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Abstract. Weighted inequalities are proved for the weighted Hardy operators and the weighted
dual of the classical Hardy operator acting from one weighted variable exponent Lebesgue space
Ly, (0, 00) to another weighted variable exponent Lebesgue space Ly, (0, 00) for 0 < p(z) <
q(z) < 1.

1 Introduction

Function spaces of variable integrability appeared in the work by Orlicz [8] already in 1931, but
the recent interest in there spaces is based on the paper of Kovacik and Réakosnik |7] together with
applications to modeling electrorheological fluids [9]. A fundamental breakthrough concerning
spaces of variable integrability was the observation that, under certain regularity assumptions
on p(.), the Hardy-Littlewood maximal operator is bounded on L,)(R"), see [6].

The aim of this paper is to obtain weighted inequalities for the weighted Hardy operator and
the weighted dual of the classical Hardy operator acting from one weighted variable exponent
Lebesgue space to another weighted variable exponent Lebesgue space for 0 < p(z) < 1, for
non-negative Lebesgue measurable functions on (0, 00) satisfying a certain weak condition of
monotonicity type.

It is well known that for L,-spaces with 0 < p < 1 the Hardy inequality is not satisfied for ar-
bitrary non-negative measurable functions, but is satisfied for non-negative monotone functions.
Moreover in [4], pp. 90-91, the sharp constant in the Hardy-type inequality for non-negative non-
increasing functions was found (see [5| for more details). Later the monotonicity was replaced
by a weaker condition (see [11]), in particular, the following statements were proved.

Let for x > 0, f € LP¢(0,00),

H) =1 [ s

Theorem 1.1. Letx >0,0<p<1, anda < 1— ]l). If f is a non-negative Lebesque measurable
function on (0,00) and satisfies for some M >0 the inequality

) < ([ pyay), (L)
~(/ )

for all x > 0, then
12 (H f)(2)]] L, 0,000 < N f(E)]] £, 0,009 (1.2)
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where )
1-p, 1-1 Ly »
N=M""p l—a—- : (1.3)
p
Moreover, the constant N s sharp.

Later inequality (1.2) was extended for the weighted Hardy operator (for more details see
[1]). Namely the following statements were proved there.

Let w denote a weight function on (0,00), i.e. a positive Lebesgue measurable function on
(0,00). For 0 <p < oo the weighted space L, (0,00) is the space of all real-valued functions

with finite quasi-norm
1

11,000 = ([ 1@ Pota)ds)”

The weighted Hardy operator is defined by

(Hof)(z) = Wl(x) /0 CFOwdt, @ >0,
where 0 < W(z) = [ w(t)dt < oo forall t> 0.

Note that for w(t) = 1 the operator H,, is the usual Hardy operator

_ % /0 " fydt

Lemma 1.1. Let 0 <p <1, ¢ >0, A>0, w be a weight function on (0,00) satisfying the
condition
w(t) <aw(y) for 0 <y<t<oo. (1.4)

If f is a non-negative Lebesque measurable functzon on (0, 00) such that for almost all0 < t < oo,

s <A( [ wtowta) ([ popraw)’ (1.5

@) < ([ P (W) (16)

then for all x > 0

where ¢y = p%Al_pclg_

Remark 1. If in Lemma 1.11 w =1, then inequality (1.5) takes form (1.1) with M = Ap% and
c1 = 1, consequently ¢, = pr AP (seell]).

Remark 2. If f is a non-increasing function on (0, c0), then (1.5) holds with A =1 (see [1]).
Theorem 1.2. Let 0 < p < 1, ¢; > 0, A > 0, w be a weight function on (0,00) satisfying

condition (1.4), and o < 1 — ]l). If f is a non-negative Lebesgue measurable function on (0, 00)
satisfying (1.5), then
[ (Ho f) (@) |, 0.00) < DI ()|, 0,00) (L.7)
where )
1_p 2-1 1\ »
D=A"P¢ (1—04—}—9) . (1.8)

In Bandaliev’s paper [3|, two weighted inequalities were proved for the classical Hardy op-
erator acting from one weighted variable exponent Lebesgue space to another weighted variable
exponent Lebesgue space for non-negative monotone functions defined on (0, 00). In this work
weighted inequalities are proved for the weighted Hardy operator and the weighted dual of the
classical Hardy operator. In particular if w(xz) = 1 and f is a non-increasing function, we obtain
Bandaliev’s results (see Theorem 2.2) and some corollaries for p(z) = p = const.
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2 Preliminaries

Let H} be the dual of the operator H,, in Ls(0,00). Then for any f, g € L2(0,00)

[ Jotwrta = [ ([ L) et

- / w(b) (H*g) (@) F (1)t

:/%(t)( h v“I’/(”;) dm)f(t)dt.

