Lan/
+ ( 1 Hl 1 M /An ]\}l/ / ) .
Anp’ﬂ n A%( ’/lpn +p7l n +p7lpn)

All terms containing the residual will be shown to be asymptotically negligible.

2.3 L,-approximability

The main idea behind L,-approximability is to approximate sequences of deterministic vectors
{w, :n =1,2,...} with functions of a continuous argument. For example, for a given sequence
{w,}, where w, has n coordinates for each n, one can postulate existence of a continuous
function W on [0, 1] such that max;—; __, |wn,: — W (t/n)| — 0, see a similar assumption in [28,
Equation (5.141)]. To allow approximation by discontinuous and unbounded functions, it is
better to use L, spaces.
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1
Let p € 1,00, W, = (Jfy W (x)" de) it p < 0o and [W|, = esssupyeq [W(2)].
Denote by L, the space of measurable functions on (0,1) with a finite norm [[W]| < oco. Let
us partition the interval [0,1) into subintervals i; = [(¢ — 1)/n,t/n), t = 1,...,n. Since, in
general, elements of L, are not continuous, instead of values W (t/n) we need to use averages
over subintervals n fit W (z)dx. Those averages are scaled by n~'/? for convenience. In this way
we obtain a discretization operator 0y, : L, — R" defined by

(0ppW ) = nl_l/p/ W(z)dz, t=1,...,n.

Let I, be a discrete analog of L, with the norm [Jw||, = (3 ,cr |wt|p)1/p7 p < o0, and |lw|_ =
maxer |w|, p = 00. The set of indices T depends on the context. In particular, we use R (the
set of n-dimensional vectors) and the set M, of matrices of all sizes.

Definition 1. We say that a sequence {z,}, where 2z, € R™ for each n, is L,-approrimable
if there exists a function 2¢ € L, such that ||z, — 0,p2°[|, = 0, n — oc. In this case we also
say that {z,} is L,-close to z°. The superscript ¢ is used to emphasize that z¢ is considered a
continuous proxy for z,.

This notion is designed for modeling deterministic regressors in linear models and should
be distinguished from L,-approximability introduced in [26] for approximating stochastic pro-
cesses by other, less complex, ones in nonlinear models. The toolkit that accompanies our
L,-approximability facilitates calculation of various limits which would be hard to evaluate oth-
erwise.

Example 1. For a polynomial trend z; = t*, where k& > 0 is an integer, the norm ||z||y is of
order nF+1/2 [14, Equation (16.1.13)]. Unless z; is a constant, ||z||, grows faster than /n. The
normalized trend h = z/||z||y is Lo-close to h®(z) = (2k + 1)V/2z* [23].

To handle vector autoregressions, we need generalizations of the above definitions to matrix-
valued functions. Denote 7,, = {1,...,n}. For a matrix-valued function F': 7,, — M, its norm is
defined by

n 1/
|5 1, (10, ML) || = { (Xt ||Ft||§) " p<oo,

maxi<i<p||F||oo, P = 00.

We always assume that such a function has values of the same size. By definition, the discretiza-
tion operator is applied to matrices element-wise. A sequence {F),} such that F, € l,(7,, M,) for
all n and s(Fy) = s(F3) = ... is called L,-approzimable if there is a matrix F'® with components
from L, such that |[F), — 8,,p % 1,(70, M,)|| = 0, n — oo. If this is true we also say that {F,}
is L,-close to F*°. Obviously, uniform boundedness of norms

SupHFn;lp(TmMp)H <00 (2.9)

is necessary for L,-approximability. We write [’ € L,, to mean that all components of F'* belong
to L,. F° e C]0,1] has a similar meaning where C0, 1] is the set of continuous functions on
[0, 1].

A matrix F' with n columns is considered a function on 7,, with values F; equal to its columns,
t=1,...,n.
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2.4 Assumptions
Here we list and discuss the assumptions used in our positive statement.
Assumption 1. (Stability) All eigenvalues of B satisfy |A| < 1.

This condition implies existence of ¢ > 0 and A € (0,1) such that ||B¥|| < A, k=0,1,...,
see, for example, [1, Lemma 5.5.1]. For this reason all series containing powers of B will converge.

Assumption 2. (On normalized regressors) The sequence {H,} (see (2.3)) is Ly-close to some
vector H¢ € L.

Assumption 2 is satisfied for polynomial trends and is not satisfied for exponential trends
[23]. Normalized sequences arising from slowly varying functions also satisfy Assumption 2 [20)].

By % and dlim (% and plim) we denote convergence and limit in distribution (in probability,
respectively). I(A) denotes the indicator of a set A.

Assumption 3. (On errors) For the error matrices &, we assume a slightly more general struc-
ture than (1.4): &, = (en1, ..., €nn) Where the columns e,; may depend on n and satisfy the
following conditions:

(i) For each n, the columns e,; are martingale differences (m.d.s) with respect to nested o-
fields Fro C Fu1 C ... C Fon, that is, e, is F-measurable and E(e,|F;,—1) = 0.

(ii) sup, ,;Ellenls < oo for some p > 2 and conditional expectations ¥,; = E(ene;,|Fn—1) are
constant matrices.

(iii) Denote ¥, a function on 7, with values ¥, ..., ¥,,,. The sequence {X,} is assumed to be
L.-close to some ¢ € C0, 1].

(iv) plimg . sup, , E(|lene|[3/(||ent||2 > K)|Fni—1) = 0 and the o-fields are nested over n:
fntcfn+17tfor1§t§n,n21.

The standard implication of condition (ii) is that ||e,||3 are uniformly integrable (u.i.) and

0, s #t,
E(ense/mg|}-n7max{s,t}—l) - { Znty s —=t. (21())

Normally this equation will be used in conjunction with the law of iterated expectations, without
explicitly mentioning it. One of conditions in [3] is

1 n
it § YIRS 3}
n

t=1

In this equation, the information about heterogeneity contained in ., is forgotten in the limit
matrix X. Assumption 3(iii) and Theorem 3.1 allow us to prove

1 !
— Z Yot — / Y(z)dx
[ 0

where the limit expression retains the heterogeneity information. Assumption 3 allows the errors
to degenerate in the limit, as in the following example.
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Example 2. Let e, ey, ... be i.i.d. variables satisfying Ee; = 0 and 0 = Ee? < co. Take
any sequence {f,} of vectors f,, € R" such that {f,} is Le-close to some f € C|0, 1] (one can
take f, = (f(1/n), f(2/n), ..., f(1))’, for example, see [17, Theorem 3.3(b)|), and put e,; = fr.re:.
Let 7, = o(ej : j < t) be the least o-field such that ey, ..., e; are Fi-measurable. Then e, is
Fi-measurable, E(e,;|F;_1) = 0 by independence, ¥,; = E(e2,|F;_1) = f3Ee? = 02 f2, < c. It is
easy to see that {¥,} is Lo-close to o®f2. Thus, in the limit ¥, vanishes where f? vanishes.

