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MUKHTARBAY OTELBAEV
(to the 75th birthday)
On October 3, 2017 was the 75th birthday of Mukhtarbay Otelbaev, Doctor of Physical and Mathematical Sciences (1978), Professor (1983), academician of the National Academy of Sciences of
the Republic of Kazakhstan (2004), Honored Worker of the Republic of Kazakhstan (2012), laureate of the State Prize of the Republic
of Kazakhstan in the eld of science and technology (2007), Director of the Eurasian Mathematical Institute (since 2001), Professor
of the Department â»Fundamental Mathematicsâ
ê of the L.N.
Gumilyov Eurasian National University, the editor-in-chief of the
Eurasian Mathematical Journal (together with V.I. Burenkov and
V.A. Sadovnichy).
M. Otelbaev was born in the village of Karakemer of the Kurdai
district, Zhambyl region. He graduated from the M.V. Lomonosov
Moscow State University (1969) and then completed his postgraduate studies at the same university (1972). There he defended his doctor of sciences thesis (1978).
Professor Otelbaev's scientic interests are related to functional analysis, dierential equations, computational mathematics, and theoretical physics.
He introduced the q-averaging, which is now called the Otelbaev function; using it he obtained a number of fundamental results. For embedding of the Sobolev weighted spaces and the
resolvent of the Schrödinger operator, he established criterions for the compactness and niteness
of the type, as well as estimates of the eigenvalues of the Schrödinger and Dirac operators that
are exact in order. He was the rst to establish that there is no universal asymptotic formula
for the distribution function of the Sturm-Liouville operator. He obtained eective conditions
for the separation of the dierential operators with nonsmooth and oscillating coecients, he
developed an abstract theory of extension and contraction of operators which are not necessarily
linear in linear topological spaces. M. Otelbaev proposed a new numerical method for solving
boundary value problems, and a method for approximate calculation of eigenvalues and eigenvectors of compact operators. He obtained the fundamental results in the theory of nonlinear
evolution equations and in theoretical physics.
He has published more than 70 scientic papers in leading international journals entering the
rating lists of Thomson Reuters and Scopus. Under his supervision 70 postgraduate students
have defended their candidate of sciences theses, 9 of them became doctors of sciences. In 2006
and 2011 he was awarded the state grant "The best university teacher".
The Editorial Board of the Eurasian Mathematical Journal congratulates Mukhtarbay Otelbaev on the occasion of his 75th birthday and wishes him good health and new achievements in
mathematics and mathematical education.
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awarded the title "Leader of Science 2017" by the National Center of State Scientic-Technical
Expertise of the Committee of Science of the Ministry of Education and Science of the Republic
of Kazakhstan in the nomination "Leader of Kazakhstan Scientic Publications" for the high
level of publication activities and high level of citations in Web of Science Core Collection in
2014-2016.
Recall that the Eurasian Mathematical Journal was founded by the L.N. Gumilyov Eurasian
National University in 2010 in co-operation with the M.V. Lomonosov Moscow State University,
the Peoples' Friendship University of Russia and the University of Padua (see [1]).
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paper must be English only. Papers accepted for publication are edited from the point of view
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More than 280 papers were published written by mathematicians from more than 40 countries
representing all continents.
In 2014 the journal was registered in Scopus and in September 2014 the Elsevier-Kazakhstan
Research Excellence Forum was held at the L.N. Gumilyov Eurasian National University dedicated to this occasion in which the Elsevier Chairman Professor Y.S. Chi participated (see [3]
for details).
In 2015 the Eurasian Mathematical Journal was included in the list of Scopus mathematical
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INCLUSION AND CONVOLUTION PROPERTIES OF A CERTAIN CLASS
OF ANALYTIC FUNCTIONS
M. Al-Kaseasbeh, M. Darus
Communicated by E.D. Nursultanov

Key words: inclusion property, convolution, dierential operator.
AMS Mathematics Subject Classication: 30C45.
Abstract. In this article, the class Rn (λ, α, β, γ, δ) of analytic

functions dened by using
the combination of generalised operators of Salagean and Ruscheweyh is introduced. Inclusion
relations, convolution properties and other properties for the class Rn (λ, α, β, γ, δ) are given.

