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Abstract. Di�erence methods are widely used for the numerical solution of problems in mechanics
and physics. When constructing discrete analogues, it is important to preserve the basic properties of
the original di�erential problem. The main goal of this work is to discretize a system of equations of
the form C (x, t, u)ut+E (x, t, uα) = 0, based on its functional � the Hamiltonian action. Necessary
and su�cient conditions for potentiality with respect to a given bilinear form are obtained. The
Hamiltonian action for this system is constructed and its representation in the form of Birkho�'s
equations for in�nite-dimensional systems is obtained. By approximating the constructed functional
by its discrete analogue, a discrete-time analogue of Birkho�'s equations is obtained based on the
variational principle. Theoretical results are illustrated by an example of a wave equation with axial
symmetry.
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1 Introduction and problem statement

Let the con�guration of an in�nite-dimensional potential system be de�ned by the vector function
u(x, t) = (u1(x, t), u2(x, t), . . . , u2n(x, t))T, (x, t) ∈ QT = Ω× (0, T ), Ω be a bounded domain in Rm

with a piecewise-smooth boundary ∂Ω.
Consider the following system of equations:

N(u) ≡ C(x, t, u)ut + E(x, t, uα) = 0, (1.1)

where α = (α1, α2, . . . , αm), αi (for i = 1,m) are non-negative integers, |α| =∑m
i=1 αi, |α| = 0, s; C(x, t, u) is a given matrix [Cik(x, t, u)]2n×2n, E(x, t, uα) =

(E1(x, t, uα), E2(x, t, uα), . . . , E2n(x, t, uα))T is a given vector function, and u = (u1, . . . , u2n) is the

unknown vector function. Here uit =
∂ui

∂t
for i = 1, 2n, and uα = Dαu =

∂|α|u

∂xα1
1 ∂x

α2
2 . . . ∂xαmm

.

Moreover, Cik : Ω× [0, T ]× R2n → R and Ei : Ω× [0, T ]× Rq → R are given smooth functions,
where q is the length of the vector {uα}, |α| = 0, s and Ω = ∂Ω ∪ Ω.

We will consider system of equations (1.1) on the set

D(N) =
{
u ∈ U = (U1, . . . , U2n)T : ui ∈ U i = C2s,1

x,t (Ω× [0, T ]) : ui
∣∣
t=0

= ϕi0(x),

ui
∣∣
t=T

= ϕi1(x),
∂νui

∂nνx

∣∣∣∣∣
ΓT

= ψiν(x, t), i = 1, 2n, |ν| = 0, s− 1

}
,

(1.2)
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where ΓT = ∂Ω×(0, T ), nx is the outward normal to ∂Ω; ϕi0, ϕ
i
1, ψ

i
ν(x, t) are given smooth functions.

Note that (1.1) is a generalization of system of equations of the form

C(t, u)u̇(t) + E(t, u) = 0, (1.3)

where u̇(t) =
du

dt
.

In [4] it was proved that (1.1) admits a classical variational formulation if and only if it can
be represented in the form of Birkho�'s equations [1]. In this case, its Hamiltonian action [8] was
constructed.

In [5] the potentiality of a discrete system obtained from equations of form (1.3) with continuous
time was investigated. Necessary and su�cient conditions for potentiality with respect to a given
bilinear form were provided. An algorithm for constructing the corresponding functional, the discrete
analogue of the Hamiltonian action, was outlined.

The main goal of this work is to construct a discrete-time analogue of system (1.1) based on its
Hamiltonian action.

2 Necessary and su�cient conditions for potentiality

Let V = (V 1, V 2, . . . , V 2n) : V i = C(Ω× [0, T ]), i = 1, 2n. De�ne a bilinear form 〈·, ·〉 : V × U → R
as follows:

〈v, g〉 =

T∫
0

∫
Ω

2n∑
i=1

vigidxdt. (2.1)

Following [2, 6], we say that problem (1.1), (1.2) admits a direct variational formulation with
respect to (2.1) if there exists a di�erentiable G�ateaux functional FN : D(N) → R such that its
di�erential has the form:

δFN [u, h] = 〈N(u), h〉, ∀u ∈ D(N),∀h ∈ D(N ′u).