Hence the equality (Huf, g)r,0,00) = (fs HE9) 1o(0,00) 1s satisfied for the operator H, defined by

Hf dt x> 0.
(re)w =) [

Lemma 2. 1 Let 0 < p < 1, B > 0, w be a weight function on (0,00) such that for all
x>0 fo y)dy < oo. If f is a non-negative Lebesgue measurable function on (0,00) such
that for almost all0 <z < o0

/ T Pyl dy < oo

and
10 < 2( [ srstonean) e ([ wtar) ™ 2.)
Then forr >0 o 1
(H 1)) < exolr) ([ P@etray) " (22)

where c3 = pB17P.

Proof. By (2.1) it follows that

Hence

S0 <o / "yt y) ) e

— pBP(— /f Puly pldy)}.

Integrating over (7, 00) we obtain
* f=)
d
| i

<pB'~ pbggloo((/Toof(y)%(y)y”‘ldy) (/ Fy)Pwly)y”™ 1dy>>

<oB ([ sreto @)’
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hence
(H) () =(r) [ fi e < pp ) ([ srtn i)
If w(z) =1in (2.1) and (2.1), then we have the following corollary. O

Corollary 2.1. Let 0 < p < 1. If f is non-negative Lebesque measurable function on (0, c0)
such that for all 0 <z <oo [ fP(y)y*'dy < oo and for some B >0 the inequality

o= ([ fp<y>yp—1dy); , (2.3

is satisfied, then for r > 0

(H*f)(r) < cs (/OO f”(y)y“dyy , (2.4)

where ¢3 = pB' " and p' is the conjugate exponent of p.

Remark 3. Inequality (2.3), (2.4) respectively, are analogues of inequality (1.1) and inequality
(2.2) in [7] for the dual of the classical Hardy operator.

Theorem 2.1. Let 0 < p < 1, x > 0 and —Il) <a<l1-— i. If f is a non-negative Lebesgue
measurable function on (0,00) and satisfies (2.3), then

1% CH* F)(O) |, 0.00) < eslly™ W)z, 0000 (2.5)
where ¢ = pBYP(ap +1)77.

Proof.

Ky = 10 (1) O y000 = | [ 07 0 @]

([ () o]

Then by (2.4) it follows that

K < UOOO 0Pl (/:O fp(y)yp‘ldy) d5];
— { | ( | W) dy} %

1,
=pB P (ap + 1) 7 [|y" T ()]l 1, (0,00)-
0

Let R™ be the n-dimensional Euclidean space of points x = (x1,...,z,),  be a Lebesgue
measurable subset of R™. Suppose that p is a Lebesgue measurable function on €2 such that
0<p<p(zr)<p<oo,p=ess inf,eqp(x), D= ess sup,cqp(x) and w is a weight function on
Q, i.e. is a non-negative, almost everywhere (a.e) positive function on €.
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Definition 1. By L,).(£2) we denote the set of all measurable function f on € such that

Ll f) = [ (@)oo < oc. (2.6)
Q
Note that the expression
p(z)
1£12,05.0(0) = inf{A > 03 / (), (2.7)

defines a quasi-norm on Ly w(€2). Ly w(£2) is a quasi-Banach space equipped with this quasi-
norm (see [7| and [10]).

In [3] the following Corollary was proved.

Corollary 2.2. Let 0 < p < p(z) < q(v) <G < oo and r(z) = %. Suppose that wy and we
are weight functions in € satisfying the condition:

Then the inequality

w1
1125000 < (A1 B+ xeulcien) 72| 21

1 (0 (2.8)

L))

holds for every f € Lg(z)w,(€2), where

O ={reQ: plr) <q@)}, Q={rcQ: p)=q)}

) @) ()
. x6§12)1 (](l’)7 o €M Q(x) '

The following lemma is known (see [2]).

