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Abstract. We obtain two–sided estimates which describe the behaviour of the ap-
proximation numbers of the Hardy operator and Schatten–Neumann norms in the new
case, when the compact operator

Tf(x) =

∫ x

0

f(τ) dτ, x > 0,

is acting from a Lebesgue space to a Lorentz space (T : Lrv(R
+)→ Lpqω (R+)) under the

condition 1 < p < r ≤ q <∞.

1 Introduction

Let B(X, Y ) be the space of all linear bounded operators from a Banach space X to a
Banach space Y. The approximation numbers of an operator T ∈ B(X, Y ) are equal to
the distances in B(X, Y ) between the operator T and subspaces of finite–dimentional
operators in B(X, Y ):

an(T ) := inf{‖T − L‖X→Y : L : X → Y, rank L ≤ n− 1}, n ∈ N,

where rank L := dimR(L).
In recent two decades, great attention has been paid to the study of the approxi-

mation numbers of the Hardy operator

Tf(x) = v(x)

∫ x

0

f(τ)u(τ) dτ, x > 0

in weighted Lebesgue spaces. First steps in this direction were made by D.E. Edmunds,
W.D. Evans, D.J. Harris in the article [1], where implicit estimates for the approxima-
tion numbers of the operator T : Lp(R+) → Lq(R+) in the case 1 < p ≤ q < ∞ were
obtained in the form

1

4
εN

1
q
− 1
p ≤ aN(T ), aN+2(T ) ≤ ε.
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The next work by the same authors [2] was devoted to asymptotic estimates of the
a–numbers of the operator T : Lp(R+) → Lp(R+). The study was further developed
in the article [5] by E.N. Lomakina and V.D. Stepanov, where implicit estimates for
the Hardy operator in Lebesgue spaces in the case 1 < q < p < ∞ were found
and asymptotic estimates for T when 1 < p, q < ∞ were derived. The authors also
studied Schatten–Neumann (weak) norm estimates for T in all cases of integration
parameters p, q and established the equivalence of the Schatten–Neumann norm of the
operator to an integral generalization of the Hilbert-Schmidt formula in [5]. Later,
M.A. Lifshitz and W. Linde in [4] considered the explicit asymptotic estimates for the
approximation and entropy numbers of the Hardy operator in the case 1 < p, q < ∞.
The results of the monograph [4] was recently essentially complemented in paper A.
A. Vasil’eva [9]. The next work by E.N. Lomakina and V.D. Stepanov [6] dealt with
Lorentz spaces. In that work there was investigated the boundedness, compactness
and measure of non–compactness of the Hardy operator with Oinarov’s kernel, and
estimates of the approximation numbers of the operator T : Lrsv (R+)→ Lpqu (R+) when
1 < max(r, s) ≤ min(p, q) < ∞. Further in [7], the authors continued to work with
even more general Banach function spaces satisfying the `− condition introduced by
E.I. Berezhnoi.

In this work we obtain two–sided estimates which describe the behaviour of the
approximation numbers of the Hardy operator and Schatten–Neumann norms in the
new case, when the compact operator

Tf(x) =

∫ x

0

f(τ) dτ, x > 0, (1.1)

is acting from a Lebesgue space to a Lorentz space (T : Lrv(R
+)→ Lpqω (R+)) under the

condition 1 < p < r ≤ q <∞. The equivalence(∑
n

asn(T )

)1/s

≈

(∫ ∞
0

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

)1/s

of the Schatten–Neumann norm of the operator T : Lrv(R
+)→ Lprω (R+), when 1 < p <

r <∞ and 1 < s <∞, to the integral expression depending only on the weights v and
ω is established in this paper as wells. The weights v, ω are supposed to be Lebesgue
measurable and non–negative function on (0,∞) such that v(x) < ∞, ω(x) < ∞ a.e.
on (0,∞).

Let Lrv(R+) be the weighted Lebesgue space of all measurable functions f on (0,∞)
satisfying the condition ‖f‖Lrv <∞ :

Lrv(R
+) =

{
f : ‖f‖Lrv =

(∫ ∞
0

|f(x)|rv(x) dx

)1/r

<∞

}
.

Let a function f be defined on the measurable space ((0,∞), ω(x)dx) . Given 1 <
p, q <∞ and a weight ω(x) on R+ = (0,∞) the Lorentz space Lpqω ≡ Lpqω (R+) consists
of all measurable functions f such that

‖f‖Lpqω =

(∫ ∞
0

q

p

(
t
q
p
−1f ∗ω(t)q

)
dt

)1/q

<∞,
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where f ∗ω is the non–increasing rearrangement of the function f with respect to the
measure ωdx:

f ∗ω(t) = inf{λ > 0 : ω ({x > 0 : |f(x)| > λ}) ≤ t}.