Here, D(N ′u) is the domain of the G�ateaux derivative N
′
u of the operator N at a point u ∈ D(N).

In this case, it is also said that the operator N is potential on D(N) with respect to bilinear form
(2.1).

The criterion for potentiality of N on the convex set D(N) is the symmetry condition [2, 6]

〈N ′uh, g〉 = 〈N ′ug, h〉, ∀u ∈ D(N),∀h, g ∈ D(N ′u). (2.2)

When this condition is satis�ed, the desired functional FN � the Hamiltonian action � can be
found using the formula

FN [u] =

∫ 1

0

〈N(û+ λ(u− û)), u− û〉 dλ+ const, (2.3)

where û is an arbitrary �xed element in D(N).

Let us denote Nj ≡
2n∑
k=1

Cjku
k
t + Ej, and N(u) ≡ (N1(u), N2(u), . . . , N2n(u)).

Let us �nd the G�ateaux derivative of the operator Nj

(N ′uh)j =
2n∑
k=1

2n∑
i=1

∂Cjk
∂ui

hiukt +
2n∑
i=1

Cjih
i
t +

2n∑
i=1

s∑
|α|=0

∂Ej
∂uiα

hiα.
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Using condition (2.2), we get

〈N ′uh, g〉 =

T∫
0

∫
Ω

2n∑
j=1

(N ′uh)j.g
jdxdt

=

T∫
0

∫
Ω

2n∑
j=1

 2n∑
k=1

2n∑
i=1

∂Cjk
∂ui

hiukt +
2n∑
i=1

Cjih
i
t +

2n∑
i=1

s∑
|α|=0

∂Ej
∂uiα

hiα

 gjdxdt
(2.4)

and

〈N ′ug, h〉 =

T∫
0

∫
Ω

2n∑
i=1

(N ′ug)i.h
idxdt

=

T∫
0

∫
Ω

2n∑
i=1

 2n∑
k=1

2n∑
j=1

∂Cik
∂uj

gjukt +
2n∑
j=1

Cijg
j
t +

2n∑
j=1

s∑
|β|=0

∂Ei

∂ujβ
gjβ

hidxdt.

Integrating by parts, from (2.4) we �nd

〈N ′uh, g〉 =

T∫
0

∫
Ω

2n∑
j=1

[
2n∑
k=1

2n∑
i=1

∂Cjk
∂ui

higjukt −
2n∑
i=1

d

dt

(
Cjig

j
)
hi+

+
2n∑
i=1

s∑
|α|=0

(−1)|α|Dα

(
∂Ej
∂uiα

gj
)
hi

 dxdt.

It should be noted that

d

dt

(
Cjig

j
)

=
d

dt
(Cji) g

j + Cjig
j
t =

2n∑
k=1

∂Cji
∂uk

ukt g
j +

∂Cji
∂t

gj + Cjig
j
t ,

s∑
|α|=0

(−1)|α|Dα

(
∂Ej
∂uiα

gj
)

=
s∑

|α|,|β|=0

(−1)|α|
(
α
β

)
Dα−β

(
∂Ej
∂uiα

)
gjβ,

where

(
α
β

)
=


(
α1

β1

)(
α1

β1

)
...

(
αm
βm

)
, if ∀i ∈ {1, 2, ...,m} : αi ≥ βi,

0, if ∃i ∈ {1, 2, ...,m} : αi < βi,(
αi
βi

)
=

αi!

βi!(αi − βi)!
.
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Taking into account this for the potentiality of operator N (1.1), we obtain

