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his postgraduate studies there in 1972.
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in the spectral theory of differential operators.
For the Lavrentiev-Bitsadze equation T.Sh. Kal’menov proved the criterion of strong
solvability of the Tricomi problem in the Lp -spaces. He described all well-posed boundary
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equation was found.
On the whole, the results obtained by T.Sh. Kal’menov have laid the groundwork for
new perspective scientific directions in the theory of boundary value problems for hyperbolic
equations, equations of the mixed type, as well as in the spectral theory.
More than 50 candidate of sciences and 9 doctor of sciences dissertations have been
defended under his supervision. He has published more than 120 scientific papers. The list
of his basic publications can be viewed on the web-page
https : //scholar.google.com/citations?user = Zay4f xkAAAAJ&hl = ru&authuser = 1

The Editorial Board of the Eurasian Mathematical Journal congratulates Tynysbek
Sharipovich Kal’menov on the occasion of his 70th birthday and wishes him good health
and new creative achievements!
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Abstract. Representation of the Green’s function of the classical Neumann problem for
the Poisson equation in the unit ball of arbitrary dimension is given. In constructing this
function we use the representation of the fundamental solution of the Laplace equation in the
form of a series. It is shown that Green’s function can be represented in terms of elementary
functions and its explicit form can be written out. An explicit form of the Neumann kernel
was constructed for n = 4 and n = 5.

1

Introduction

The Dirichlet problem for the Poisson equation
n
X
∂2
u(x) = f (x), x ∈ D;
−∆u(x) ≡ −
∂x2j
j=1

u = ϕ, x ∈ ∂D,

(1.1)

in the domain D ⊂ Rn , n ≥ 2 with the regular boundary ∂D is a classic and well-investigated
problem. The solution of problem (1.1) exists, is unique and is represented by Green’s
function GD (x, y) in the form (see [1], p. 277):
Z
Z
∂GD
u (x) =
GD (x, y) f (y) dy −
(x, y) ϕ (y) dSy .
(1.2)
D
∂D ∂ny
∂
is the derivative in the direction of the outer normal to ∂D.
Here and in the sequel ∂n
In the case of the unit ball D = {x ∈ Rn : |x| < 1} is a unit ball, the Green’s function of
the Dirichlet problem can be constructed by reflection method and has the form:



1
y
GD (x, y) =
ε (x − y) − ε x |y| −
,
(1.3)
ωn
|y|
n
where ωn = 2π 2 Γ (n/2) is the area of the unit sphere in Rn , and ε (x − y) is the fundamental
solution of the Laplace equation:

− ln |x − y| , n = 2;
ε (x − y) =
(1.4)
1
|x − y|2−n , n ≥ 3.
n−2

101

Construction of Green’s functions

Along with the Dirichlet problem, the Neumann problem for the Poisson equation is
classic and well-investigated:
n
X
∂2
u (x) = f (x) , x ∈ D;
−∆u (x) ≡
∂x2j
j=1

∂u
= ψ, x ∈ ∂D
∂n

(1.5)

It is well known that the solution of Neumann problem (1.5) is not unique, however it is
unique up to a constant summand. The fulfillment of the following condition
Z
Z
f (y) dy +
ψ (y) dSy = 0.
(1.6)
D

∂D

is necessary and sufficient for the existence of a solution to this problem.
If a solution to problem (1.5) exists then this solution can be represented in the integral
form by means of Green’s function of the Neumann problem GN (x, y) by the formula similar
to representation (1.2) (see.[1], p. 280):
Z
Z
u (x) =
GN (x, y) f (y) dy +
GN (x, y) ψ (y) dSy + Const.
(1.7)
D

∂D

In the mathematical literature, it is recognized that finding of Green’s function of the
Neumann problem requires a rather complicated construction [2], [3], [4], [5].
Green’s function of Neumann problem (1.5) is understood as a function (see [2], p. 286)
having the representation
GN (x, y) =