For 1 < p, q <∞ and 1 < r <∞ the Lorentz space Lpqω and the Lebesgue space Lrv
are Banach function spaces with absolutely continuous norms. Recall that a norm in
a Banach function space X is absolutely continuous if ‖fχEn‖X → 0 for all f ∈ X and
any sequences of sets {En} ⊂ R+ such that χEn(x)→ 0 a.e.

The dual space to Lpqω is the space

Lp
′q′

ω =

{
g :

∫ ∞
0

| fg |<∞ for all f ∈ Lpqω
}

with the norm
‖g‖

Lp
′q′
ω

= sup

{∫ ∞
0

| fg | : ‖f‖Lpqω ≤ 1

}
(1.2)

and the related Hölder’s inequality has the form∣∣∣∣∫ ∞
0

f(x)g(x)ω(x) dx

∣∣∣∣ ≤ ‖f‖Lpqω ‖g‖Lp′q′ω
.

Boundedness and compactness criteria for the operator (1.1) are contained in the
following theorems.

Theorem 1.1. ([3],[8]) Let 1 < p, q <∞, 1 < r <∞ and r ≤ q. The inequality

‖Tf‖Lpqω ≤ C‖f‖Lrv

with operator (1.1) holds for all f ≥ 0 with a constant C independent of f if and only
if

A = sup
t>0

A(t) = sup
t>0

(∫ ∞
t

ω(x) dx

)1/p(∫ t

0

v1−r′(x) dx

)1/r′

<∞.

Theorem 1.2. ([3]) Let 1 < p, q < ∞, 1 < r < ∞ and r ≤ q. The operator
T : Lrv(R

+)→ Lpqω (R+) of form (1.1) is compact if and only if

A <∞ and lim
t→0+

A(t) = lim
t→∞

A(t) = 0.

2 Estimates of the approximation numbers of the Hardy
operator

Let the operator T : Lrv(R
+) → Lpqω (R+) be compact. Given a number ε, such that

0 < ε < ‖T‖, we choose a finite sequence of increasing numbers

0 = c0 < c1 < c2 < ...cN−1 < cN < cN+1 =∞

such that
A[c1] = A[cN ] = ε, (2.1)
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where N = N(ε) and

A[c1] = sup
0<t<c1

A(t), A[cN ] = sup
cN<t<∞

A(t).

The rest of the numbers of the sequence c1 < c2 < ...cN−1 < cN are to be defined after
proving the following theorem.

Theorem 2.1. Let 1 < p, q < ∞, 1 < r < ∞ and r ≤ q. Let 0 < a < b < ∞,
I = (a, b),

F (x) =

∫ x

a

f(τ) dτ, x ∈ I; FI =
1

µ(I)

∫
I

F (x)dµ(x),

where
µ(I) =

∫
I

dµ(x) =

∫
I

g(x)ω(x) dx;

and let a function g on the interval I be defined by the condition

(1− δ)
(∫

I

ω(x) dx

)1/p

‖χ
I
g‖

Lp
′q′
ω
≤
∫
I

g(x)ω(x) dx

with 0 < δ < 1. (The existence of the function g is guaranteed by the relation (1.2)).
Then there exists a point c ∈ I such that

‖TI‖Lpqω →Lrv = sup
f 6=0

‖χ
I
(F − FI)‖Lpqω
‖χ

I
f‖Lrv

≈ max(A(a, c), B(c, b)),

where

A(a, c) = sup
a<x<c

(∫ x

a

ω(t) dt

)1/p(∫ c

x

v1−r′(t) dt

)1/r′

,

B(c, b) = sup
c<x<b

(∫ x

c

v1−r′(t) dt

)1/r′ (∫ b

x

ω(t) dt

)1/p

.

Proof. Necessity. Fix f ∈ Lrv, c ∈ (a, b) and put

Ψc(x) =


−
∫ c

x

f(τ) dτ, a ≤ x < c,∫ x

c

f(τ) dτ, c ≤ x ≤ b

and Ψc,I = 1
µ(I)

∫
I

Ψc dµ. Then

F (x)− FI = Ψc(x)−Ψc,I . (2.2)

To prove the lower estimate we choose f ∈ Lrv(I) so that suppf ⊆ (a, c) and assume
that the inequality ∥∥∥χI (F − FI)∥∥∥

Lpqω
≤ C

∥∥χ
I
f
∥∥
Lrv
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holds for all f ∈ Lrv(R+) with a constant C independent of f . Then

C
∥∥∥χ(a,c)f

∥∥∥
Lrv

≥
∥∥∥χ(a,c)(F − FI)