〈N ′uh, g〉 − 〈N ′ug, h〉 =

T∫
0

∫
Ω

2n∑
i=1

{[
2n∑
k=1

2n∑
j=1

∂Cjk
∂ui

gjukt −
2n∑
j=1

2n∑
k=1

∂Cji
∂uk

ukt g
j−

−
2n∑
j=1

∂Cji
∂t

gj −
2n∑
j=1

Cjig
j
t +

2n∑
j=1

s∑
|α|,|β|=0

(−1)|α|
(
α
β

)
Dα−β

(
∂Ej
∂uiα

)
gjβ

−
−

 2n∑
k=1

2n∑
j=1

∂Cik
∂uj

gjukt +
2n∑
j=1

Cijg
j
t +

2n∑
j=1

s∑
|β|=0

∂Ei

∂ujβ
gjβ

hidxdt

=

T∫
0

∫
Ω

2n∑
i=1

{
2n∑

j,k=1

(
∂Cjk
∂ui

− ∂Cji
∂uk

− ∂Cik
∂uj

)
gjukt −

2n∑
j=1

(Cji + Cij) g
j
t −

2n∑
j=1

∂Cji
∂t

gj+

+
2n∑
j=1

s∑
|α|,|β|=0

(−1)|α|
(
α
β

)
Dα−β

(
∂Ej
∂uiα

)
gjβ −

2n∑
j=1

s∑
|β|=0

∂Ei

∂ujβ
gjβ

hidxdt = 0.

By virtue of arbitrariness of the functions hi, we come to the conditions:

Cij + Cji = 0,

∂Cji
∂uk

+
∂Cik
∂uj

+
∂Ckj
∂ui

= 0,

∂Cji
∂t

=
s∑

|α|=0

(−1)|α|Dα

(
∂Ej
∂uiα

)
− ∂Ei
∂uj

,

s∑
|α|=1

(−1)|α|
(
α

β

)
Dα−β

(
∂Ej
∂uiα

)
− ∂Ei

∂ujβ
= 0

(2.5)

for ∀ (x, t) ∈ QT ,∀u ∈ D (N), where i, j, k = 1, 2n, and |β| = 1, s.

Theorem 2.1. System (1.1) is potential on D(N) (1.2) with respect to bilinear form (2.1) if and
only if conditions (2.5) are satis�ed.

3 Construction of the Hamiltonian action

If conditions (2.5) are satis�ed, the desired functional FN can be constructed using formula (2.3).
Another approach can be taken to this problem. Let us look for the Hamiltonian action for (1.1) in
the form

FN =

T∫
0

∫
Ω

(
2n∑
i=1

Riu
i
t −B

)
dxdt, (3.1)

where Ri(x, t, u), B(x, t, uα) are the unknown smooth functions.
The G�ateaux di�erential of functional (3.1) is given by

δFN [u, h] =

T∫
0

∫
Ω

 2n∑
i=1

2n∑
k=1

∂Ri

∂uk
hkuit +

2n∑
i=1

Rih
i
t −

2n∑
i=1

s∑
|γ|=0

∂B

∂uiγ
hiγ

 dxdt.
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Integrating by parts, we obtain

δFN [u, h] =

T∫
0

∫
Ω

[
2n∑
i=1

2n∑
k=1

∂Rk

∂ui
hiukt −

2n∑
i=1

dRi

dt
hi−

−
2n∑
i=1

s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)
hi

 dxdt.
(3.2)

Since

dRi

dt
=

2n∑
k=1

∂Ri

∂uk
ukt +

∂Ri

∂t
,

we can write (3.2) as

δFN [u, h] =

T∫
0

∫
Ω

2n∑
i=1

[
2n∑
k=1

(
∂Rk

∂ui
− ∂Ri

∂uk

)
ukt −

∂Ri

∂t
−

−
s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)hidxdt.
From the de�nition of potentiality, we have

T∫
0

∫
Ω

2n∑
i=1

 2n∑
k=1

(
∂Rk

∂ui
− ∂Ri

∂uk

)
ukt −

∂Ri

∂t
−

s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)hidxdt =

=

T∫
0

∫
Ω

2n∑
i=1

[
2n∑
k=1

Ciku
k
t + Ei

]
hidxdt.

Since the elements hi are arbitrary, we obtain

2n∑
k=1

(
∂Rk

∂ui
− ∂Ri

∂uk

)
ukt −

∂Ri

∂t
−

s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)
=

2n∑
k=1

Ciku
k
t + Ei, (3.3)

where i = 1, 2n.
Comparing the left- and right-hand sides of (3.3), we �nd

∂Rk

∂ui
− ∂Ri

∂uk
= Cik,

−∂Ri

∂t
−

s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)
= Ei,

(3.4)

where i, k = 1, 2n. For the �rst group of equations in system (3.4), we obtain the following solution
[4]:

Ri = −
1∫

0

2n∑
k=1

λCik (x, t, û+ λ(u− û)) (uk − ûk)dλ, i = 1, 2n.
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Let B[t, u] =

∫
Ω

B(x, t, uα)dx;
δB

δui
be the functional derivative of B with respect to ui, i = 1, 2n.