1
[ε (x − y) + g (x, y)] ,
ωn

(1.8)

where g(x, y) is a harmonic function in the domain D. Also the boundary condition:
1
∂GN
(x, y) = − , y ∈ ∂D,
∂ny
ωn

(1.9)

must be held.
If such Green’s function GN (x, y) exists then from (1.6) and (1.9) it easily follows that
function (1.7) satisfies all the conditions of problem (1.5).
Various construction methods of Green’s function of the Dirichlet problem (1.1) exist.
Green’s function was constructed in the explicit form for many types of the domain D.
But for the Neumann problem (1.5) in the multidimensional spaces the construction of the
Green’s function is an open problem. Here we have only samples for the simplest domains halfspaces, quarters of the space, a semicircle etc. For such domains, the Neumann problem is
an outer boundary value problem and therefore is well-posed without fulfilment of solvability
conditions of the form (1.6).
For the unit ball in Rn Green’s function of the Neumann problem has been constructed
in the explicit form only for the cases n = 2 and n = 3:


1
y
GN (x, y) =
− ln |x − y| − ln x |y| −
, n = 2;
2π
|y|
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GN (x, y) =



1
1  1
+
4π |x − y|
x |y| −

y
|y|

− ln 1 − (x, y) + x |y| −

y 
, n = 3;
|y|

(1.10)

where (x, y) = x1 y1 + . . . + xn yn is the scalar product of the vectors x and y in Rn .
Note that the interest to the construction of Green’s functions of classical problems in
the explicit form was lately renewed. Green’s functions of the classical biharmonic problems
in the two-dimensional disc were constructed by means of Green’s harmonic functions of
classical problems in [6]. Similar results for the class of nonhomogeneous biharmonic and
triharmonic functions in a sector were obtained in [7], [8]. Green’s function of the Dirichlet
problem for the polyharmonic equation in a multidimensional ball was constructed in the
explicit form in [9], [10]. We also note that work [11] is devoted to the construction of Green’s
function of the Robin problem in the explicit form for a circle.
In the present paper we the give the representation of Green’s function of the Neumann
problem for unit ball of arbitrary dimension in the explicit form (in terms of elementary
functions). It is shown that function can be represented in terms of elementary functions
and its explicit form can be written out in particular cases.

2

Main results

Theorem. For Green’s function of Neumann problem (1.5) we have the following representation




y
1
ε (x − y) + ε x |y| −
+ ε1 (x, y) + Const,
(2.1)
GN (x, y) =
ωn
|y|
where

1

Z
ε1 (x, y) =
0





ds
y
−1
.
(n − 2) ε sx |y| −
|y|
s

(2.2)

Sketch of the proof.
−ν
By using the expansion of the function (1 − 2ηt + η 2 ) in a power series in η, we easily
prove
Lemma 1. For fundamental solution (1.4) of the Laplace operator, we have the representation
 
 
hk
∞
X
1
|x|k X
x
y
(i)
(i)
ε (x − y) =
Hk
Hk
, |x| < |y| ,
(2.3)
k+n−2
2k
+
n
−
2
|x|
|y|
|y|
i=1
k=0
(i)

where Hk (·) is a complete system of homogeneous harmonic polynomials of degree k
having the property of orthonormality [12], and hk is the number of these polynomials:
hk = [(2k + n − 2) (k + n − 3)!] / [k! (n − 2)!].
Proof. We will search Green’s function GN (x, y) in form (1.8). We apply the method used
(see [2], p. 348), for constructing Green’s function of the Neumann three-dimensional problem. We search the function g (x, y) in the form
g (x, y) =

∞
X
k=0

k

k

bk |x| |y|

hk
X
i=1

(i)
Hk



x
|x|



(i)
Hk



y
|y|


,

(2.4)
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where bk are the unknown coefficients. This function satisfies boundary condition (1.9),
where ε(x − y) is defined by (2.3), if:
bk =

n−2
1
+
, k ≥ 1.
2k + n − 2 k (2k + n − 2)