∥∥∥
Lpqω

=
∥∥∥χ(a,c)

(
Ψc −Ψc,I

)∥∥∥
Lpqω

≥
∥∥∥χ(a,c)Ψc

∥∥∥
Lpqω
− 1

µ(I)

∣∣∣∫
I

Ψc(x) dµ(x))
∣∣∣ (∫ c

a

ω(t) dt

)1/p

≥
∥∥∥χ(a,c)Ψc

∥∥∥
Lpqω
− 1

µ(I)

∥∥∥χ(a,c)Ψc

∥∥∥
Lpqω

∥∥∥χ(a,c)g
∥∥∥
Lp
′q′
ω

(∫ c

a

ω(t) dt

)1/p

=

(
1− 1

µ(I)

∥∥∥χ(a,c)g
∥∥∥
Lp
′q′
ω

(∫ c

a

ω(t) dt

)1/p
)∥∥∥χ(a,c)Ψc

∥∥∥
Lpqω

≡

(
1− H(a, c)

µ(I)

)∥∥∥χ(a,c)Ψc

∥∥∥
Lpqω
,

where H(a, c) :=
∥∥∥χ(a,c)g

∥∥∥
Lp
′q′
ω

(∫ c

a

ω(t) dt

)1/p

. By the absolute continuity of the

norms in Lpqω and Lp
′q′
ω , we can find a point c ∈ (a, b) such that H(a, c) = βµ(I)

for any fixed β ∈ (0, 1 − δ). Thus, by Theorem 1.1 applied to the interval (a, c), we
have

C ≥ (1− β)A(a, c). (2.3)

Similar argumentation, but for f with suppf ⊆ (c, b), leads to the estimate

C
∥∥∥χ(c,b)f

∥∥∥
Lrv

≥

(
1− W (c, b)

µ(I)

)∥∥∥χ(c,b)Ψc

∥∥∥
Lpqω
,

where W (c, b) =

(∫ b

c

ω(t) dt

)1/p ∥∥∥χ(c,b)g
∥∥∥
Lp
′q′
ω

.

We have
1− W (c, b)

µ(I)
=

1

µ(I)
(µ(I)−W (c, b))

≥ 1

µ(I)

(
(1− δ)

(∫
I

ω(t) dt

)1/p ∥∥∥χIg∥∥∥
Lp
′q′
ω

−W (c, b)
)

≥ β(1− δ)− W (c, b)

µ(I)
.

If c → b then W (c, b) → 0 and β → (1 − δ). Therefore, we may choose c ∈ (a, b) so
that

W (c, b)

µ(I)
≤ β(1− δ)

2
.

Since the operator is bounded, then

C ≥ β(1− δ)
2

B(c, b). (2.4)



46 E.N. Lomakina

By equating the right-hand sides of (2.3) and (2.4) we find β:

1− β =
β(1− δ)

2
=⇒ β =

2

3− δ
.

Thus,
C ≥ max(A(a, c), B(c, b))

and the lower estimate is proved.
Sufficiency. In order to prove the upper estimate we use the boundedness of the

operator and Hölder’s inequality:∥∥∥χI (F − FI)∥∥∥
Lpqω

=
∥∥∥χI(Ψc −Ψc,I

)∥∥∥
Lpqω

≤
∥∥∥χIΨc

∥∥∥
Lpqω

+
1

µ(I)

∥∥∥χIΨc

∥∥∥
Lpqω

∥∥∥χIg∥∥∥
Lp
′q′
ω

(∫
I

ω(t) dt

)1/p

≤ 2

(1− δ)

∥∥∥χIΨc

∥∥∥
Lpqω
≤ 2

(1− δ)

(∥∥∥χ[a,c]Ψc

∥∥∥
Lpqω

+
∥∥∥χ[c,b]Ψc

∥∥∥
Lpqω

)
� max(A(a, c), B(c, b))

(∥∥∥χ(a,c)f
∥∥∥
Lrv

+
∥∥∥χ(c,b)f

∥∥∥
Lrv

)
� max(A(a, c), B(c, b))

∥∥∥χIf∥∥∥
Lrv

.

This immediately yields the required result.

Going back to the definition of the sequence {ck} for k = 2, 3, ..., N − 1 we consider
the operator

TIf(x) = χ
I
(x)(F (x)− FI)

on a finite interval I ⊂ [c1, cN ]. By Theorem 2.1 the operator norm continuously
depends on the interval I. Therefore, we can choose intervals Ik = [ck, ck+1], k =
1, ...N − 1 so that

‖TIk‖ = ε, k = 1, ...N − 2, ‖TIN−1
‖ ≤ ε, (2.5)

where N depends on ε. Notice that the choice of the number δ and the measures
µ(Ik) for each of the intervals, relevantly to the condition of the theorem, is not further
essential.