1

Introduction and denitions

Let A denote the class of analytic functions f of the form

f (z) = z +

∞
X

ak z k

(1.1)

k=2

in the open disc D = {z : |z| < 1}.
Let f (z) and g(z), respectively, be given by (1.1) and

g(z) = z +

∞
X

bk z k .

k=2

The Hadamard product (convolution) of f (z) and g(z) is dened by

(f ∗ g)(z) = z +

∞
X

ak b k z k .

k=2

A large number of dierential operators have been created. Undoubtedly, many of the operators are the generalised ones. Few are formed by combination of two dierent operators. In
like manner, it is worth to mention some earlier dierential operators and their power series
expansion for the forthcoming constructions.
Al-Oboudi [5], for f ∈ A, dened the operator Dλn (n ∈ N0 , λ ≥ 0) as follows:

Dλ0 f (z) = f (z),
Dλ1 f (z) = (1 − λ)f (z) + λzf 0 (z),
..
.
n
Dλ f (z) = Dλ1 (Dλn−1 f (z)) n ≥ 2.
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Further, the operator Dλn can be expressed in terms of power series as follows:

Dλn f (z)

=z+

∞
X

[1 + λ(k − 1)]n ak z k .

(1.2)

k=2

Later, Darus and Al-Shaqsi [1] introduced the operator
n
Rα,β
:A→A

where β ≥ 0, n, α ∈ N0 , and
0
Rα,β
f (z) = f (z)
1
Rα,β
f (z) = zf 0 (z) + βz 2 f 00 (z)
..
.

n−1
n
1
Rα,β
f (z)
n ≥ 2.
Rα,β f (z) = Rα,β
n
can be expressed in terms of power series as follows:
Also, the operator Rα,β

n
Rα,β
f (z)

=z+

∞
X

[1 + β(k − 1)]n C(α, k) ak z k ,

(1.3)

k=2


where C(α, k) = k+α−1
.
α
n
Next denition provides a linear combination of Dλn and Rα,β
which was introduced in [4].

Denition 1.

[4] Let f ∈ A, λ, β, γ ≥ 0, and n, α ∈ N0 . We dene the following operator
n
n
Dλ,α,β,γ
f (z) = (1 − γ)Rα,β
f (z) + γDλn f (z).

1
As particular cases these operators include the Ruscheweyh operator Dλ,α,β,0
≡ Dλ [6], the
n
1
n
n
Salagean operator D1,α,β,1 ≡ D [8], the generalised Ruscheweyh operator Dλ,α,β,0 ≡ Rα,β
[1],
n
n
and the generalised Salagean operator Dλ,α,β,1 f (z) ≡ Dλ [5].

If f is given by (1.1), then
n
Dλ,α,β,γ
f (z)

=z+

∞
X

Ψ(n, k, λ, β, γ)ak z k ,

k=2

where

Ψ(n, k, λ, β, γ) = γ[1 + λ(k − 1)]n + (1 − γ)[1 + β(k − 1)]n .

(1.4)

Next is our denition for the class Rn (λ, α, β, γ, δ) given as follows:

Denition 2. nWe denote by Ron (λ, α, β, γ, δ), where 0 ≤ δ < 1, the subclass of A of all functions
f for which <

0
n
Dλ,α,β,γ
f (z)
> δ for all z ∈ D.

The following lemmas are needed to prove our ndings:

Lemma 1.1.

[3] If p is analytic in D, p(0) = 1 and < p(z) > 21 , z ∈ D, then for any function F
analytic in D, the function p ∗ F takes its values in the convex hull of F (D).
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A sequence {cn }∞
n=0 of non-negative numbers is said to be a convex null sequence if cn → 0 as
n → ∞ and

c0 − c1 ≥ c1 − c2 ≥ ... ≥ cn − cn+1 ≥ ... ≥ 0.

Lemma 1.2.

[2] Let {ck }∞
k=0 be a convex null sequence. Then the function
∞

c0 X
p(z) =
+
ck z k
2
k=1
is analytic in D and < p(z) > 0, z ∈ D.
Motivated by [5] and [7], similarly according to their work and method, we derive some
interesting results for the class Rn (λ, α, β, γ, δ). These include the inclusion, convolution and
the Polya-Schoenberg hypothesis.

2

Inclusion relations

Theorem 2.1.