Assumption 4. (Stabilization of relative growth rates of regressors) The limits (see (2.2))

ki = lim -2 €[0,1], i=1,...,r; kg = lim\/—ﬁ € [0,1]

n—o00 [\, n—00 An

exist.

By looking at r¢g we shall be able to distinguish the cases |Q] = 0 from |@| # 0. Denoting

1
b, = A_ndmb = diag[k1, ..., v,

under Assumption 4 one has b = lim b,,. Since b accounts for the balance between the growth rates
of regressors (including lags), it is natural to name it a balancer. The matrix J = (I—B) ™ Ab will
be called a jack, because it is a "subordinate part of a machine, rendering convenient service".

Assumption 5. (On the initial value) E||y||3 < oo.

2.5 Convergence of the D-factor

Denote
1 o)
G = / H°(H®)dx, E(x) = Y  B*S(x)B"
0 s=0

G is the Gram matrix of the system (H¢)y, ..., (H¢), € Ly. The condition |G| # 0 means linear
independence of this system (or asymptotic linear independence of the rows of H) and implies
positivity of |G| [12, Chapter IX, § 5]. In all statements below |G| # 0 will be assumed or implied
by other conditions.

It is easy to see that the matrix Z(z) solves the equation Z(x) — BZ(z)B’ = X¢(z), see [L,
Chapter 5, Exercise 27]. Since the solutions of similar equations Z— B=Z = ¥¢ and E— =B’ = ¢
are given by a left resolvent (I — B)™'3¢ and right resolvent ¥X¢(I — B’)™!, it is natural to call
=(z) an enveloping resolvent. Let

o= ( 1 s )
JG JGT + kg [, E(z)dx

L,-lim denotes the limit in the norm (E || X ||5)Y/?.
Theorem 2.1. If Assumptions 1-5 hold, then

(1) the D-factor converges in Li(Q): Li-lim D' Z,Z! D' = Q.

(ii) The condition |Q| # 0 is equivalent to a combination of three conditions:

(a) hg >0, (b) |G| #0, (¢) | [ E(x)dz| #0.
Note that when |G| # 0, by the determinant of a partitioned matrix rule

1 1
Q| = |G| ‘JGJ' + fsé/o E(z)de — JGG'GJ'| = k35 |G| ‘/0 =E(x)dx|. (2.11)

This equation shows that |@| does not depend on A.
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2.6 Convergence of the N-factor

Put
O (x) = ( He(H") HE(H )] )
! JH(H®) JHC(H®)J + k3E(x) )
so that ) = fol Q4 (x)dz. The asymptotic behavior of the N-factor involves more complex inte-
grals of €2;.

Theorem 2.2. Let Assumptions 1-5 hold. Then

(i) the N-factor converges in distribution

vee(E,2' DY) % N (o, /O 1 O (z) ® Zc(x)dx) . (2.12)

(ii) The inequality ’fol Q(z)® Ec(x)dx‘ # 0 is equivalent to a set of three conditions:

(a) kg >0, (b) | [LH(HY] @ Seda] # 0, (c) | [i E(x) @ S¢(x)da| # 0.

An integral like fol Q(z) ® X¢(x)dx can be termed an error-weighed integral of €. In the
last proposition we see three such integrals. Any of them may degenerate, depending on the
behavior of ¥¢ (see the example in the next section).

Corollary 2.1. If Assumptions 1-5 hold and kg = 0, then, in addition to convergence (2.12),
for the partitioning £,Z! D) = (U,, V,,), where U, = E,H,, and V,, = ALn En(Y,"), we can assert

n

convergence U, 5 U, V,, 5 V where vecU ~ N (0, fol [HS(H®) | ® Z%l:v) and V' is proportional
to U,V =UJ".

2.7 Positive statement

Equations vec(AB) = (B’ ® I)vecA and (1.7) lead to
vec ((fn — P> Dn) — [(DngnZ;Dgl)—l ® I]V€C<gnZ7/1D;1)

which, in combination with Theorems 2.1 and 2.2, immediately gives the following result:

Theorem 2.3. (Convergence of the OLS estimator, case kg > 0) Let Assumptions 1-5 hold. If
|Q| # 0, then

vec ((fn — F) Dn> 4N (0, /OI(Q_lﬁlQ_l) ® E%lx) )

Example 3. Here we show that the condition || # 0 does not guarantee nondegeneracy of the
limit distribution. Let there be only two regressors. Take functions H{ and HS and a matrix ¢
with nonoverlapping supports on [0, 1]. Then the product [H¢(H¢)']| ® £ is a null matrix and it
can be seen from Theorem 2.2 that the N-factor converges to a degenerate normal vector. If we
take the regressors to be of form {d,2H{}, {d,2HS}, then the norms of the rows of X, will have
finite limits ||Hfl|,, || HS||, and A, will equal \/n for all large n, leading to xg = 1. Then using
Theorem 2.1 it is straightforward to show that |Q| # 0 and Theorem 2.3 is applicable.
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2.8 Negative statement

The system of vector equations (1.1) with just one lag of the dependent variable encompasses
a variety of cases we do not cover in the negative result. For example, [16, Section 10.5.1| has
a system in which y; includes lagged exogenous regressors. The additional assumption we need
will be modeled on the system of scalar equations

Y = T+ oo F 0T + Lrle—1 + o+ Bl + €

which can be written in form (1.1) with matrices

o ... Br . Bso1 B
a0 o |t 00 (21
0O ... 0 0 .. 1 0
SXTr SXS

if the x;, y; and e; in (1.1) are

o Yt €t
Yi—1 0
) ; )
Lt
rx1
Yt—s+1 sx1 0 sx1

respectively. Here we have r different exogenous regressors and just one (scalar) dependent
variable, even though in the vector form there is an s-dimensional dependent vector.

We say that model (1.1) is a proper mized autoregression if all diagonal elements of JG.J'
are positive for any nonzero balancer b. The name is explained by the fact that this condition is
fulfilled in case (2.13) with all the alphas different from zero (Lemma 3.7).

Theorem 2.4. (Inapplicability of the conventional scheme, case kg = 0) Suppose, Assumptions
1-5 are satisfied, |G| # 0, kg = 0 and the model is a proper mized autoregression. Then by
Theorem 2.1 the D-factor converges in mean to Q with |Q| = 0, so that the conventional scheme
does not work. Moreover, there is no diagonal (possibly stochastic) normalizer D, for which the
D-factor would converge in probability to a nonsingular nonstochastic matrix:

plimD;'Z,Z' D;' = Q, |Q| # 0. (2.14)
To emphasize the strength of this result, we state it in a different form.