Let us rewrite the second group of equations in system (3.4) in the following form

s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)
= −∂Ri

∂t
− Ei.

or
δB

δui
= −∂Ri

∂t
− Ei, i = 1, 2n.

Using formula (2.3), we obtain

B[t, u] = −
∫
Ω

1∫
0

2n∑
i=1

[
∂Ri

∂t
(x, t, û+ λ(u− û)) + Ei(x, t, ûα + λ(uα − ûα))

]
·

·(ui − ûi)dλdx+ const.

Thus, we arrive to the following Birkho�'s equations for in�nite-dimensional systems:

Ni ≡
2n∑
k=1

(
∂Rk

∂ui
− ∂Ri

∂uk

)
ukt −

∂Ri

∂t
− δB

δui
= 0, i = 1, 2n. (3.5)

Theorem 3.1. The extremals of functional (3.1) are solutions to the system of equations (3.5).

4 Discretization

Let us divide the interval [0, T ] into l equal parts with nodes tj = jτ , j = 0, l, where τ = l−1T . Let
us introduce the narrowing operators [7]

T ru (x, t) = ur =
(
u1 (x, t1) , u2(x, t1), . . . , u2n(x, t1), u1(x, t2), u2(x, t2), . . . ,

u2n(x, t2), . . . , u1(x, tl−1), u2(x, tl−1), . . . , u2n(x, tl−1)
)
,

where r = 2n(l− 1). Such vectors form a linear space, which we will denote as U r. For convenience,
let us denote ũj = u (x, tj), ũ

i
j = ui (x, tj), i = 1, 2n, j = 0, l.

Denote by N the operator of the discrete analogue of problem (3.5), (1.2), obtained on the basis
of functional (3.1).

Let us de�ne

D
(
N
)

=
{

(ũ0, ur, ũl) : ur ∈ U r, ũ
i
0 = ϕi0 (x) , ũil = ϕi1 (x) , ũij ∈ C2s

(
Ω
)
,

∂ν ũij
∂nνx

∣∣∣∣∣
∂Ω

= ψiν (x, tj) , i = 1, 2n, |ν| = 0, s− 1, j = 0, l

}
,

D
(
N
′
u

)
=
{

(h̃0, hr, h̃l) : hr ∈ U r, h̃
i
0 = 0, h̃il = 0, h̃ij ∈ C2s

(
Ω
)
,

∂ν ũij
∂nνx

∣∣∣∣∣
∂Ω

= 0, i = 1, 2n, |ν| = 0, s− 1, j = 0, l

}
,

where N
′
u is the G�ateaux derivative of the operator N .
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Next, we approximate the integrals as follows:

tj+1∫
tj

∫
Ω

(
2n∑
i=1

Riu
i
t −B

)
dxdt ≈ T

l

∫
Ω

(
2n∑
i=1

Ri,j

ũij+1 − ũij
τ

−Bj

)
dx,

where Ri,j = Ri (x, tj, ũj), Bj = (x, tj, Dγũj).
We replace functional (3.1) by the discrete Hamiltonian action:

F (ur) =
T

l

l−1∑
j=0

∫
Ω

(
2n∑
i=1

Ri,j

ũij+1 − ũij
τ

−Bj

)
dx.

Then, we have

δF
[
ur, hr

]
=
T

l

l−1∑
j=0

∫
Ω

(
2n∑
i=1

2n∑
k=1

∂Ri,j

∂ũkj
h̃kj
ũij+1 − ũij

τ
+

2n∑
k=1

Rk,j

h̃kj+1 − h̃kj
τ

−

−
2n∑
k=1

s∑
|γ|=0

∂Bj

∂Dγ

(
ũkj
)Dγh̃

k
j

 dx.