Lemma 2.2. Let 1 < p < p(z) < q(y) < g < oo; forallz € Q1 CR" andy € Qy C R™. If
p € C(€y), then the inequality

<C 2.9
[190ess@l], g = Cral[ M|, o (2.9)
18 valid, where
p P
Cp,q = <||XA1||OO + ||XA2||OO + 5 + 5) (||XA1 “00 + ||XA2||OO)> (2'10)
q = ess inf q(z) q = ess supq(x),
q ) o
Ay = {(r,y) € U x Qy; p(z) =q(x) }, Ay =y X Qy /Ay,

and C(§21) is the space of continuous functions in Q0 and f: Q; X Qo — R is any measurable

function such that H (PRI

< 0.
Lpy(1)

The following theorem is proved in [3].
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Theorem 2.2. Let v € (0,00); 0 < p < p(x) < q(z) < g <1, r(r) = ﬁ%, and [ be a

non-negative and non-increasing function defined on (0,00). Suppose that w; and wy are weight
functions defined on (0, 00).
Then for any f € Ly@)w, (0,00) the inequality

7|

. a() (1,00)
”HfHLq(,),wQ(O,OO) < E*Cp,qdp o ‘ Loy (00 )“fHL )wq (0,00) (2.11)
holds, where
Cp:q
1 1
= { X 81 [zw0.00) + lIX 22 [lac0.00) + 2 - (|!X51||Loo(0,oo) + HXS2HLOO(0,<>0)>>
1
—{z € (0,00): p(x) = p}, S = 0,00\ and dy = (1= + |Ixs, o)) =
3 Main results
We consider the weighted Hardy operator
(H,f)(x )dt.
Theorem 3.1. Let v € (0,00), 0 <p <p(z) <q(r) <g<1l,a<l- %, r(z) = pzzp and f be

a non-negative Lebesque measurable function defined on (0,00) satisfying inequality (1.5) with p
replaced by p and w be a weight function satisfying condition (1.4). Suppose that wy and we are
weight functions defined on (0,00).

Then for any f € Ly@)w, (0,00) the inequality

ICH ) (@) L)y (0.00)

W2y | R o >‘

< cC,.d 00)s 3.1
C2Cp,qlp o Lr@(o,oo)Hf”Lp(')’wl(Q ) (3.1)
1 2-
holds, where ¢y = pref AP
Proof. By applying Lemma 1.1, we obtain
HwaHLq(')’WQ(O,OO) - ||W2wa||Lq(,)(O,oo)
czwg / 2y o 1dy> 1/p
xwl/p Lg(y(0,00)
— / fp Y Lq >1/p
B xwl/p (x) v Ly(y(0,00)
Let I wa(z) (fx B(y)w(y)yp_ldy) /p’ then
aw'/P(z) 0 Lq(‘>(0,oo)’

h= H ( /OOO [f B(ww(y)] X(0.2)(Y) [—xm(x) }Byﬂfldy) v

Lq()(0,00)
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= H / 2y X(0,)(Y) [—xsf/(%)}py“dy lL/p() o)
= H I (y)w ()] x 0. (¥) [Jf/—%ry’”\!m(o,o@’ ;/,,( 00)

Next, by applying Lemma 2.2, we get

R A Nl P

2w'/2 () 0
¥
e wo(z) 72 1/p
- [ oo ST,
vl | Ry w(y)y 0.2)(¥) o 2(0)) 1 000 y
ya
wo(z) |12 1/p
ol [ P | L) )
2w P(2) L) (y,00)
=C Wwi/P 1/p —w2<x> ‘ ‘ )
Let I, = H l/p l/p wa(z) ’
’ A P a0 .00 1 Ly(0,00)
then by applying Corollary 2.2, we obtain
W)y S o)
I <d, - N et
consequently
wl/P( ) 1/p Hmwl/p (z) HLq() (y,00)
||wa||Lq(,)’w2 (0,00) > p,q%p w1 ‘ L7.(')(07OO)||f||LP(')’W1 (0,00)-
For the dual operator H}, we have the following theorem. O]

Theorem 3.2. Let v € (0,00), 0 <p <p(x) <q(r)<g<1l,a<l-— 119’ r(z) = p%i 5 and f be
a non-negative Lebesgue measurable function defined on (0,00) satisfying inequality (2.1) with
p replaced by p and w be a weight function satisfying conditions of Lemma 2.1 Suppose that wq
and wy are weight functions defined on (0, 00).