For our further investigation we shall need the following technical lemma.

Lemma 2.1. ([3], [8]) Let 1 < p, q < ∞ and (0,∞) = ∪Ik, where {Ik} is a sequence
of disjoint measurable intervals.

1) If max(p, q) ≤ α then ∑
k

‖χI
k
h‖αLpqω ≤ ‖h‖

α
Lpqω
. (2.6)

2) If min(p, q) ≥ α then,

‖h‖αLpqω ≤
∑
k

‖χI
k
h‖αLpqω . (2.7)
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Upper and lower estimates for the approximation numbers of the operator T are
contained in the following

Theorem 2.2. Let 1 < p < r ≤ q < ∞. Assume that the operator T : Lrv → Lpqω
of form (1.1) is compact. Given 0 < ε < ‖T‖ and integer N > 2, let intervals
Ik = [ck, ck+1], k = 0, 1, ...N be chosen so that conditions (2.1) and (2.5) are satisfied.
Then

1

2
ε (N + 1)

1
q
− 1
r ≤ aN+1(T ), aN(T ) ≤ ε.

Proof. The upper estimate. For k = 1, 2, 3, ...N − 1 we define

Fk(x) = χIk(x)

∫ x

ck

f(τ) dτ,

Pkf(x) = χIk(x) {Tf(x)− (Fk(x)− Fk,Ik)} ,

where the operator P =
N−1∑
k=1

Pk is linear bounded with rank P ≤ N − 1. Then, by

Jensen’s inequality,
‖Tf − Pf‖q

Lpqω

≤
∥∥χ[0,c1]Tf

∥∥q
Lpqω

+
N−1∑
k=1

∥∥χIk(Tf − Pkf)
∥∥q
Lpqω

+
∥∥χ[cN ,∞)Tf

∥∥q
Lpqω

≤ εq
∥∥χ[0,c1]f

∥∥q
Lrv

+
N−1∑
k=1

∥∥TIkf∥∥qLpqω + εq
∥∥χ[cN ,∞)f

∥∥q
Lrv

≤ εq
N∑
k=0

∥∥χIkf∥∥qLrv ≤ εq
∥∥f∥∥q

Lrv
.

Therefore, by the definition of the approximation numbers,

aN(T ) ≤ ε.

The lower estimate. Fix λ ∈ (0, 1) and define a sequence of functions fk ∈ Lrv, with
suppfk ⊂ Ik, satisfying the inequalities∥∥∥χIiFi∥∥∥

Lpqω∥∥∥fi∥∥∥
Lrv

≥ λε, i = 0, N, (2.8)

∥∥∥χIk(Fk − Fk,Ik)∥∥∥
Lpqω∥∥fk∥∥Lrv ≥ λε, k = 1, 2, ..., N − 1, (2.9)

where
Fk(x) =

∫ x

ck

fk(τ) dτ, k = 0, 1, ..., N.



48 E.N. Lomakina

Let P̃ : Lrv → Lpqω be a linear bounded operator with rankP̃ ≤ N . Then, by linear
dependence of the functions P̃ fk, k = 0, 1, ..., N, there exist constants ν0, ν1, ν2, ..., νN
such that

N∑
k=0

νk

(
P̃ fk

)
= P̃

(
N∑
k=0

νkfk

)
= 0.

Put

f(τ) =
N∑
k=0

νkfk(τ)

and
F (x) =

∫ x

0

f(τ) dτ, k = 1, ..., N − 1, x > 0.

We have for all x ∈ Ik:

F (x) = νk

∫ ck

0

f(τ) dτ + νk

∫ x

ck

f(τ) dτ ≡ µk + νkFk(x), (2.10)

k = 1, ..., N − 1, where the constants µk are defined by the right hand side.
We shall need the following inequality for our proof of the lower bound:

‖χI (F − FI)‖Lpqω ≤ 2 inf
c∈R
‖χI (F − c)‖Lpqω . (2.11)

Indeed,
‖χI (F − FI)‖Lpqω ≤ ‖χI (F − c− (F − c)I)‖Lpqω
≤ ‖χI (F − c)‖Lpqω + |(F − c)I | ‖χI‖Lpqω

≤ ‖χI (F − c)‖Lpqω +

(∫
I
ω(x) dx

)1/p

µ(I)

∣∣∣∣∫
I

(F − c)g(x)ω(x) dx

∣∣∣∣
≤ ‖χI (F − c)‖Lpqω +

(∫
I
ω(x) dx

)1/p

µ(I)
‖χI(F − c)‖Lpqω ‖χIg‖Lp′q′ω

≤ ‖χI (F − c)‖Lpqω +
1

(1− δ)
‖χI(F − c)‖Lpqω ≤ 2 ‖χI (F − c)‖Lpqω .

