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Abstract. Parametrically linear regression models are widely used in practice to describe various
types of dependencies. The goal of such experiments is to estimate the unknown parameters of the
model and to verify the optimality of the chosen design points according to certain criteria.
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1 Introduction

The aim of this paper is to construct a D-optimal experimental design if the basis functions are the
Haar functions. It is known that many Monte Carlo algorithms and experimental design methods are
based on selecting a certain probability distribution p of the design points defined on a measurable
space X |1, 4]. In this work, it is proved that a given discrete design is D-optimal if the design
points are distributed almost uniformly across the intervals of constancy of the Haar functions.

Let us consider a parametrically linear regression model, where the measurement results y(z;)
at points x; € X are represented as follows [2, 4]:

i =y (x) =Y Opilx;) +e(e;), j=1,2,...,N, (1.1)

=1

where ¢ () = {1 (x), 92 (), ..., on (x)}"— is the basis function vector on X, in our case the Haar
functions, 6~ are the unknown parameters, € (z;)- are random errors, X — is the design space.
Standard assumptions are made regarding the errors [2]:

Ee(x) =0, Ee® (z) = 0° (v) = const < 0o, Ee(z;)e(x;) =0, i},

where E is the mathematical expectation.
The regression model (|1.1)) can also be written in the form Y = F6 + ¢, where

Y1 o1(z1)  w2(71) oo () W;(fﬂl) 0,
v y:2 F— 9015%) 802(;772) S SOn(:xz) _ ¥ (:1’2) . ?2
YN p1(zn) w2(rn) o pn(TN) o' (zn) On

It is required to estimate the unknown parameters 6 and their variances, as well as to verify the
D-optimality of the obtained design, i.e., to find the optimal density

Pt = argmigp(det[D(p)]) (1.2)
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The Haar function system on the set X=[0,1] with a given (probability) measure p is defined as
follows [3].

We divide the set X with measure p(X) = 1 into 2™ disjoint subsets
d(m,s)(1<s<2™ 1 'm=1,2,...)each of the same measure u. The subsets d (m, s)(1 < s < 2m71!)
are defined by the equality:

s—1 s
d(m7 S) - |:27n71 9 2'm71) bl

where s ranges from 1 to 2™~ ! and m = 1, 2, ... (of course, for s = 2"~! we consider d(m, s) to be
closed on the right as well). It is easy to see that for each m:

d(m, 1) Jd(m,2) ... d(m, 271y = [0, 1].

The Haar function system x,,s(x) is conveniently defined in groups: the group with number m
contains 2™~ functions Y,.s (z),s = 1,2,...,2™ ! defined by the following equalities:

2"5, at z € dim+1,2s — 1),
m—1

Xms(T) = ¢ =277, at  xcd(m+1,2s), (1.3)
0, at x & d(m,s).

Let k; (j =1,2,...,n) be the number of points belonging to the subset d(m, j) of the set X=[0,1]
and Z ]{?j =N.
=1

J
It is known [2], that if the matrix of the system of the normal equations F'7F is non-degenerate,

then the least squares estimate has the form:

0= (FTF)" FTy (1.4)
and the variance has the form: X )

DY =q*(F'F) ", (1.5)
where

(P1,01) (¢1,92) -+ (¢1,0n)
FTF: (¢2?¢1) <¢27i¢2) (¢27'i¢n)

(a6t (Du ) o (G )
(6,7) = Z o(z)(z)), x; € X.

The matrix M = FTF is called the information matrix, and the matrix Dl = o2 M~'-is called
the variance matrix for model ([1.1}).

2 Cases with two and four basis functions

To simplify the analysis, let us first consider the cases of m = 1, 2, i.e., the interval [0, 1] is divided
into 1 and 2 subsets respectively, and the regression model contains 2 and 4 unknown parameters 6.
In the case of m = 1, the Haar functions take the following form:

¢ () =1,z (2) = {ti: ;Z; i é [[0%7’51% (2.1)

1

Let k; and k; be the number of points selected from the subsets [0, 5

with ky + ko = N. The information matrix takes the following form:

) and [3,1]. respectively,
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FTF — <(¢17¢1) (¢1,¢2)> _ (kl + ke k1 — k’2)
(f2,¢1) (d2, P2) ki — ko ki+ko)

The determinant of this matrix is equal to k1ky. Therefore, for the matrix to be non-degenerate,
it is necessary and sufficient that the conditions k; and ko > 0 are satisfied.