Corollary 2.2. Under the conditions of the last theorem, our normalizer is unique up to an
asymptotically constant diagonal factor. If the conventional scheme works with some diagonal
D,,, then it will work with our D, too.

Besides, in the next section we show that, under reasonable conditions, for the basic model
the negative statement extends to non-diagonal D,,.

2.9 Examples and discussion

We give examples for both the positive and negative statements. The way heterogeneous errors
are implemented here is different from that in [3|. Besides, Anderson and Kunitomo expend a
lot of effort to relax the integrability requirement on the errors. To facilitate comparison and
concentrate on essential differences, we assume homogeneous errors and replace their conditional
uniform integrability condition on e; by our p-summability condition. Thus, in Examples 4, 5 and
6 we suppose that |3| < 1 and {e;} is an i.i.d. sequence with Ee; = 0, 0 = Ee?, sup E|es|P < oo
for some p > 2.
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Example 4. Regarding the elements of the basic model suppose that

(a) The normalized regressor h = z/||z||,, where x = (x1,...,x,), is Lo-close to a function
h¢ € Ls.

(b) The limits k1 = lim, o0 [|2]], /A, Ko = lim,eov/n/A,, where A, = max{||z||,, vn},

exist.

Put

1 p QK1
Q= 02k2 , Where p = )
R 1-p

If kg is positive, then |Q] # 0 and

(1) #mmo

This statement follows from Theorem 2.3 and has actually been obtained in [18] under a stronger
errors integrability condition.

[3] for the same basic model assume:
(i) Letting F; = o(e; : j < t) suppose that z; is F;_j-measurable.
(ii) %maxt:L_“m 22 50, as n — oo.

P .
(iii) > 2?7 = M, as n — oo, where M is a constant.
n 2at=

n—h
(iv) % ST @pnty & My, = M_y, as n — oo, for all h = 0,1,2,..., where M) are constants and
=1

M,y > 0.
n—nh

711 ST xaner 0, as n— oo, for all h=1,2, ..
=1

=
|

n » o r=s
> Ct1rCi1—g —> OpsO2 = 0 ’ ,asn — oo, forallr,s =0,1,2, ...
t=max{r,s}+2 y r 7& S

(vi)

3=

00 s 1mi 1 n ] L
Define L =%, aM_(s41). Then the limit Q = phm% Dot Y7, exists, det ( % M, ) 7

0 and B
ﬁ(gjg)m<o,a2(§ L) )

Remark 1. Since Anderson and Kunitomo focus on stochastic regressors, no wonder they need
to impose many more conditions. Note that each of (iv), (v) and (vi) consists of an infinite series
of assumptions.

Remark 2. Unfortunately, in case of a deterministic x;, the only obvious simplification is that
(i) becomes trivial and in (ii), (iii) and (iv) 2 can be replaced by — . Condition (vi) has nothing
to do with the regressors and does not simplify. In case of i.i.d. errors it follows from the weak
law of large numbers but otherwise can be burdensome. Conditions (ii) and (iii) exclude quickly
growing regressors (in case of polynomials, starting from the linear trend). There is clearly a
need for a dedicated result for deterministic regressors.
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Remark 3. In their general Theorem 3, Anderson and Kunitomo put exogenous and endogenous
regressors into one pile, and then in their Theorems 4, 5 and 6 specify the general result to
autoregression and mixed autoregression by sorting out the regressors. A drastic reduction in
the number of assumptions in our result is due to L,-approximability and the fact that, from
the very beginning, we keep separately the exogenous regressors from the lags of the dependent
variable. The method here also improves upon [18]: the weak law of large numbers for mixingales
[5] and theorem on transforms of martingales [8] are not used, while the errors integrability
requirement is lower and heterogeneous errors are allowed.

Example 5. For the model y; = oy + ast + S1y;—1 + e; with ajag # 0, the pair of regressors
{1,t} by Example 1 is Lo-close (upon normalization) to a pair of functions {1,+/3t}, which is
linearly independent in Ly. d,; is of order \/n, dns and A, are of order n®?2, k1 = 0, ky = 1,
kg = 0 and by the negative result the conventional scheme does not work with our or any other
diagonal normalizer.

Next we discuss the issue of non-diagonal normalization. [1] worked with diagonal normal-
izers. [3] in their Theorem 3 introduced a non-diagonal normalizer D,,. They have fixed the
properties of D, axiomatically, without indicating how it can be constructed from the data.
Therefore their Theorem 3 cannot be applied in practice. No attempt to justify the introduction
of non-diagonal normalizers has been made. In their specification of that theorem to a mixed
autoregression, they have reverted back to the traditional y/n, thus forfeiting the opportunity to
capture different growth rates of the regressors (which was not their goal). One may conjecture
that when kg = 0 and, hence, |Q| = 0, using non-diagonal normalizers may save the situation.
In the following example we present evidence that this is not the case for the basic model.

Example 6. Consider the basic model under the assumptions (a), (b) of Example 4. Suppose
kg = 0 and D, is a non-diagonal matrix. By [12, Chapter IX, §14, Theorem 9| there exist a
symmetric matrix S, S, = S/, and an orthogonal matrix O,,, O} O,, = I, such that ﬁn = 5,0,,.
This equation implies D!, = O’ S, and

Qn=D.'2,7D7"'=0;'5'2,7S10,.

Since OF! have determinants 1 or —1, premultiplication by O, ! and postmultiplication by O,
cannot change the asymptotic behavior of |S; 17,72/ S| so we can safely assume that D, is
symmetric. (This part of the argument holds for the general model (1.3).)

By [12, Chapter IX, §13, Equation (119)] there exist a diagonal matrix D,, = diag[d,1, d2]
and an orthogonal matrix O,, such that ﬁn = OnﬁnO; ! From this equation and the definition
of @n and @, we get

Q. = 0,D,0:'2,7'0,D, O
0,D,'0;'D,D* 7,7 D:*D,0,D,, O
0,D, 0:'D,Q,D,0,D, 0. (2.15)
Note that i
n
Q= nh—>r{>lomax{dn1, N
means that /n = o(d,;) and A,, = d,;. Hence,

0

_f dar O ) _
D, = ( 0 A, ) = d,1 I for all large n
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and D,, commutes with any second-order matrix. Therefore (2.15) can be rearranged as
0:'Q,0, = D, ' D,(0;Q,0,)D, D, .

It is reasonable to assume that

(c) the limit O = plim O,, exists.