Green’s function (2.1) is defined up to an arbitrary constant. Therefore we can arbitrarily
choose the coefficient b0 . We choose the coefficient b0 = 1/ (n − 2) for uniformity of further
calculations.
Substituting the found coefficients in (2.4), we get
 
 
hk
∞
X
y
|x|k |y|k X
x
(i)
(i)
Hk
+
g (x, y) =
Hk
2k
+
n
−
2
|x|
|y|
i=1
k=0

+

hk
∞
X
(n − 2) |x|k |y|k X
k=1

k (2k + n − 2)

i=1

(i)
Hk



x
|x|



(i)
Hk



y
|y|


The first sum gives the function g1 (x, y) = ε x |y| −
R1
the equality k1 = 0 sk−1 ds, k ≥ 1, we get
Z
g2 (x, y) = (n − 2)
0

1

"

y
|y|


≡ g1 (x, y) + g2 (x, y) .


. And for the second sum, using

#
 
 
hk
∞
X
sk |x|k |y|k X
1
ds
x
y
(i)
(i)
Hk
Hk
−
,
2k + n − 2 i=1
|x|
|y|
n−2 s
k=1

hence, taking into account representation (2.3), we obtain (2.2).

Thus, the construction of Green function of the Neumann problem is reduced to the q
calculation of the integral in the right-hand side of (2.2).
Since

1 − 2 (x, y) s + |x|2 |y|2 s2 , the problem of constructing Green’s functions


R1
2−n
for n ≥ 3 is reduced to the calculation of integrals of the form 0 s−1 R (s) 2 − 1 ds,
sx |y| −

y
|y|

=

where R (s) = 1 − 2 (x, y) s + |x|2 |y|2 s2 . Integrals of this type can be calculated in terms of
elementary functions using the formulas in [13].
Corollary 1. Green’s function GN (x, y) of Neumann problem (1.5) in the unit ball for
n ≥ 3 can always be represented as a finite sum of elementary functions.

3

Concluding remarks

We demonstrate now formula (2.1) works for special cases. By direct calculation for n = 4,
we have
q
|x|2 |y|2 − (x, y)2
(x, y)
y
−1
ε1 (x, y) = q
tan
− ln x |y| −
,
(3.1)
1 − (x, y)
|y|
|x|2 |y|2 − (x, y)2
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and for n = 5, we obtain:
(x, y)
ε1 (x, y) = 2 2
|x| |y| − (x, y)2
+ x |y| −

y
|y|

!
|x|2 |y|2 − (x, y)
+ (x, y)
|x |y| − y/ |y||

−1

− ln 1 − (x, y) + x |y| −

y
|y|

.

(3.2)

In conclusion we note that the solution of Neumann problem (1.5) for the Laplace equation (f ≡ 0) is represented in the form:
Z
1
u (x) =
N (x, y) ψ (y) dsy ,
ωn ∂D
where N (x, y) is the Neumann kernel found with the help of Green’s function by the formula
N (x, y) = ωn GN (x, y), x ∈ D, y ∈ ∂D.
The method of constructing the explicit form of the function N (x, y) for the multidimensional unit sphere was considered in the paper of A.V. Bitsadze [5]. It was shown that
the Neumann kernel could be expressed in elementary functions. The explicit form of the
Neumann kernel at n = 4 was given.
From (2.1) and (3.1) for |y| = 1, we obtain
q
|x|2 − (x, y)2
(x, y)
−2
−1
.
tan
N (x, y) = |x − y| − ln |x − y| + q
1 − (x, y)
2
2
|x| − (x, y)
This equality coincides with formula (21) in [5]. To demonstrate the effectiveness of
Corollary 1, we present the formula for the Neumann kernel N (x, y) for n = 5 obtained
from (2.1) and (3.2) for |y| = 1:
2
1
1
3 +
3 |x − y|
|x − y|
!
|x|2 − (x, y)
+ (x, y) − ln |1 − (x, y) + |x − y| | .
(x, y)
N (x, y) =

+

(x, y)
|x| − (x, y)2
2
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