We now obtain, by using (2.6) and with help of decomposition (2.10) and inequality
(2.8): ∥∥∥Tf − P̃ f∥∥∥q

Lpqω
=
∥∥∥Tf∥∥∥q

Lpqω

≥ ‖χI0F0‖qLpqω +
N−1∑
k=1

∥∥∥χIkF∥∥∥q
Lpqω

+ ‖̈χINFN
∥∥∥q
Lpqω

≥ (λε)q‖ν0f0‖qLrv +
N−1∑
k=1

∥∥∥χIk(νkFk + µk
)∥∥∥q

Lpqω
+ (λε)q‖νNfN‖qLrv
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(by (2.11))

≥ (λε)q‖ν0f0‖qLrv +

(
1

2

)q N−1∑
k=1

∥∥∥χIk(νkFk − (νkFk)Ik
)∥∥∥q

Lpqω
+ (λε)q‖νNfN‖qLrv

= (λε)q‖ν0f0‖qLrv +

(
1

2

)q N−1∑
k=1

|νk|q
∥∥∥χIk(Fk − Fk,Ik)∥∥∥q

Lpqω
+ (λε)q‖νNfN‖qLrv

(by (2.9))

≥ (λε)q‖ν0f0‖qLrv +

(
λε

2

)q N−1∑
k=1

|νk|q
∥∥∥fk∥∥∥q

Lrv

+ (λε)q‖νNfN‖qLrv

= (λε)q‖ν0f0‖qLrv +

(
λε

2

)q N−1∑
k=1

∥∥∥νkfk∥∥∥q
Lrv

+ (λε)q‖νNfN‖qLrv

≥
(
λε

2

)q N∑
k=0

∥∥∥νkfk∥∥∥q
Lrv

≥
(
λε

2

)q( N∑
k=0

∥∥∥νkfk∥∥∥r
Lrv

)q/r

(N + 1)1−q/r

=

(
λε

2

)q
(N + 1)1−q/r

∥∥∥f∥∥∥q
Lrv

.

Hence
aN+1(T ) ≥ 1

2
λε(N + 1)1/q−1/r,

and, letting λ→ 1, we obtain the required estimate.

3 Schatten–Neumann norm estimates of the Hardy operator

Let a sequence {ξn}, n ∈ Z, be defined by the formula

U(ξn) =

∫ ξn

0

v1−r′(t) dt = 2n+1. (3.1)

Moreover, let
Jn = (ξn−1, ξn), (3.2)

and

σn =

(∫ ξn

ξn−1

v1−r′(t) dt

)1/r′(∫ ξn+1

ξn

ω(t) dt

)1/p

, (3.3)

σn = 2n/r
′
(∫ ξn+1

ξn

ω(t) dt

)1/p

, (3.4)
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∫ ξn+1

ξn

ω(t) dt =
σpn

2np/r′
.

Since

σn ≤
(∫ ξn

0

v1−r′(t) dt

) 1
r′
(∫ ξn+1

ξn

ω(t) dt

) 1
p

= 2
n+1
r′

(∫ ξn+1

ξn

ω(t) dt

) 1
p

,

then

2np/r
′
(∫ ξn+1

ξn

ω(t) dt

)
= σpn ≤ 2(n+1)p/r′

(∫ ξn+1

ξn

ω(t) dt

)
. (3.5)

Lemma 3.1. Let numbers n1, n2, n3 ∈ Z be such that n1 < n2 < n3, and points c0 and
c1 of the partition Ik = (ck, ck+1) fall within the following intervals: c0 ∈ Jn1 , x0 ∈
Jn2 , c1 ∈ Jn3 . Then(∫ x0

c0

v1−r′(t) dt

)1/r′(∫ c1

x0

ω(t) dt

)1/p

≤ 2
2
r′+

1
p max
n2−1≤n≤n3−1

σn. (3.6)

Proof. We have (∫ x0

c0

v1−r′(t) dt

)1/r′(∫ c1

x0

ω(t) dt

)1/p

≤
(∫ ξn2

ξn1−1

v1−r′(t) dt

)1/r′(∫ ξn3

ξn2−1

ω(t) dt

)1/p

=

[
U(ξn2)− U(ξn1−1)

]1/r′
(∫ ξn3

ξn2−1

ω(t) dt

)1/p

≤

[
U(ξn2)

]1/r′
(∫ ξn3−1

ξn2−1

ω(t) dt+

∫ ξn3

ξn3−1

ω(t) dt

)1/p

= 2(n2+1)/r′

(
σpn2−1

2(n2−1)p/r′
+

σpn3−1

2(n3−1)p/r′

)1/p

≤ 2(n2+1)/r′ max
n2−1≤n≤n3−1

σn

(
2

2(n2−1)p/r′

)1/p

= 2
2
r′+

1
p max
n2−1≤n≤n3−1

σn.