Then (2.14) implies O;lénOn LN O*IQO and an argument similar to Step 2 of the proof of
Theorem 2.4 shows that all diagonal elements of 0_1@0 are positive.

Now we want to see when both diagonal elements of C' = O~1QO are positive. Since x; = 1,
the jack equals J = ak; /(1 — ) = o/(1 — ) and by Theorem 2.1

Q:(l ;),wherep: a

p 1-p

A second-order orthogonal matrix O can be represented as

o — ( cos¢p —sing

sing  cos ¢

) , —m < ¢ <.
Simple algebra gives the following expressions for the diagonal elements of C"

c11 = (cos ¢ — psin@)?, cop = (sind + pcos ¢)>.

c11 is zero where cot ¢ = p and c9s is zero where tan ¢ = —p. Thus, for any ¢ such that

cot ¢ # p, tan # —p (2.16)

both c;1, c99 are positive. B

The positivity of the diagonal elements of O~1QO and O~*QO leads to existence of positive
limits plim(d,;/d,;)? and to a contradiction, as in Steps 3 and 4 of the proof of Theorem 2.4.
This contradiction arises because of the assumption (2.14) with a non-diagonal @ Hence, we
have to restrict our attention to diagonal normalizers in which case our normalizer is unique up
to an asymptotically constant factor. Now we make one more assumption:

(d) The normalizer is a continuous function of the model parameters.

Under this condition uniqueness of our diagonal normalizer (which does not depend on the
model parameters) extends to the values of ¢ excluded in (2.16).

The conclusion is that the benefits of non-diagonal normalization, if they exist, are rather
an exception than a rule. They may exist when one or more of the conditions imposed in this
example are violated.

Example 7. [14, Section 16.3] derives the asymptotic distribution of the OLS estimator for
Y=+ 0t + pryp—1 + ... + ¢pyr—, + € following the suggestion by [27] to detrend the series.
Specifically, the argument is based on the idea that 3, — a — 0t should be covariance-stationary
(see [14], p.464, second paragraph from the bottom). This idea neglects the fact that not only
the term « + dt but also the lags of y contribute to the long-run trend of y. Here, by deriving
the long-run trend, we show that y, — a — 0t is not covariance-stationary.

For simplicity, take p =1, yo = 0 and denote

:1iz¢’ 5*:—1f¢, where || < 1.

By induction, it is easy to derive the representation

¢:¢17 a*

t—1

ye= la+(t—k)B+eilo’, k> 1.
k=0
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With the notation

t—1 t—1
a=ady ¢ B=8) (1—%) 0"

k=0 k=0
it takes the form

Obviously, ay — a* as t — oo. For a given € > 0 choose to such that |p|*® < e. Let ¢; be so large
that to/t; < e.Since 0 <1 —Fk/t <1 for 0 <k < t, we have for all ¢t > t;

5- 51 = 18] <Z+ > ) (1—§)¢’“—(Z+Z>
= k=to+1 = k>to
= 18] —Z e Z (1——)&—2&
k=to+1 k>to
< 18] (Z%WH S r¢’f|+21¢k!>
k=0 k=to+1 E>to
e, 2o _ 3elf]
< (S + o) < 1

This proves that 5, — (*.
Of course, one can detrend y; by a* + 5*t but then the detrended series will not be truly
stationary. The realization of the idea requires a finer technique than just stationarity.

3 Appendix

3.1 Operators arising in the theory of autoregressive models

If A, B are two matrices, the function with values AF} B, ..., AF,, B should be distinguished from
the function with values A F1 B, ..., A, F, B, where A, B are two functions. In both cases we
denote the product by AF B indicating whether A, B are matrices or functions. Let I be a
matrix-valued function. With two square matrices A, B we can associate three operators:

(PaF); = ZAt UF, (QaF) = Z F A,

s=t+1
t—1

(RapF) = Y AT'"FB™' t=1..n

s=1

where by definition the corresponding matrix is null if the summation set is empty: (P4F); = 0,
(QaF), =0, (RapF); =0. Note that along with the sum (P4F); = A" 2F; + ...+ A°F,_; with
decreasing powers of A one can think of increasing powers as in A°Fy + ... + A" 2F,_;. Observe
also that in P, the summation set increases with ¢, whereas in )4 it decreases. We use the
same notation P, for such modalities because the corresponding operators have the same limits.
The same agreement applies to the other two operators. The next theorem is taken from [19,
Chapter §|.

Theorem 3.1. (i) If {X,} is L,-approxzimable and p < oo, then
llmn_>oo maxlgtgn] |Xnt| |p =0.
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(ii) Let 1 < p < oo. Consider sequences of matriz-valued functions {X,}, {Yn}, {Z.} such
that X,,, Y., Z, are defined on 1,, n = 1,2,... If {X,,} is L,-close to X¢ € L,, {Y,} is
L,-close to Y¢ € L, and {Z,} is Loo-close to Z¢ € C[0, 1], then

n 1
lim S X, Vi Zo = / Xe(2)Y* () 2°(2) da.
n—oo

t=1 0

(iii) Suppose B is a square matriz with eigenvalues satisfying |\ < 1 and let 1 < p < oco. Then
max{|| Pgll, [|@Qsll, [[Rp,p|[} < oo

uniformly in n = 1,2, ... where the operator norms are from l,(,,, M,,) to itself. Suppose,
further, that p < oo and {X,,} is L,-close to X° € L,. Then {PpX,} is L,-close to the
left resolvent (I — B)™'X¢, {QpX,} is Ly-close to the right resolvent X¢(I — B)™" and
{Rp 5 X,} is Ly,-close to the enveloping resolvent "~  B*X°B".

() If {X,} is L,-close to X¢ € L, and {Y,} is L,-close to Y° € L,, then {X,,+Y,} is L,-close
to X+ Y°.

(v) If{X,} is L,-close to X € L,, p < 00, and {Y,} is Le-close to Y € C|0, 1], then {X,,Y,,}
is L,y-close to XY . In particular, if {A,} is a sequence of matrices converging to A, then
{A, X} is L,-close to AX°®.

(vi) If {X,} is Leo-close to X¢ € Ly, then {n"Y?X,} is L,-close to X°.

3.2 An integral version of the Cramér-Wold device

To reduce the problem of convergence in distribution of a sequence of stochastic matrices {W,,}
to the one-dimensional case we prove an extension of a well-known device |1, Theorem 7.7.7].

Lemma 3.1. Convergence in distribution

1
vec W, % N (O,/ O (z) ® Qg(x)dx) :
0

where 1, Qo are symmetric matrices with square-integrable components, takes place if and only
if for any constant matrixz C'

tr(W,C) % N (0, /0 1 tr[C’Ql(x)CQ2(x)]dm) .