1 1 1 1 k1 k1+k2
-1 Tl o T -1 Yi + i
(FTF) " =1 (kf oA kf) , FTY = (Z;gl Y Z —hy+1 ) .

k1 ks ki k2

doim Vi — i= k1+1yz

Therefore, the estimate of the unknown parameters 6 = (6, 6,) is given by:

1 k1 1 k1+k2
) -1 2k Zi: Yi t o5 Zz Yi
0= (F'F) FTY = | S0 it na
2k Zz’:l Yi — 2k Zi=k1+1 Yi

and their variance has the following form:

A T B BN &
_ g k k k k
De—z(i_ﬁ 1y 12)

k1 ko ki1 ko

In the case m = 2 we have four Haar functions: ¢;(z), ¢2(x) from (2.1)) and

+V2, for z €0, ) ; +V2, for ze B %)
(253(.1}') = _\/ia fOT YIS [4 ) ;) ¢4<I’> = _\/57 fOT YIS |: 1) (22)
0, for =xze€ [ 1} , 0, for ze€ [ }
Let ki, ko, k3 u k4 be the number of points selected from the subsets [0, %), [i, %) , [% %) and [%, 1],

respectively, with k; + ko + k3 + k4 = N. The matrix F7F has the following form:

ky+ko+ks+ky Kki+Fke—Fks—ky \/§(k31—k32) \/§(k3—k4)
T | Rt e = ks — Ry ks o+ Ky V2(k1 — ko) —v2(ks — ky)
V2(ky — k) V2(k1 — k2) 2 (k| + k) 0
V2(ks — k4) —V/2(ks — ky) 0 2 (kg + ky)
The determinant of this matrix is det (FTF) = 256kikoksks, where k; > 0,4 = 1,2,3,4. The
invers matrix to the matrix (FTF)_1 and the vector FTY have the following form:

1 1 1 1 1 _ 1 1 1
k1+k2+k3+k4 Bt B R \/5’“ k2 ﬂ( )

k1+ko+k3+ks

i=1
Zkﬁ-kz . Zk1+k2+k3+k4
( i=k1 +k2+1 (

V2SI g — \/_Zﬁ]kil ;
\/EZflJIgfiJlgfj-l Y; \/_zlir 2+k3+ky y

i=k1+ko+kz+1 I

FTY =

Then, the least squares estimates of the unknown parameters 6 = (61,05, 63,0,) determined by
the formula 6 = (FTF)f1 FTY are given by:

1 k1 1 k1+ko 1 Nkitketks 1 N
mzzlyz‘ + mzizkl+1yi + > Yi + o

i i=h1- ks 2 §_1+§_2k+1 i Thy Ltizhytho+ho+1 Yi
1 1 1 1+k2 1+ko+ks 1 )
Ak zz 1Y+ Aky i:kl-‘rl Yi — 4k3 ZZ kitho+1 Y T aky Zi:k1+k2+k3+1 Yi

k1 k1+ko ’
1k Z =1Yi— 4k2 Zz i+l Yi

k1+ka+ks -
ks ZZ k1+ko+1 Yi ks ZZ ki1+ko+kz+1 Yi

and the variance of these estimates by: Dl =o (FTF) '
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3 General case

We obtain the same result using another approach, which allows us to generalize the find-
ings to the case of an arbitrary n. To do this, we introduce a system of characteristic func-
tions f1 () f2 (), f3 (), fa(z) corresponding to the segments d(2,1) = [0,1), d(2,2) = [1,1),
d(2,3) = [1,2) and d(2,4) = [2,1] defined as follows:

1, if ze€d(2,i),
fi(x):{o, if w¢d(2i). 3.1)