Lemma 3.2. Let γ =
r′p

r′ + p
, Ik = (ck, ck+1), xk ∈ Ik and ξn3−1 < c1 < c2 < ... < cl <

ξn3. Then
l∑

k=1

(∫ xk

ck

v1−r′(t) dt

)γ/r′(∫ ck+1

xk

ω(t) dt

)γ/p
≤ 2γ/r

′
σγn3−1.
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Proof. We obtain

l∑
k=1

(∫ xk

ck

v1−r′(t) dt

)γ/r′(∫ ck+1

xk

ω(t) dt

)γ/p

≤
l∑

k=1

(∫
Ik

v1−r′(t) dt

)p/(r′+p)(∫
Ik

ω(t) dt

)r′/(p+r′)
(applying Hölder’s inequality with exponents

r′ + p

p
and

r′ + p

r′
)

≤

(
l∑

k=1

∫
Ik

v1−r′(t) dt

) p
p+r′
(

l∑
k=1

∫
Ik

ω(t) dt

) r′
p+r′

≤
(∫ ξn3

ξn3−1

v1−r′(t) dt

) γ
r′(∫ ξn3

ξn3−1

ω(t) dt

) γ
p

=
[
U(ξn3)− U(ξn3−1)

]γ/r′ ( σpn3−1

2(n3−1)p/r′

)γ/p

=

[
2n3+1 − 2n3

]γ/r′
2(n3−1)γ/r′

σγn3−1 = 2γ/r
′
σγn3−1.

Lemma 3.3. Let I = (a, b), I ⊂ R+ and

A(I) = sup
a<x<b

(∫ b

x

v1−r′(t) dt

) 1
r′
(∫ x

a

ω(t) dt

) 1
p

,

B(I) = sup
a<x<b

(∫ x

a

v1−r′(t) dt

) 1
r′
(∫ b

x

ω(t) dt

) 1
p

.

Then
A(Jn

⋃
Jn+1) ≥ 4

1
r′ σn−1,

B(Jn
⋃

Jn+1) ≥ σn.

Proof. We have

A(Jn
⋃

Jn+1) = sup
ξn−1<x<ξn+1

(∫ ξn+1

x

v1−r′(t) dt

) 1
r′
(∫ x

ξn−1

ω(t) dt

) 1
p

≥
(∫ ξn+1

ξn

v1−r′(t) dt

) 1
r′
(∫ ξn

ξn−1

ω(t) dt

) 1
p
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=
[
U(ξn+1)− U(ξn)

]1/r′
(

σpn−1

2(n−1)p/r′

)1/p

=

[
2n+2 − 2n+1

]1/r′

2
n−1
r′

· σn−1 = 4
1
r′ σn−1,

and

B(Jn
⋃

Jn+1) = sup
ξn−1<x<ξn+1

(∫ x

ξn−1

v1−r′(t) dt

) 1
r′
(∫ ξn+1

x

ω(t) dt

) 1
p

≥
(∫ ξn

ξn−1

v1−r′(t) dt

) 1
r′
(∫ ξn+1

ξn

ω(t) dt

) 1
p

= σn.

Lemma 3.4. Let 0 < a < b <∞, I = (a, b) ⊂ R+ and a point c ∈ I be chosen so that

‖TI‖ = sup
f 6=0

‖χI(F − FI)‖Lpqω
‖χIf‖Lrv

≈ max(A(a, c), B(c, b)),

where

A(a, c) = sup
a<s<c

(∫ c

s

v1−r′(t) dt

) 1
r′
(∫ s

a

ω(t) dt

) 1
p

,

B(c, b) = sup
c<s<b

(∫ s

c

v1−r′(t) dt

) 1
r′
(∫ b

s

ω(t) dt

) 1
p

.

Define
D(I) = max

(
A(a, c), B(c, b)

)
,

and let 0 < ε < ‖T‖,

SI(ε) = {n ∈ Z : Jn+1 ⊂ I, σn > ε} and cardSI(ε) ≥ 4.

Then D(I) > ε.

Proof. If
n1 = min{n : n ∈ SI(ε)},
n2 = max{n : n ∈ SI(ε)},

then Jn1

⋃
Jn1+1 ⊂ (a, c), and, by Lemma 3.3,

A(a, c) ≥ A
(
Jn1

⋃
Jn1+1

)
≥ 4

1
p′ σn1 > 4

1
p′ ε > ε.