Proof. Using
tr(ABC') = (vecB')'(I ® C')vecA (3.1)

we get
tr(W,C) = d'vec W, (3.2)

where ¢ = vec(C”). From (3.1) and
vec(AB) = (B'® I')vecA, (A® B)(C ® D) = (AC) ® (BD)

we see that

/ (OO / (T ® Ovec(C' )i (3.3)

1 1
= c'/ (I ®)(Q @dre = c’/ Q1 (z) ® Qa(z)dxe.
0 0

(3.2), (3.3) and the Cramér-Wold theorem prove the lemma. O
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3.3 Operations with uniformly integrable functions

In the next lemma v and p are arbitrary sets of indices and, as before, matrices in a sequence
are of the same size. "u.i.” will mean "uniformly integrable".

Lemma 3.2. (i) For a sequence {X,, : n € v} of random matrices uniform integrability of
(i,7)th elements {X,;;} for all i, j is equivalent to uniform integrability of {||X,||2}

(i1) If variables || X,|[5, n € v, are w.i., variables ||Y,,||2, m € u, have uniformly bounded
Li-norms and p < 0o, then a double-index family {X,Y,, :n € v, m € u} is w.i.

(iii) If vectors X,,, m € u, are u.i. and, for each n € v, {apm : m € u,} is a set of
constant matrices satisfying p, C [, @ = sup, > Qnmlle < o0, then the family

{Zmeun Oy Xy 11 € V} 1S U.1.

(iv) For {X,} a sequence of random matrices the following conditions are equivalent: (1) all
elements of X! X,, are u.i., (2) variables || X,||3 = tr(X| X,,) are u.i.

ME n

Proof. Tt is easy to prove the lemma using the next characterization from [10, Theorem 12.9]:
{X,} is ui. if and only if sup, E|X,,| < co and for any € > 0 there is a 6 > 0 such that for all
events A of probability P(A) < ¢ one has sup,, E|X,|I(A) < e.

By equivalence of any two norms on a finite-dimensional space one has

Bl Xl (4) < ) ElXil 1(A) < Bl X, |21(A),
1,J

which implies (i). To prove (ii), it suffices to apply the above characterization to || X,,|[5 and use
the Holder inequality:

El|XnYinll2T (A) < (Bl Xal[51(A) VP (E[[Yon|[3)7 < e sup(E||Y][3)"/7.

(iii) follows from

E

Z anme

meE n

I(A) < asupE || X,,|[, I(A) < ae.

2

Let us prove (iv). If all elements of X/ X,, are u.i., then such are the elements of the main
diagonal and by (iii) ||X,||3 = tr(X],X,) is u.i. Conversely, let ||X,||3 be w.i. and let § > 0 be
such that E||X,,||31(A) < ¢ for all A satisfying P(A) < 6. Then for the (i, j)th element of X/ X,

we have
E ananlj
I

which is what we want. O

E I(A) < E[[X,|[31(4) <,

3.4 A martingale weak law and central limit theorem

For proving convergence in mean the following Chow-Davidson theorem is useful, see [10, The-
orem 19.7|.

Theorem 3.2. If {X,, Fu} is an m.d. array, positive constants c,; satisfy sup,, Z?:l Ct <
oo and lim,,_,« Z?:l cflt = 0 and wvariables X, /cne are wuniformly integrable, then
E[> 0 Xul — 0.
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Note that this theorem trivially extends to vector m.d. arrays.

Following [3], among different versions of martingale central limit theorems we choose the
format suggested by [11], for the simple reason that it allows o2 = 0. However, this technical
simplification does not make redundant the analysis of the singular case (see our main results
in Section 2). Anderson and Kunitomo do not do such analysis.

Theorem 3.3. (Dvoretzky CLT) If { Xy, Fut} is an m.d. array, o2, denotes E(X2,|Fni-1),
plim» o2, = o, (3.4)
t=1

where 0? > 0 is a constant, the o-fields are nested: Fp; C Fot1p for1 <t <n,n >1 and for
any € > 0

plim > " E(X21(|Xn| > )| Fricr) =0, (3.5)
t=1

then > 7 | X KN N(0,0?).

The original Dvoretzky paper misses the requirement that o-fields should be nested, see [13]
for details.

3.5 Convergence in mean of two auxiliary vector sequences

In the next lemma we study the behavior of two auxiliary random vectors

1 & )
Un = A_n ;Xnt(PBgn)t

and
1 n 1 n t—1
Vi= ) Xul(Po€a)(Pen)y = — > Xy B Fenel B (3.6)
=1 t=1 k=1

(here {X,} is some deterministic sequence and not the X,, from (1.4)). They will be used
to control second-order conditional moments in the proof of our vector central limit theorem
(Theorem 2.2).

Lemma 3.3. Let Assumptions 1 and 3 hold.

(a) If {X,} is vector-valued and Lo-close to X¢ € Ly, then

Lo-lim U, = 0. (3.7)
(b) If {X,} is Lo-close to X© € C[0,1], then

1
Li-limV, =limEV, = / X(x)E(x)d. (3.8)
0
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Proof. (a) Since X/, X, is a scalar, we have

BIIME = BOx(U.0) = 2y 3 Bl(Poba) XKool PoEo))
nst 1
1 — t—1 s—1
e F Z X;LtXTLSEtr (Z Btilikenk ZeiﬂB/tll)
n s t=1 1 =
t—1
- _ZHXntHQtI' <ZBt 1—- kz B/t 1— k)
" t=1
= —ZHXmHQtrmBBz ).
" t=1

By Theorem 3.1(iii) and Assumption 3(iii) ||Rp s 2Xs||c < ¢, sO

E||Un||§< 2 Z||Xnt||2_>0

ntl

which proves (3.7).
(b) By orthogonality (2.10)

X, Bk Bk X, (RB B,_En) . (3.9)
; tz ; Vn ' T Vn t

By Theorem 3.1(vi) {\/%;Xn} is Lo-close to X¢ and {\%En} is Lo-close to 3¢. By Theorem

3.1(iii) {RRB/\%Z”} is Lo-close to Z(z). Thus the second equation in (3.8) follows from (3.9)
and Theorem 3.1(ii).