It is then evident that the Haar functions can be expressed in terms of the characteristic
functionsf; (z),i = 1,2, 3,4, in the following form:

¢1(x) = [i(@) + fo(x) + fo(2) + fal2),
$2 (2) = f1(2) + f2 () = fs (2) = ful2),
3 (1) = V2 (fi () = f2 (),
1 (x) = V2(f3 (2) = fa ()

¢ (x) = Lf (x), (3.2)

where
1 1

1 1
1 1 -1 -1
0 V2 V2

¢ (x) = (91 (2), 62 (2) 5 (2) , 04 ()", f(2) = (fi (2), fa (2), fs (), fu (&))"
Substituting into , we obtain

Y=F0+e=0"LG +e, (3.4)
where

fi(z) filza) ... fil*w)

| fozr) faze) ... folow)
=1 h@) flws) . folew) | (8:5)

fa(x1)  fa(wo) fa(zw)

From this we obtain:

0TL =0, 07 =00 L7, 0= (L) 6y, (3.6)

If now é(l) is the least squares estimate of the unknown parameters under an arbitrary design
¢ with the dispersion matrix Dé(l), then, according to Theorem 1.4 [2], we have that the estimate
0= (L‘l)T 0(1) is also a least squares estimate, and its variance is calculated using the formula:

DO = (L™ DiuyL ™, (3.7)

Hence,
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det DO = (detL) > det Dy, (3.8)

which coincides with the previously obtained result, because det. = —16.

The latter method for obtaining least squares estimates for the system of Haar functions allows
us to generalize the estimation process to the general case. Given that Haar functions are linear
combinations of step (characteristic) functions of the type , the more general case where the
number of basis functions exceeds four can be studied using the previously obtained results for step
functions [4].

In the general case of arbitrary m, we have n = 2™ Haar functions defined on the interval [0,1],
which is divided into 2™ subintervals d(m, s) s = 1,2, ...,2™ of equal length.

Let us consider the system of characteristic functions fs () defined by the equalities:

1, of z€ 52_—1 oo
s(r)=<. . 2ro2ry s=1,2,...,2™
f ( ) {07 Zf z ¢ 2_77117 om
Lemma 3.1. Let m be a natural number. Then the Haar basis functions {¢s(z)} (s =1,2,...,2™)
can be expressed in terms of the characteristic functions {fs(x)} (s = 1,2,...,2™) using formula

(3.2), where the elements of the matriz L,, = (Imi;)._, are defined by the following recursive
s8] ’Lj—l
formula:
m—1,i,[Z41] if i<2m!
iy = 2?1, if i>omTl j =4 —gm-l
" 2% if i>2mt j=i41-—2m1!
0, if i>2m1  gj#£i—2mt A&+ 1-2mt

(3.9)

Proof. We proceed by the method of mathematical induction. For m = 1, the system of Haar
functions ¢, (x), @2 (z) is defined in equation ([2.1]), and the matrix

1 1
n=(; ).

Assume that the conditions of the theorem hold for m = k. We will prove formula for the
case m = k + 1. The subintervals d(k + 1,s)s = 1,2, ..., 28" are obtained from the subintervals
d(k,s)s = 1,2, ..., 2% by dividing each interval in half. The Haar function system consists of 2¥ Haar
functions {¢, (x)} (s = 1,2,...,2%) for the case m = k, and 2% functions xj11.(z),s = 1,2,...,2%
from equation (1.3). Then, the first 2* rows of the matrix L;; consist of the elements of the matrix
Li. The next 2% rows are defined by the formulas in equation , in which two elements are
non-zero and the rest are zero, as reflected in the last three expressions of formula (3.9). The first
2% rows of the matrix L; have 2% columns, but since the subintervals d(k +1,s)s = 1,2, ..., 25 are
halves of the subintervals d(k, s)s = 1,2, ..., 2, each element must be repeated twice. O

Lemma 3.2. For the matriz Ly,the following equality holds LL L,, = 2™E, where E is the identity
matriz.