If λ = β, then

Rn+1 (λ, α, λ, γ, δ) ⊂ Rn (λ, α, λ, γ, δ).
Proof. Let f belong to Rn+1 (λ, α, λ, γ, δ). Then

<{1 +

∞
X

kΨ(n + 1, k, λ, γ)ak z k−1 } > δ

k=2

or

∞

X
1
1
kΨ(n + 1, k, λ, γ)ak z k−1 } > .
<{1 +
2(1 − δ) k=2
2

(2.1)

We now construct a function, say q(z), with the property that given in Lemma 1.2 by setting
1
c0 = 1 and ck = 1+λk
to be
∞
1 X
z k−1
q(z) = +
,
2
1 + λ(k − 1)
k=2

which implies according to Lemma 1.2 that
)
(
∞
1 X
z k−1
<
+
>0
2
1 + λ(k − 1)
k=2

or equivalently,

(
< 1 + 2(1 − δ)

∞
X
k=2

z k−1
1 + λ(k − 1)

)
> δ.

Since

0
n
Dλ,α,λ,γ
f (z)

=1+

∞
X

kΨ(n, k, λ, γ)ak z k−1

k=2
∞

=1+

X
1
kΨ(n + 1, k, λ, γ)ak z k−1
2(1 − δ) k=2

∗ 1 + 2(1 − δ)

∞
X
k=2

z k−1
,
1 + λ(k − 1)

(2.2)
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0
n
f (z) takes its
it follows now from Lemma 1.1 and both conditions (2.1) and (2.2) that Dλ,α,λ,γ
values in the convex hull of the range of D under
F (z) =: 1 + 2(1 − α)

∞
X
k=2

z k−1
.
1 + λ(k − 1)

That is f ∈ Rn (λ, α, λ, γ, δ) as required.
Theorem 2.1 is improved as follows.

Theorem 2.2.

Let f ∈ Rn+1 (λ, α, λ, γ, δ). Then f ∈ Rn (λ, α, λ, γ, µ), where

2γ 2 + (1 + 3γ)δ
µ=
≥ δ.
(1 + γ)(1 + 2γ)
Proof. Let f be in the class Rn+1 (λ, α, λ, γ, δ). In [9] , it has been shown, that if γ ≥ 0 and

g(z) = z +

∞
X
k=2

then


<

Hence

g(z)
z

(
< 1 + 2(1 − α)

∞
X
k=2


>

zk
,
1 + λ(k − 1)

4γ 2 + 3γ + 1
.
2(1 + γ)(1 + 2γ)

z k−1
1 + λ(k − 1)

)
>

2γ 2 + (1 + 3γ)δ
.
(1 + γ)(1 + 2γ)

In view of Lemma 1.1 and Theorem 2.1, we obtain that

0 2γ 2 + (1 + 3γ)δ
n
< Dλ,α,λ,γ
f (z) >
= µ.
(1 + γ)(1 + 2γ)
That is f ∈ Rn (λ, α, λ, γ, µ).

Remark 1.

n
Since Dλ,α,β,γ
is a linear function of γ, it is clear that

Rn (λ, α, β, γ, δ) ⊂ Rn (λ, α, β, γ 0 , δ)
where γ > γ 0 .
Now we give the following:

Theorem 2.3.

The set Rn (λ, α, β, γ, δ) is convex.

Proof. Let

fi (z) = z +

∞
X

aki z k

(i = 1, 2)

k=2

be the functions in the class Rn (λ, α, β, γ, δ). It is suces to show that

h(z) = η1 f1 (z) + η2 f2 (z),

15
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with η1 and η2 nonnegative and η1 + η2 = 1, belongs to the class Rn (λ, α, β, γ, δ).
Since

h(z) = z +

∞
X

(η1 ak1 + η2 ak2 )z k ,

k=2

then
n
h(z))0
(Dλ,α,β,γ

=1+

∞
X

k(η1 ak1 + η2 ak2 )Ψ(n + 1, k, λ, β, γ)z k−1 ,

k=2

hence

(
n
< (Dλ,α,β,γ
h(z))0 = < 1 + η1



∞
X

)
kΨ(n, k, λ, β, γ)ak1 z k−1

k=2

(
+ < 1 + η2

∞
X

(2.3)

)
kΨ(n, k, λ, β, γ)ak2 z k−1

.

k=2

Since f1 , f2 ∈ Rn (λ, α, β, γ, δ), this implies that
(
)
∞
X
kΨ(n, k, λ, β, γ)aki z k−1 > 1 + ηi (δ − 1)
< 1 + ηi

(i = 1, 2).