Before proving the other part of (3.8), we need to reveal the m.d. structure of the difference
V, — EV,,. From (3.6) and (3.9) we have

1 n t—
Vo—EV, = — > XY BT (enpely — Spp) BTF (3.10)
t=1 k=1
t—1 k—1
4= ZX”tZZBt 1— ken nlB/t 1-1
k=1 =1

t—1-1 nt—1—k

Here each pair (k, ) such that 1 <1 < k < t—1 is matched by another pair with 1 < k <[ <{—1.
In the second pair k£ and [ are switched places. Changing summation order in the first big sum
in (3.10) we get

ZXntZBt =k (eppel . — D) BE1E (3.11)
=1

-1

= Z > XuBT Feely — So) BTR

k=1 t=k+1
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A part of the second sum in (3.10) can be rearranged as follows:

t—1 k-1

zn: XY Y BT e e, BT (3.12)
t=1

k=1 l=1

— nz_l i XntBtflfkenk <§ e/lBlkll) B/tfk:

k=1 t=k+1 =1

n—1 n
= Y ) XuB"'Fen(PpE) BT

k=1 t=k+1

Similarly,

n t—1 k—1
> X (Z Btllenl> e Btk (3.13)

t=1 k=1 =1
n—1 n k—1
_ Z Z XntBt—k (Z Bk_l_lenl) e;lkB/t—l—k
k=1 t=k+1 I=1
n—1 n
= Y Y XuBH(PpE, kel BT
k=1 t=k+1

Equations (3.10)-(3.13) are summarized in

n—1

V,—EV, =) Y

k=1

where

1 n
Yo = — > Xou[BT F(ennely — o) BT
t=k+1
+Bt—1—k6nk(PBgn);€B/t—k + Bt—k(PBgn)keilkB/t—l—k]‘

Since (Pg&,)i is F—1-measurable, {Y,, } is clearly a vector m.d. array. The numbers ¢,,; = 1/n,
t =1,...,n, satisfy conditions of Theorem 3.2.

By Assumption 3(ii) the family {||e,||5} is w.i., so by the equivalent characterization [10,
Theorem 12.9]

li E 2I(A) =0 5 < 00.
pim, sup |lentl|21(A) 752F||6nt‘|2 00

Hence, by Lemma 3.2(ii) the family {e,xe/,} is u.i. Next we apply Assumption 1 and Lemma
3.2(iil) to conclude that the products

k—1
(PpEn)reny, = <Z Bkll@nz> En-

=1

are u.i. Therefore, invoking also Assumption 3(iii), we see that the family consisting of those
products and differences eniel, — Xk is u.i. Finally, the variables Y, /c,: are ui. by Lemma
3.2(iii), because || Xt||oo < ¢ < 00 and

> Xl [l BT 7HS + 2B BE ) < ¢ I1BR[3 < oo
t=k+1 s=0

Thus Theorem 3.2 yields E||V,, — EV,,||a — 0 which completes the proof. O
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3.6 Negligibility of the terms containing the residual

The next lemma establishes the standard fact that the influence of the initial value in (2.7) and
(2.8) is asymptotically negligible.

Lemma 3.4. If Assumptions 1 through 5 hold, then

1
dlimé&, 7/ D' = dlim (5an, A—gnM;) : (3.14)

(3.15)

o ( HH, M,
Ly-lim D, Z,Z, D, = L;-lim ,

1
assuming that the limits on the right exist.
Proof. (3.14) follows from (2.7), Assumptions 1, 3 and 5 and the bound

1 & _
A, ZEHeml|zl|yoH2l|Bt Yl

IA

1
E|-—&.0,
|2,

1
< & sup(Ellenlls 2Y2(E|yol[2) WZHBt o = 0.
n n t=1

{H,} satisfies a condition of type (2.9), so

1 1< ~
EHA—HW; < S HulLEllolll B
" 2 " ot=1
. n /2 / o 1/2
< & (Somae) - (So0mz) o
" \t=1 t=1
Obviously,
1 |t
EHF,%P% Fz |B*H3Eol[3 — 0.

By Assumptions 2, 4 and Theorem 3.1(v) {Ab,H,} is Lo-close to AbH®. Assumption 1 and
Theorem 3.1(iii) therefore imply

Py Ab, H, is Ly-close to (I — B) ' AbH® = JH°. (3.16)
Combine this fact with (2.6) to get

1
ol oant]| = ] Srmas oo
" n =1 )
1 p—
= A—Z\!<PBAann>t!!zEHyomuBt s
n t—1
+57 ZZHBf k||, E|enktol 2] B
n t=1 k=1
1 fo%) 1/2
S X (ZII<PBAann>t||%Z||BH||§> Ellyol]

2
1
Az SUP(EHIUOHQEH%H )2 (ZHBt la > — 0.
t=1

Now (3.15) follows from (2.8) and the last three bounds. O
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3.7 "Scalarization" of the problem of convergence of the N-factor

The last lemma and (2.7) explain why we are interested in studying the vector

1
W, = (5an, A—snM;) . (3.17)

Proving convergence of W,, will be a long journey. Partitioning C' conformably, C" = (C7, C}),
and utilizing (3.17) we get

1

tr(W,C) = tr (&LH,/LCVF A

SHM;LCQ)

n 1 &
= tr [Z entH;ltCI + — Z ent(PBAdan + PBgn)QCb]

A,
t=1 t=1
. !/ / 1 . /
= Y _[H,,Cy + (PpAb,H,),Cs) eny + ~ > (PsE.)iCocnr.
t=1 " ot=1
Hence, denoting
Gmg = Ciﬂnt + Cé(PBAann)t, Smg = G;tem, (318)
1 =
ng = A—(PBgn);CQGnt = A_ Z eisz/t_l_SCéent (319)
n n s=1
we have the decomposition
r(WaC) =Y (Su + Tur)- (3.20)

t=1

Spe and T, are real-valued m.d.s because (Pg&,); is F,+—1- measurable.

3.8 Convergence of conditional second moments
Denote () ()
Hc Hc / HC Hc /Jl
QO($) - ( JHc(Hc)/ JHc(Hc)/J/ )

Lemma 3.5. Under Assumptions 1-4

n 1
limZE(SZAFn,t,l) = tr/ C'Q(2)O%(x)dx, (3.21)
t=1 0
Lo-1im Y " B(SuT| Foi—1) =0, (3.22)
t=1
n 1
Ll-limZE(Tﬂfn’t_l) = /i%tr/ CyZ(x)CoyX¢(z)d. (3.23)

t=1 0

Proof. From (2.10) and (3.18) we see that

Z E(Sst"/rn,tfl) = Z G'ntE(ente;t]Fm,l)Gm == Z G;thGm. (324)
t=1 t=1 t=1
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Using (3.16), by Theorem 3.1, items (iv) and (v), we get
K, = C{H, + C4,PgAb, H, is Ly-close to K¢ = (C} + CyJ)H". (3.25)

Since {¥,} is Lo.-close to 3¢, by Theorem 3.1(ii)

n 1
> K S — / (K°)'S°K da. (3.26)
t=1 0
Note that
ke=on( B Yoo B ), keey = oo
1) V'2 JHc¢ JH¢ ) ()
SO

