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Abstract. Difference methods are widely used for the numerical solution of problems in mechanics
and physics. When constructing discrete analogues, it is important to preserve the basic properties of
the original differential problem. The main goal of this work is to discretize a system of equations of
the form C (z,t,u) us+ E (x,t,u,) = 0, based on its functional — the Hamiltonian action. Necessary
and sufficient conditions for potentiality with respect to a given bilinear form are obtained. The
Hamiltonian action for this system is constructed and its representation in the form of Birkhoff’s
equations for infinite-dimensional systems is obtained. By approximating the constructed functional
by its discrete analogue, a discrete-time analogue of Birkhoff’s equations is obtained based on the
variational principle. Theoretical results are illustrated by an example of a wave equation with axial
symmetry.
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1 Introduction and problem statement

Let the configuration of an infinite-dimensional potential system be defined by the vector function
u(z,t) = (ul(x,t),u(x,t), ..., u*(z, 1), (z,t) € Qr = Q x (0,T), Q be a bounded domain in R™
with a piecewise-smooth boundary 0f).

Consider the following system of equations:

N(u) = Cl(z, t,u)us + E(z,t,uy) =0, (1.1)
where o = (aj,a9,...,ap), « ((for ¢ = 1,m) are non-negative integers, |a| =
S, ol = 0,55 Clz,t,u) is a given matrix [Ci(x,t,u)|anxon, E(z,tu,) =
(Ei(z,t,us), Ba(x,t,uy), . .., Ean(x,t,u,))T is a given vector function, and u = (u',...,u?") is the

- ou S el
unknown vector function. Here u; = il forv=1,2n, and uy, = Dyu = —5—5— 4 .
ot 0x{'0x5” ... Oxom

Moreover, Cy, : 2 x [0,T] x R? — R and E; :  x 0,7] x R? — R are given smooth functions,
where ¢ is the length of the vector {u,}, |a| =0,s and Q = 9Q U Q.
We will consider system of equations ((1.1)) on the set

DIN)={ueU=U",....U0™" v e U =C2'(Qx[0,T)) : u'l,_, = (),
oV ut

ui‘t:T:@il(x%W :¢i($,t),i:1,2n,|y‘:0’3_1}’

zFT

(1.2)




50 V.M. Savchin, P.T. Trinh

where I'r = 90 x (0, T), n, is the outward normal to 99; i, ¢!, ¥’ (z,t) are given smooth functions.
Note that (1.1)) is a generalization of system of equations of the form
C(t,u)u(t) + E(t,u) =0, (1.3)
du
where 4(t) = —.

In [4] it was proved that (1.1)) admits a classical variational formulation if and only if it can
be represented in the form of Birkhoff’s equations [I]. In this case, its Hamiltonian action [§] was
constructed.

In [5] the potentiality of a discrete system obtained from equations of form ((1.3]) with continuous
time was investigated. Necessary and sufficient conditions for potentiality with respect to a given
bilinear form were provided. An algorithm for constructing the corresponding functional, the discrete
analogue of the Hamiltonian action, was outlined.

The main goal of this work is to construct a discrete-time analogue of system (1.1]) based on its
Hamiltonian action.

2 Necessary and sufficient conditions for potentiality

Let V= (VL V% ... V™) :Vi=C(Qx[0,T]),i = 1,2n. Define a bilinear form (-,-) : V x U — R

as follows:
T 2n
(v, g) ://Zvigidxdt. (2.1)
0 o =1

Following [2], [6], we say that problem (1.1)), (1.2) admits a direct variational formulation with
respect to (2.1) if there exists a differentiable Géateaux functional Fy : D(N) — R such that its
differential has the form:

§Fy[u,h] = (N(u),h), Yue D(N),Yh € D(N').

Here, D(N)) is the domain of the Gateaux derivative N, of the operator N at a point u € D(N).
In this case, it is also said that the operator N is potential on D(N) with respect to bilinear form

ED).