For the same reason, Jn2−1

⋃
Jn2 ⊂ (c, b) and

B(c, b) ≥ B
(
Jn2−1

⋃
Jn2

)
≥ σn2−1 > ε.

Therefore,
D(I) = max

(
A(a, c), B(c, b)

)
> ε.



On estimates of the approximation numbers of Hardy operator 53

Lemma 3.5. Let 0 < ε < ‖T‖ and card SI(ε) ≥ 4, then

‖TI‖ > ε.

Proof. By Theorem 2.1 ‖TI‖ ≈ D(I). From here the result follows by Lemma 3.4.

Lemma 3.6. Let 0 < ε < ‖T‖ and N = N(ε) be defined by formulas (2.1) and (2.5).
Then

card {k ∈ Z : σk > ε} ≤ 6N(ε).

Proof. We have

card {k ∈ Z : ci ∈ Jk for some i, 1 ≤ i ≤ N} ≤ 2N. (3.7)

For k ∈ Z out from the set (3.7) such that Jk ⊂ Ii = (ci, ci+1) for 1 ≤ i ≤ N , we
obtain, by the choice of ‖TIk‖ and in view of Lemma 3.5, that

card {k ∈ Z : Jk ⊂ Ii, σk > ε} ≤ 3.

Therefore,

card {k ∈ Z : σk > ε} =
N∑
i=0

card {k ∈ Z : Jk ⊂ Ii, σk > ε}+ 2N

≤ 3(N + 1) + 2N ≤ 6N.

Lemma 3.7. The following estimate is true for any t > 0:

card {k ∈ Z : σk > t} ≤ 6 card
{
k ∈ N : ak(T )k

1
r
− 1
q ≥ t

2

}
.

Proof. By Theorem 2.2,

card
{
k ∈ N : ak(T )k

1
r
− 1
q ≥ 1

2
ε
}
≥ N(ε).

Then we obtain, by Lemma 3.6,

card
{
k ∈ Z : σk > t} ≤ 6N(t) ≤ 6 card {k ∈ N : ak(T )k

1
r
− 1
q ≥ t

2

}
,

and the proof is complete.

Consider the space `sω(Z), s > 1, which consists of all sequences {xk} satisfying the
condition ‖{xk}‖`sω(Z) <∞, where

‖{xk}‖`sω(Z) = sup
t>0

t(card { k ∈ Z : |xk| > t})1/s.

Theorem 3.1. For any s ∈ (1,∞)∥∥∥{σk}∥∥∥s
`sω(Z)

≤ 6 · 2s
∥∥∥{ak(T )k

1
r
− 1
q

}∥∥∥s
`sω(N)

.
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Proof. Let
{
ak(T )k

1
r
− 1
q

}
∈ `sω(N). Then, by Lemma 3.7,

card
{
k ∈ Z : σk > t} ≤ 6 card {k ∈ N : ak(T )k

1
r
− 1
q ≥ t

2

}
and, therefore,

sup
t>0

tscard {k ∈ Z : σk > t} ≤ 6 sup
t>0

tscard
{
k ∈ N : ak(T )k

1
r
− 1
q ≥ t

2

}
∥∥∥{σk}∥∥∥s

`sω(Z)
≤ 6 · 2s

∥∥∥{ak(T )k
1
r
− 1
q

}∥∥∥s
`sω(N)

.

Theorem 3.2. For any s ∈ (0,∞)∥∥∥{σk}∥∥∥s
`s(Z)
≤ 6 · 2s

∥∥∥{ak(T )k
1
r
− 1
q

}∥∥∥s
`s(N)

.

Proof. We have ∥∥∥{σk}∥∥∥s
`s(Z)

= s

∫ ∞
0

ts−1card{k ∈ Z : σk > t} dt

≤ 6s

∫ ∞
0

ts−1card
{
k ∈ N : ak(T )k

1
r
− 1
q ≥ t

2

}
dt

= 6 · 2s
∥∥∥{ak(T )k

1
r
− 1
q

}∥∥∥s
`s(N)

.

Theorem 3.3. Let 1 < p < r ≤ q <∞, γ =
pr′

p+ r′
, s > γ and T : Lrv(R

+)→ Lpqω (R+)

be a compact operator of form (1.1). Then∥∥∥{ak(T )}
∥∥∥s
`sω(N)

≤ Cs(p, r′)β(s/γ)
∥∥∥{σk}∥∥∥s

`sω(Z)
,

∥∥∥{ak(T )}
∥∥∥s
`s(N)

≤ Cs(p, r′)β(s/γ)
∥∥∥{σk}∥∥∥s

`s(Z)
.