1 1 !
/ (KC)IECKCCZ.Z' — tI'/ KC(KC)IZCdLE = tr/ C’QOCECdx. (327)
0 0 0

Now (3.21) follows from (3.24), (3.26) and (3.27).
Using definitions (3.18) and (3.19) rearrange

- 1 . / / !
Z E(SntTnt|fn,t71) = A_ Z KntE<€nt€nt’fn,tfl)CQ(PBgn)t

t=1 n

= Z Tt Cy(PrEy):

TL

1
= A—ntr;CQEntKnt(PBgn)é

This type of variable appeared in Lemma 3.3(a) with X,,; = Co%,,;K,,;. By (3.25), Assumption
3(iii) and Theorem 3.1(v) {X,,} is Lo-close to C23°K¢, so by Lemma 3.3(a) (3.22) is true.
Since (Pp&,): is Fpi—1-measurable, (3.19) implies

ZE(th‘Fn,tfl) = _Z (PpEn)CaE(enter| Fni-1)Co(PpEn)
— TL t=1

1 / !
= FtrZ(ch‘,’n)thEntC’2(P35n)t

n t=1

= Etr—ZC’g Oy (P& (PBEy)).

Here X,, = Cy%,,CY is Loo-close to CyX°CY by Assumption 3(iii) and Theorem 3.1(v). Therefore
(3.23) follows from Lemma 3.3(b) and Assumption 4. O

3.9 Convergence of tr(W,C)

Denote

1
o’ = tr/ 'O 0xcd.
0
Lemma 3.6. If Assumptions 1 through 4 hold, then for any constant matriz C

tr(W,C) % N(0,02). (3.28)
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Proof. We are going to apply Theorem 3.3. According to (3.20) we need to consider X,; =
Spt + Tni. By Lemma 3.5 we have a stronger statement than (3.4):

n 1
Ly-lim Z ol = tr/ [C'QCEC + k3 ChE(x)CoE)dx = 0.
t=1 0

The proof of (3.5) is a little longer. We need to study properties of ¢,; = A%LH(PBSn)tHQ.
Obviously, ¢y is F,, —1-measurable and by Lemma 3.3(b) and Assumption 4

n 1 n
Li-lmy ¢2, = Li-lim %trﬁ S (P&)i(Psén), (3.29)
t=1 n t=1

1
= /iétl‘/ =(z)dz.
0

By the Chebyshev inequality for any § > 0

t—1

e >0 Bt1-k < :
BI(6m >0) < 55-E |3 enr|| S 5A (3.30)
k=1 2
By the Minkowski inequality and Assumption 3(ii)
1 t—1 p\ 1/p
(El(bnt‘p)l/p = A (E ZBt*kkenk )
n k=1 2
t—1
< A ylE , sup(Ellenl B! < 5.
" k=1 "
With p1 = p/2, ¢1 = p1/(p1 — 1) from the last two bounds we get
B¢l (fne > 8) < (BI(¢u > 0))"/" (Eln|) 7! (3.31)
C3
= (6An)1/q1A721 )

Since {K,} is Lo-approximable (see (3.25)), by (2.9) and Theorem 3.1(i) there exists ng =
no(9) such that
sup||Kp; la(1,,, M) || < 00, sup max || Kyl]2 < 0. (3.32)
n>1 n>1 1st<n

Using the last estimate and | X,;| < ¢(||Knt||2 + @nt)||€nt|]2, for any 6 > 0 and n > ng we have
€
10Xl > ) < 1 (1Kol + Gur)llentlle > =) (1Kol 2 + s < 20)

(Kl + 6 > 20)] < T (llewlls > =) + 1w > ).

20c

This together with
Xoe S 2(S5, + o) < e[ Kl + o) llen 3

allows us to proceed with proving (3.5):

Z E(X2 (| Xt > )| Fri1) (3.33)

n

< c2<||Knt||§+¢it>E(||em||3f(||em||2 > o) 1Fui)

t=1

+ Y (Kl + 620 1 (n > )E (Jent 3] Frin)
t=1
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By (3.29) and (3.32)

n

an =) (1Kulls + 6%) = 0,(1)

t=1

which in combination with Assumption 3(iv) leads to

S (1Eutll3 4+ G20B (llewl B (Jlenellz > 55-) 1Fi)

t=1

15
< ansupE (||entH§I (Hem||2 > g) |fn,t,1) %0, 5= 0.
n,t C

Further, application of (3.30), (3.31) and (3.32) results in

EY (1EKuwll3 + én) 1 (dne > )E (|lenl 31 Fni-1)

t=1

= > Kl BEI(fne > 0)trSae + > Bo2 I (dne > 0)tr5
t=1 t=1

C1 Con

<
= 5A, T GA)TaAz

— 0, n — oo,

(3.34)

(3.35)

for any § > 0, because ¢; < o0o. The left side of (3.34) can be made small uniformly in n by
choosing a small §. For the selected 4, the left side of (3.35) can be made small by taking n
sufficiently large. Then (3.33), (3.34) and (3.35) prove (3.5). By Theorem 3.3, (3.28) follows. [

3.10 Proofs of Theorems 2.1 and 2.2

Proof of Theorem 2.1. (i) We consider the blocks of the matrix at the right of (3.15) one by one.

By Assumption 2 and Theorem 3.1(ii)

n—0o0 n—oo

n 1
lim H,H, = lim > H,H,, = / HY(H®)'dx = G.
- 0
Denote F,, = PgAb,H,. From (2.6), (3.16), Theorem 3.1(ii) and Lemma 3.3(a)

1 1

1
- / HE(HY J'dz = G
0

The block in the lower right corner of (3.15) equals

1
A2

n An A7

Here by (3.16) and Lemma 3.3(a)

1
lim F,F), = JGJ', Ly-lim 5= F, (Psé,)' = 0,

so by Lemma 3.3(b) and Assumption 4

1 / t
L;-lim E(PBSn)(PBEH) :/iZQ/O =(z)dz.

n

1 1 1
— M, M = F,F + A—Fn(PBEH)' + —(Pg&,)FE, + — (Pg&,)(PsE,)'.
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The proof is complete.

(ii) Suppose |Q| # 0. If |G| = 0, then some row of G is a linear combination of the others.
Denote the rows (G)1, ..., (G), and suppose (G); = ., ¢;(G);. Then (GJ'); = >, ¢;(GJ');.
This means that among the first rows of () one is a linear combination of the others and hence
|Q| = 0. This proves necessity of (b).