(2.4)

k=2

Having used (2.4) in (2.3), we get
 n
< (Dλ,α,β,γ
h(z))0 > 1 + δ(η1 + η2 ) − (η1 + η2 ),
and since η1 + η2 = 1, the proof is complete.

3

Convolution properties

It is known that the Polya-Schoenberg conjecture and its analogous results were veried by
Ruscheweyh and Sheil-Small [7], that is, C ∗ C ⊂ C, C ∗ S ∗ ⊂ S ∗ , and C ∗ K ⊂ K. Note that the
classes C, S ∗ , and K are denoted respectively as convex, starlike, and close-to-convex functions.
Here, we prove an analogue of the Polya-Schoenberg hypothesis for the class Rn (λ, α, β, γ, δ).

Theorem 3.1.

Let f ∈ Rn (λ, α, β, γ, δ) and g ∈ C . Then f ∗ g ∈ Rn (λ, α, β, γ, δ).

Proof. If g is convex univalent in D, then


<

g(z)
z



1
> .
2

By convolution, we obtain

<

n

n
Dλ,α,β,γ
(f



0 o
g(z)
n
0
= < (Dλ,α,β,γ f (z)) ∗
∗ g)(z)
,
z

and by applying Lemma 1.1, the proof is complete.

Theorem 3.2.

Let f, g ∈ Rn (λ, α, β, γ, δ). Then f ∗ g ∈ Rn (λ, α, β, γ, µ), where

µ=

γ(2δ + 1) + 4δ − 1
≥ δ.
2(γ + 1)

(3.1)
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Proof. Let g = z +

P∞

∈ Rn (λ, α, β, γ, δ). Then
(
)
∞
X
< 1+
kΨ(n, k, λ, β, γ)bk z k−1 > δ.

k=2 bk z

k

(3.2)

k=2

Now we construct a function, say q(z), with the property given in Lemma 1.2 by setting c0 = 1
and
γ+1
k ≥ 1.
ck =
(k + 1)Ψ(n, k + 1, λ, β, γ)
to be
∞
1 X
γ+1
q(z) = +
zk ,
2
(k + 1)Ψ(n, k + 1, λ, β, γ)
k=2

which implies according to Lemma 1.2 that
)
(
∞
1 X
γ+1
<
+
z k−1 > 0,
2
kΨ(n, k, λ, β, γ)
k=2

or equivalently,

(
< 1+

∞
X
k=2

γ+1
z k−1
kΨ(n, k, λ, β, γ)

)

1
> .
2

(3.3)

In view of Lemma 1.1 and conditions (3.2) and (3.3), the convolution
!
!
∞
∞
X
X
γ+1
kΨ(n, k, λ, β, γ)bk z k−1 ∗ 1 +
1+
z k−1
kΨ(n, k, λ, β, γ)
k=2

k=2

= 1 + (γ + 1)

∞
X

bk z k−1 ,

k=2

implies that

(
< 1 + (γ + 1)

∞
X

)
bk z k−1

(
>δ ⇒< 1+

k=2


⇒<

g(z)
z



γ+δ
>
⇒<
γ+1

∞
X

)
bk z k−1

k=2



g(z) 2δ + γ − 1
−
z
2(γ + 1)



>

γ+δ
γ+1

1
> .
2

Again, by using Lemma 1.1 and since f ∈ Rn (λ, α, β, γ, δ), we obtain



0
g(z) 2δ + γ − 1
n
< Dλ,α,β,γ f (z) ∗
−
> δ,
z
2(γ + 1)
or


0 g(z)
γ(2δ + 1) + 4δ − 1
n
< Dλ,α,β,γ f (z) ∗
>
= µ.
z
2(γ + 1)
From (3.1), we have that
n
0 o
n
< Dλ,α,β,γ (f ∗ g)(z)
> µ.
That is f ∗ g ∈ Rn (λ, α, β, γ, µ).
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