Proof. The statement of the lemma means that all rows of the matrix L,, are orthogonal, and the
sum of the squares of the elements in each row is equal to 2. The second statement is obvious. Let
us prove the orthogonality of the rows, i.e., that the scalar product of any two distinct rows is zero.
The first row is orthogonal to all other rows, since the remaining rows contain an even number
of non-zero elements, half of which have opposite signs.
The last 2™~ rows are mutually orthogonal, as each row contains exactly two non-zero elements
located in different columns.
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The first 27! rows are also mutually orthogonal, since they are obtained by duplicating the
elements of the matrix L,,_;, whose rows are orthogonal by assumption.
The scalar product of any row from the first half with any row from the second half consists of

two terms with opposite signs and therefore equals zero. O]
Substituting into , we obtain:
Y =0TF4+e=0"LG+e=00G+e, (3.10)
where

fiz) filz2) ... fil*w)

G = f2 (1’1) fg(ﬂfg) fQ(xN) . (311)
0 = (91,927...,9n)Tare the unknown parameters in the case of Haar functions, and 6, =

T
(951), 951), e ,97(11)> in the case of characteristic functions. From this follow equalities ([3.6]).

If now é(l) is the least squares estimate of the unknown parameters under an arbitrary design &

with the dispersion matrix Dé(l), then, according to Theorem 1.4 [2], the estimate 6 = (L™1)" 01y is
also a least squares estimate, and its variance is calculated using formula , while the determinant
is given by formula .

Since the determinant of the information matrix M (é(l)) in the case of step functions is easily
computed and equals [1]

detM (B)) = n"kika . b, (3.12)

then the determinant reaches its maximum value when k1 = ko = ... = k.
Thus, if the number of measurement points N is divisible by the number of unknown parameters
n = 2™, then the following theorem holds.

Theorem 3.1. Let X = [0,1],n = 2" {¢;i ()} (i = 1,2,...,n) be the system of Haar functions.
Consider the linear regression model (1.1) Y = F0 + €. If the number of measurement points N is
divisible by n, i.e., N = In, then the determinant in formula (3.8)) reaches its minimum value when

ky=ky=..=k,=1

Theorem 3.2. Let X = [0,1],n = 2™, {¢; (2)} (i = 1,2,...,n) be the system of Haar functions.
Consider the linear regression model Y = F0+ e. Now suppose the number of measurement
points N 1s not divisible by the number of partitions n, i.e., N =In+r, where 0 <r < n.

Then, in the optimal design, all k; differ from each other by no more than one, i.e.,

ky=ko=..=k.=1l+1, kyy=kio=..=k,=1.
The number of such designs is equal to C.
Proof. Indeed, to proceed, we order the values ki, ko, ..., k, and obtain a variational series
ki <ky <...<ky,
where

1
nm

Suppose that k, — k; > 1. We construct a new design in which all k;, except for k; and k,,
remain unchanged, while k,, is replaced by &, — 1 and k; is replaced by k; + 1. For this new design,
the determinant equals (ky + 1)ko. ..k, — 1(k, — 1) > ky, ko, ..., ky, i.e., the original design is not
optimal, and therefore our assumption is incorrect. Thus, in the optimal design, all k; differ from
each other by no more than one. The number of such designs is equal to C]. One such design is:
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. T X9 e T, Tpy1 0 Ty
E=\m w1 o o1
N
0

Thus, a D-optimal design has been constructed for the system of Haar functions in a linear
regression model with parameters appearing linearly.

Discussion

Thus, we have obtained an explicit form of the discrete optimal design under the D-optimality
criterion for a linear-in-parameters regression model in the case of the system of Haar basis
functions. Furthermore, we derived an explicit form of the transformation matrix L,, converting
step functions into Haar functions, which satisfies the conditions of Theorem 1.4 in [2]. The resulting
construction extends naturally to functions defined on an arbitrary finite interval X = [a,b]. One
may also replace the Haar system with other basis functions possessing similar structural properties.
In addition, it is possible to construct optimal designs for other optimality criteria (G, MV) and to
verify the assertion of the Kiefer-Wolfowitz equivalence theorem (Theorem 2.3 in [2]).
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