The criterion for potentiality of N on the convex set D(INV) is the symmetry condition [2], 6]
(N/h,g) = (N!g,h), Yue D(N),Vh,g € D(N)). (2.2)

When this condition is satisfied, the desired functional Fy — the Hamiltonian action — can be
found using the formula

1
Fylu] = / (N(t~+ Mu—1)),u —a) dX\ + const, (2.3)
0
where 4 is an arbitrary fixed element in D(N).
2n
Let us denote N; = ZC’jkuf + E;, and N(u) = (Nq1(u), Na(u), ..., Nop(u)).
k=1

Let us find the Gateaux derivative of the operator N;

b= 303 K, f+20ﬁw+zza 1

k=1 i=1 i=1 |a|=0 Ua
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Using condition ([2.2)), we get

T 2n
ihg) = [ [ S Nim, g
0o o J=t

N

n n

T
://Z Zacﬂ’“hz uZCﬂthZ o OB 13 | fdedt
0 Q J i=1

j=1 | k=1 i=1 |a|=0

o

and

T 2n
<N’l//,g7 h> :// (N;g)lh‘d;rdt
0o o =L
T 2n 2n n a '
:// > 5 +Zngt +Z Z 7| hidudt.
0 O =1 k=1 j5=1 j=1|8|= 0
Integrating by parts, from ( we find
T on [on 2n 2
8C~k o d o
(N!'h IR pi ik PSP AR N
-9) //Z[ i 9 Zdt(cﬂg)h+
0 7j=1 Lk=1 =1 =1
TL S aE
+ — 1)l Da< ] J) hi| dxdt.
It should be noted that
d , d . R aC; aC;;
= (Cing’) = 2 (C) ¢ + Cigl = ) 5 =Fuig + 29" + Ciugl,
k=1
- OE; ; - o 0E;\
—Dlelp, (24 ) = — 1)l Do
|QZ_0( ) (auég > |a%_0( ) g Oul, 9s

where

(g) - (%i) (gi) <5m) itVie {1,2,..,m}: o > B,

0,if 3i € {1,2,....m} : a; < 3,
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Taking into account this for the potentiality of operator N (L.1)), we obtain

oun oo~ [ [ (B8 e 555

S-S oS S o (5) o (52) | -

J=1|al,|8|=0
2 8Czk ] j i
ZZ ut+ZCZ]gt+ZZa] hidxdt
k=1 j=1 Jj=1|8|=0
B Z Z out  Ouk  Ou gut—' (Cii + ij)gt_, 8tg+
0 Q =1 7,k=1 7j=1 7j=1

. 2n ~ e (g) D, (W) Z 5 28 Uitdear =0

j=1|8]= oauﬁ

<
¥

s

=
I

By virtue of arbitrariness of the functions h?, we come to the conditions:

;

Cij + Oji = 0,

ot ow T ou

8Cji_ ® 1\l GEJ _8EZ

o 2. (5) - 5
i (_1)|o¢| (67 D 8E] o 8El _
= g) Now) o

for ¥V (z,t) € Qr,Yu € D (N), where i,j,k = 1,2n, and || = 1, s.

:0’

(2.5)

Theorem 2.1. System (1.1) is potential on D(N) (1.2)) with respect to bilinear form (2.1) if and

only if conditions (2.5)) are satisfied.

3 Construction of the Hamiltonian action

If conditions ({2.5)) are satisfied, the desired functional Fy can be constructed using formula ([2.3)).
Another approach can be taken to this problem. Let us look for the Hamiltonian action for (|1.1)) in

the form
T

2n
Fy = / / (ZR,»ug—B> ddt,
0o o \i=l

where R;(z,t,u), B(x,t,u,) are the unknown smooth functions.
The Gateaux differential of functional (3.1]) is given by
T

SFy [u,h] = // an t+ZRh’ ZZ—M dxdt.

d i=1 k=1 i=1 |y|=0

(3.1)
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Integrating by parts, we obtain
2n