(4.1)

Since

h̃i0 = 0, h̃il = 0,
∂ν
(
h̃ij

)
∂nνx

∣∣∣∣∣
∂Ω

= 0, i = 1, 2n, j = 0, l, |ν| = 0, s− 1,

integrating by parts in (4.1), we get

δF
[
ur, hr

]
=
T

l

l−1∑
j=1

∫
Ω

[
2n∑
i=1

2n∑
k=1

∂Ri,j

∂ũkj

ũij+1 − ũij
τ

−
2n∑
k=1

Rk,j −Rk,j−1

τ
−

−
2n∑
k=1

s∑
|γ|=0

(−1)|γ|Dγ

(
∂Bj

∂Dγ

(
ũkj
))
 h̃kjdx.

From the equality δF
[
ur, hr

]
= 0, ∀ur ∈ D

(
N
)
, ∀hr ∈ D

(
N
′
u

)
we obtain the system of

equations for discrete-time motion as follows:

Nk,j ≡
2n∑
i=1

∂Ri,j

∂ũkj

ũij+1 − ũij
τ

− Rk,j −Rk,j−1

τ
− δBj

δũkj
= 0,

j = 1, l − 1, k = 1, 2n,

(4.2)

where Bj = B[tj, ũj].

Theorem 4.1. Equations (4.2) are discrete-time analogues of (3.5).

5 Example

Let us consider the wave equation with axial symmetry [3]:

wtt = a2

(
wρρ +

1

ρ
wρ

)
, t ∈ [0, T ], ρ ∈ [ρ1, ρ2], (5.1)
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with the following boundary conditions:

w
∣∣
t=0

= ϕ1 (ρ) , w
∣∣
t=T

= ϕ2 (ρ) ,

w
∣∣
ρ=ρ1

= φ1 (t) , w
∣∣
ρ=ρ2

= φ2 (t) ,

where w(t, ρ) is the unknown function, ρ is the radial coordinate, and a is a constant coe�cient.
Let us denote {

w = u1,

wt = u2.

We can represent equation (5.1) as a system of equations:

N (u) ≡
(

1 0
0 1

)(
u1
t

u2
t

)
+

 −u2

−a2

(
u1
ρρ +

1

ρ
u1
ρ

) = 0. (5.2)

According to Theorem 2.1, operator (5.2) is not potential. Using conditions (2.5), we can �nd
the matrix variational multiplier as follows:

M =

(
0 ρ
−ρ 0

)
.

Then, the system

N̂ = MN =

(
0 ρ
−ρ 0

)(
u1
t

u2
t

)
+

(
−a2ρu1

ρρ − a2u1
ρ

ρu2

)
= 0 (5.3)

admits a representation in the form of Birkho�'s equations and we �nd

R1 = −1

2
ρu2, R2 =

1

2
ρu1, B = −1

2
a2ρ
(
u1
ρ

)2 − 1

2
ρ
(
u2
)2
.

Therefore, according to formula (3.1), the Hamiltonian action for (5.3) takes the following form:

FN̂ [u] =

1∫
0

∫
Ω

1

2

[
−ρu2u1

t + ρu1u2
t + a2ρ

(
u1
ρ

)2
+ ρ

(
u2
)2
]
dxdt.

By converting it to its discrete version, we can easily obtain the discrete version of system of
equations (5.3) as follows:

N1,j ≡
1

2
ρ
ũ2
j+1 − ũ2

j

τ
+

1

2
ρ
ũ2
j − ũ2

j−1

τ
− a2ρ

∂2

∂ρ2
ũ1
j − a2 ∂

∂ρ1
ũ1
j = 0, j = 1, l − 1,

N2,j ≡ −
1

2
ρ
ũ1
j+1 − ũ1

j

τ
− 1

2
ρ
ũ1
j − ũ1

j−1

τ
+ ρũ2

j = 0, j = 1, l − 1.

6 Conclusion

Necessary and su�cient conditions for the potentiality of the system of equations of the form
C (x, t, u)ut + E (x, t, uα) = 0 with respect to a given bilinear form have been obtained. An al-
gorithm for constructing the corresponding Hamiltonian action and transforming this system into
the form of Birkho�'s equations for in�nite-dimensional systems is presented. Based on the de-
rived Hamiltonian action, a discrete analogue of this system of equations has been obtained. An
illustrative example has been considered.
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