When proving necessity of (a) and (c), we can assume that (b) is true, without loss of
generality. Equation (2.11) implies (a) and (c). Sufficiency of (a), (b) and (c) also follows from
(2.11). O

Proof of Theorem 2.2. (i) Lemma 3.4 reduces convergence of the N-factor to that of W,. By
Lemma 3.1 W, converges if tr(W,,C) converges for any C. This last convergence has been

established in Lemma 3.6. Lemma 3.1 provides the expression for the variance of the limit
because if we denote H = H¢(H®)', then

Q@ 5 — H® X (HeX)(J' 1)
’ (JehHeX) (JehHeX)(Sel) )
The proof of part (ii) is similar to the proof of part (ii) of Theorem 2.1. O

Proof of Corollary 2.1. Convergence of vec U, and vecV,, is a consequence of vec (£,Z! D;') =

( :/fz((:: ‘[i” ) and (2.12). Denoting G = fol [H(H®)'] ® ¥¢dx, we can write the variance matrix in

(2.12) as
1
¢ _ g Gg(J ®1I)
/0 () @ X (w)de = ( JohG (JohGJel) )
. , . . vec U .
Equation V' = UJ’ implies vecU = (J ® I)vecU, so that veeV has the same variance.

Since a normal vector is uniquely defined by its mean and variance, this proves the corollary. [

3.11 Example of a proper mixed autoregression

Lemma 3.7. If A and B are defined by (2.13) with ay...c. # 0 and |G| # 0, then model (1.1)

18 a proper mized autoregression.

Proof. By definition, we need to fix b with at least one nonzero diagonal element. Since none of
the alphas is zero, the vector ( = (oK1, ..., a,K,)" is not null. Let ¢; = (0,...,0,1,0,...,0)" denote
the 7th unit vector in R*. Then

ap ... Qp K1 0 ,
A= o :(C)
0 .. 0 0 K,

and ,
AbG(AD) = ( % ) G(¢ 0)=(GCee)
where ('G( > 0 because G is positive definite. Hence,
JGJ =(G¢(I — B) teey(I — B (3.36)

Let us prove that
elB*=¢, BF'forallk>1,2<i<s. (3.37)

)
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To apply induction in k, consider k = 1 first. e,B is the ith row of B and e, ;I is the ith row of
I, so (3.37) is true. Now suppose it holds for some k > 1. Denoting bf, (bf-') the elements of
B¥ (B*1, respectively), by the induction assumption we have

(bl ..., b%) = (bf:ll’l, s bf:l{s) for all 1.

‘s

This leads to

bk bk 51 /62 68
g _ a8 Is 1 0 .. 0

k k
b bR,

(bflﬁl + 5227 b 102 + b237 . ’bﬁﬂs 1+ bfs? bf1 s)
= (b i—11,151 bf 1127- ° 1—11,158) = ezelBk-

The proof of (3.37) is complete.
Repetitive application of (3.37) gives

e(I —B)ley = ( ZBk+e Z Bk>

k=i—1
1—2
- (Z ek B+ Z €§—<i—1>Bk_(z_1)) B
k=0 k=i—1
1—2
— (Z k1+6123k> (I —B)™*
k=0

This equation entails equality of diagonal elements of (I — B) te,e} (I — B')~*
ef(I — B) teef(I — B) tes=e\(I — B) terey(I — B ) ey, i=1,..,s.

Combining this with (3.36) we see that all diagonal elements of JG.J' are equal to ('G(¢. (In fact,
a slight modification of the last step shows that all elements of JGJ" are the same). O

3.12 Proof of Theorem 2.4 and Corollary 2.2

Proof of Theorem 2.4. Step 1. Let us prove that all diagonal elements of () are positive. To
avoid notational clutter, denote

knl

kn,r+s
so that by Theorem 2.1

Q.=D,'Z,7D;' = K, K = (knik),; )T+$1 5 Q.

The first r diagonal elements of () are unities because by construction k,; = K are the rows of
H,, and th)

2
the last s diagonal elements of () are positive if the balancer is not null. Suppose b = 0, that is

d...
1 n —= 0 ) == 1
nl—>nc}o max{dnl, ceey dnr7 \/ﬁ} ! 7 .

= 1 for all n. Since the system is assumed to be a proper mixed autoregression,
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From these equations for the function f, = max{d//n,...,dw/\/n} we obtain
lim f,,/ max{f,,1} = 0. Hence, f,, — 0 and

Vn , 1
— i B T S |
e = max{dp1, ..., dpr, /1} o max{ fp, 1} ’

which contradicts the assumption kg = 0.

Step 2. All objects in the parallel world (Wlth the alternative normalizer D ) will be capped
with a tilde. Thus, there are diagonal elements dm of Dn, rOws km of K and elements ¢;; of Q

Here we show that all diagonal e elements of Q are posmve
Suppose ¢; = 0 for some 1. Qn N Q implies kmk N gij for all 4, j. By the Cauchy-Schwartz
inequality for any j
i < || o = Grnidt s )12

njng

2

2
By taking limits we get |Gij| < (GiG;;)*/? for any j. Thus, the whole ith row in é is null and
|Q| = 0, contradicting (2.14). Hence, our assumption is wrong and §;; is positive (it cannot be
2

2)'
Step 3. Denote r,; = (Jm/dm)2 i=1,...,r+ s, where d,, ,; = A, for i =1, ..., 5. Here we

prove that the limits plimr,; = r; exist.
Letting C,, = D,, 1D,, we note the relationship between K, and Ky

negative because ¢; = plim ‘ l%m

K, =D;'D,D;'Z, = C,K, (3.38)

which implies k,; = (ch / dm)l%m Recalling that the diagonal elements of both () and é are not
zero, we see that the limits
I li niKns _ (3.39)
imr,; = pim=—=" = — .
P P kn k Qii
exist and are positive o
Step 4. (3.38) implies @, = K, K/ = C,K,K!C,. This equation and the assumptions

|Q| = 0 and (2.14) give
r+s 3 2
H<%> g2 =1l g

=1 ‘ n|

This obviously contradicts (3.39). Thus (2.14) is impossible. O

Proof of Corollary 2.2. Step 2 of the proof of Theorem 2.4, applied to @, shows that if |Q] # 0,
then all diagonal elements of @ are positive. In case [Q| = 0 the same conclusion is true by Step
1. Thus, regardless of the value of |@Q], the limits r; are positive and the limits \; = plimd,,;/d,;

are nonzero. We obtain the uniqueness statement D, = D, D,'D, = D,C, with plimC, =
diag[Ay, ..., Aris) = A _
Suppose the conventional scheme works with D,,, that is the limits

dlim&, 7' D', Q = plimD; ' Z,Z! D!
exist and |Q| # 0. Then the limits
dlim&, Z' D, = dlim&, Z' D;'A, Q = plimD;, ' Z,Z! D;' = AQA

also exist and |Q] # 0. O
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