Then for any f € Ly w, (0,00) the inequality

ICHSF @) L)y (0.00)

wl/g(y)yl/ﬂl ||(,(}2(l')&)($) ||Lq(.)(0’y)
w1

p,q~"p

Loy @ 1001 020) (3.2)

holds, where ¢ = pB' 2.
Proof. By applying Lemma 1.1, we get

IS 2y g 000) = w2 HE FllL, 5 (0,00)

1\ Ve
wa(z fp vr dy) L

<C3

q()(0,00)
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o 1/p
Let = [walayola) ([ Pt ay) |
q() (U000
hence
& P 1/p
= P Y -
Sy )( /0 [f (y)w(y)}xu,m)(y) [wQ(ﬂs)W(ﬂf)} y dy) b (0m0)
- P B o1 e
=] | 200w X0 o) [we)w@)] vy
D 2 p—1 e
= 12 @e @ ) [ @@ v o]
M(O’OO)
Now, by applying Lemma 2.2, we obtain
3 <Gl [ 1P @ [a@e@] e an)”
- PN, ’ Ly (0,00)
~ P p—1 £ e
= Cp,q( fAy)w(y)y (.00) (Y) [wz(fﬂ)W(l’)} dy)
~Coal [ P [ dy)”p
P 0 Lqy(0,y)
= Coa| | ()2 )y 2 o (@) (@)l 0 |, o -
Finally, applying Corollary 2.2, we get
|7t ¥ len@ @ om),
<d wl/g(y)yl/yHWQ<33)W(.T)HLLI(‘)(O,ZJ) ||fH
- F w1 Ly((0,00) Lo (000
Thus
WH2(y)yM 7 |ws () ()|
* q(.)(ory)
||waHLq(,), P,q™p Wy LT(A)(O,oo)Hf”LP(')’wl (0,00)

Taking in account Remark 1., Remark 2. and replacing (1.5) by (1.1) in the proof of
Theorem 3.1, we obtain the following corollary.

Corollary 3.1. Let z € (0,00), 0 <p <p(z) <q(r) <7<1, a<1- %, r(z) = p%igf)p and
f be a non-negative Lebesgue measurable function defined on (0, 00) satisfying inequality ?].Z).
Suppose that wy and wy are weight functions defined on (0,00). Then for any f € Ly)w, (0,00)
the tnequality

DL o)
w1

I1H fllz

q(.),wo 0 OO) — p,q ||f||Lp(),w1 (0700)7 (33)

L, ()(0,00)

holds, where K = ]_?éAl_B.
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Remark 4. If f is non-negative non-increasing function on (0, 00), inequality (1.1) is satisfied

1
with M = p% and in corollary 3.1 K = p2, consequently we obtain inequality (2.11) of
Theorem 2.2.

We consider the operator (H*f) with w(z) = 1, we get

) = [ ) %dy.

Replacing (2.2) by (2.4) in the proof of Theorem 3.2, we obtain the following corollary for the
operator H* f.

Corollary 3.2. Let x € (0,00), 0 <p <p(z) <q(r) <7<1,a<1- %, r(x) = p%zgz_)p and f
be a non-negative Lebesque measurable function satisfying inequality (24] Suppose that wy and
wy are weight functions defined on (0, 00).

Then for any f € Ly, (0,00) the inequality

||Hff||Lq(4),w2(070°)

y ' lws ()], 0.0)

w1

< pB'EC,d,

L, (y(0,00) HfHLP(-),wl (0,00)>» (3‘4)

holds, where B, C, ,, d, are respectively the constants in Corollary 2.1 and Corollary 3.1.

Remark 5. Note that Corollary 3.1 in the case where f is non-negative non-increasing function
and p(z) = q(z) = p = const with w(x) = we(z) = x* was proved in [5| with sharp constant in

Hardy type inequality.
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