T
k1 dRiz‘
SFy [u, h] = //[ ihuf—zﬁh_
0

=1 k= =1

, (3.2)
n S B )
-> > (-n"'p, (%) ne| dadt.
i=1 yl=0 “r
Since
dR; <~0R; , OR,
i~ 2wt o
we can write (3.2)) as
[ OR, OR OR
= AR TP, Bk
6FNUh_//Z[ (8u’ 8u"‘>ut ot
0o o =1
- OB :
- (-, ( ) i dzdt.
1=0 o
From the definition of potentiality, we have
OR,  OR; IR < OB\
//Z (8uz 8uk) uy — ot Z (_1)”' D, (%) h'dvdt =
i=1 [yI=0 K
T 2n 2n
_ / / SIS Gtk + B | hdadt.
0 o =1 Lk=1
Since the elements h’ are arbitrary, we obtain
2n s 2n
OR, OR;\ , OR; I 0B
Z (0ui B 8uk) T T Z (=)" D, Oui. ZC’“ut +Ei, (3-3)
k=1 =0 v
where ¢ = 1, 2n.
Comparing the left- and right-hand sides of (3.3)), we find
oR. _OR, _,
out  ouk ™ (3.4)
OR; < | OB :
— ~M'p ) = E,
at Z ( ) ol (auz ) )
[v1=0 v

where i, k = 1,2n. For the first group of equations in system (3.4)), we obtain the following solution

[4]: 1

Ri= = [ SoAC (ot 4+ Aw =) (o — @), i =120

0 k=1
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B
Let Blt,u] = /B(m, t, uq )dr; Sui be the functional derivative of B with respect to v, i = 1, 2n.
u

Q
Let us rewrite the second group of equations in system (3.4) in the following form
: OB OR;
-H"'D - ) =——"—E.
> -0 (52) -5
|v|=0
. 5B OR
N g =T,
ou’ ot ! e

Using formula ({2.3)), we obtain

[ I [OR
_ / / Z [a—tz (x,t,u 4+ AMu —u)) + Ei(x, t, Uy + Mo — Uy))
o o =1
(u" — @")d\dx + const.

Thus, we arrive to the following Birkhoft’s equations for infinite-dimensional systems:

N, = Z (aRk ) ub — OR; 0B _ 0,i=T1,2n. (3.5)

out  Ouk ot ou?

Theorem 3.1. The extremals of functional (3.1)) are solutions to the system of equations (3.5]).

4 Discretization

Let us divide the interval [0, 7] into [ equal parts with nodes t; = j7, j = 0,1, where 7 = [~'T. Let
us introduce the narrowing operators [7]

Tou(z,t) =1, = (ul (z, 1) ,u? (2, t1), ..., u®" (2, ty), ul (2, 1), u? (2, ts), . . .,
u?(z,ts), ..., ut (2, t_1), v (z, ty), . .., u*(x, t1—1)) ,

where r = 2n(l — 1). Such vectors form a linear space, which we will denote as U,. For convenience,
let us denote u; = u (z,t;), us = v’ (z,t;), i =1,2n, j = 0,1.
Denote by N the operator of the discrete analogue of problem (3.5)), (I.2)), obtained on the basis

of functional (3.1)).
Let us define

D (N> = {(607ﬂryﬂl) ur S Umuo (100< ) - g011 (‘7;) ’ﬂ; € 028 (§> ’

8”u} ; _ R
ony :¢V($7tj)7221> TL,|I/|:0,S—1,]: 7l )
T o0

D (N/) - {<E07ET7?L1> :ET GU“EB = 077L7i = O’,}VL; = 028 (ﬁ)’

u

ow| ._
=0,i=1,2n,lv|=0,s—1,7=0,1lp,
onY

o9

where N; is the Gateaux derivative of the operator N.
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Next, we approximate the integrals as follows:

L 2n m ~ —:

I3 T U/Z' 1 - U/Z-
/ / (g Ryuy — B) dzdt ~ T/ (E Ri’j% _ Bj) dz,
tj Q 1=1 Q =1

where R,"j = Rz (l’,tj, ﬂj), Bj = (l’,tj, Dyﬂj).
We replace functional (3.1)) by the discrete Hamiltonian action:

- T -1 2n  2n aRZ . az . /I,IZ n ,}\L/k _%k
0F |:ur7 hr] = 7 : / (Z Z aﬂé:] hf Jtl J + Z Rk,j J+1T J _
) =

-
7=0 i=1 k=1 k=1
, (4.1)
n S aB
_Z ]~k D, f dx
k=1 |7|=0 oD, (iif)
Since _
o (m) _
h =0, h; =0, o 8920,2:1, n,j=0,0|v|=0,s—1,

integrating by parts in (4.1]), we get

., T S OR; Uy — U N Ry, — Ry
SF [u,,h,] = = i,j "+l J »J J—1
[ ] = 7 b/l; P 2T

7=1 Q i=1 k=1 J k=1

M

N v aBj Tk
->. > (=)"D, (W) hjdz.

k=1 |5|=0

From the equality 6F [m,ﬁr] =0, Yu, € D (N), Vh, € D <N;> we obtain the system of
equations for discrete-time motion as follows:

2n ) )
= — aRm Ujpr — Uy B de‘ — Rk,j—l B 5%] —0
oo i=1 0 T T oy 7 (4.2)

j=T1=1k=T72n,
where B; = Blt;, u,].

Theorem 4.1. Fquations (4.2)) are discrete-time analogues of (3.5)).

5 Example

Let us consider the wave equation with axial symmetry [3]:

1
Wy = CL2 (wpp + ;wp> ’t € [07T]7p € [pIHOQ]u (51)
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with the following boundary conditions:

w’t:o =¥ (p> ’wlt:T = P2 (p)v
:qﬁl(t),w‘ = ¢ (t),

where w(t, p) is the unknown function, p is the radial coordinate, and a is a constant coefficient.

Let us denote
w=u',
Wt = U2.

We can represent equation ([5.1)) as a system of equations:

w|
p=p1 p=p2

2
—U
1 0\ (u}
= 1 =
N (u) = (0 1) (u,?) + 2 (u})ﬁ;u})) 0. (5.2)

According to Theorem operator (5.2) is not potential. Using conditions (2.5)), we can find

the matrix variational multiplier as follows:

v=(210).

Then, the system

~ 1 2001 201
N:MN:(O p) <ug>+< © % ] a“f’) =0 (5.3)
—p 0] \u pu
admits a representation in the form of Birkhoff’s equations and we find
Lo Lo L n2 1 2\ 2
Ry = —5pu , Ry = ZPU , B = —50 p(up) — ép(u ) :

Therefore, according to formula (3.1)), the Hamiltonian action for (5.3 takes the following form:
1
1 2 2
Folu] = / / 5 [Fovul + ot + a2 (ul) + p ()] do.
0 Q

By converting it to its discrete version, we can easily obtain the discrete version of system of
equations (.3) as follows:

~ 1 E‘?H_E‘? 1 &?—ﬂ?,l ), 0% 2 0 4 :
N17j:§p - +§p - —apa—pzuj—a a—pluj:(],jzl,l—l,
_ L @ 1 @ —d

Ny i=——p2tt 9“9 70 2 —04=11-1.

25 = —5h— SP i =0, =1,

6 Conclusion

Necessary and sufficient conditions for the potentiality of the system of equations of the form
C(x,t,u)u + F (x,t,u,) = 0 with respect to a given bilinear form have been obtained. An al-
gorithm for constructing the corresponding Hamiltonian action and transforming this system into
the form of Birkhoff’s equations for infinite-dimensional systems is presented. Based on the de-
rived Hamiltonian action, a discrete analogue of this system of equations has been obtained. An
illustrative example has been considered.
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