Proof. Let 0 < ε < ‖T‖, N = N(ε) be defined by formulas (2.1) and (2.5). Then for
any ck there exists a number jk such that ck ⊂ J jk and only the following cases are
possible:

(1) jk0 < jk0+1

(2) jk = jk+1 = ... = jk+mk , Ii ⊂ Jjk , k ≤ i ≤ k +mk, mk > 1.
We obtain, by Theorem 2.1 and Lemma 3.1,

(1) ε = ‖TIk0‖ ≤ C1D(Ik0) ≤ C1

(
A(Ik0) +B(Ik0)

)
≤ C sup

jk0≤j≤jk0+1

σj ≡ Cσjk
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for some jk ∈ [jk0 , jk0+1]. We also have:

(2) εγmk =

k+mk∑
i=k

‖TIi‖γ ≤ Cγσγjk , where γ =
pr′

p+ r′
.

Then

N(ε) = card
{
k : σjk ≥

ε

C

}
+
∑

k:mk>1

card
{
k : σjk ≥

εm
1/γ
k

C

}

≤
∞∑
n=1

card
{
k : σk ≥

n1/γε

C

}
.

By Theorem 2.2,

card {k ∈ N : ak > ε} ≤ N(ε) + 1 ≤ 2N(ε).

Therefore, ∥∥∥{ak}∥∥∥s
`sω(N)

= 2 sup
t>0

tsN(t)

≤ 2 sup
t>0

ts
∞∑
n=1

card
{
k ∈ Z : σk ≥

n1/rt

C

}
= 2Cs

( ∞∑
n=1

1

ns/r

)∥∥∥{σk}∥∥∥s
`sω(Z)

,

and ∥∥∥{ak(T )}
∥∥∥s
`s(N)

= s

∫ ∞
0

ts−1card{k ∈ N : ak(T ) > t} dt

≤ s

∫ ∞
0

ts−12N(t) dt ≤ 2s

∫ ∞
0

∞∑
n=1

ts−1card
{
k ∈ Z : σk ≥

n1/γt

C

}
dt

= 2sCs

∫ ∞
0

∞∑
n=1

1

ns/γ

(
tns/γ

C

)s−1

card
{
k : σk ≥

n1/γt

C

}
d

(
ns/γt

C

)

= 2Cs

( ∞∑
n=1

1

ns/γ

)∥∥∥{σk}∥∥∥s
`s(Z)
≡ Cs(p, q)β(s/γ)

∥∥∥{σk}∥∥∥s
`s(Z)

.

Let the sequence {ξk}, k ∈ Z be defined by formula (3.1), and {ηk}, k ∈ Z be such
that

V (ηk) =

∫ ∞
ηk

ω(t) dt = 2−k+1.

Put

δk =

(∫ ηk

ηk−1

v1−r′(t) dt

)1/r′(∫ ηk+1

ηk

ω(t) dt

)1/p

= 2−k/p
(∫ ηk

ηk−1

v1−r′(t) dt

)1/r′
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and denote

Js =

(∫ ∞
0

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

)1/s

,

J ′s =

(∫ ∞
0

(∫ x

0

v1−r′(t) dt

) s
r′−1(∫ ∞

x

ω(t) dt

)s/p
v1−r′(x) dx

)1/s

.

Lemma 3.8. Let 0 < s < ∞, 1 < p < r ≤ q < ∞ and Js < ∞ (J ′s < ∞). Then
J ′s <∞ (Js <∞) and

Js =
( p
r′

)1/s

J ′s.

Proof. Since 0 ≤ Js <∞, then

lim
t→∞

(∫ ∞
t

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

)1/s

= 0.

This yields

lim
t→∞

(∫ t

0

v1−r′(t) dt

)s/r′(∫ ∞
t

ω(t) dt

)s/p
= 0.

Therefore, we have, integrating by parts:

∞ > Jss =
p

s

∫ ∞
0

(∫ x

0

v1−r′(t) dt

)s/r′
s

p

(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

=
p

s

∫ ∞
0

(∫ x

0

v1−r′(t) dt

)s/r′
d

(
−
∫ ∞
x

ω(t) dt

)s/p
≥ p

s

∫ ∞
0

(∫ ∞
x

ω(t) dt

)s/p
d

(∫ x

0

v1−r′(t) dt

)s/r′
=
p

s

∫ ∞
0

(∫ ∞
x

ω(t) dt

)s/p
s

r′

(∫ x

0

v1−r′(t) dt

) s
r′−1

v1−r′(x) dx

=
p

r′

∫ ∞
0

(∫ x

0

v1−r′(t) dt

) s
r′−1(∫ ∞

x

ω(t) dt

)s/p
v1−r′(x) dx =

p

r′
J ′s
s
.

Thus, Js ≥
(
p

r′

) 1
s

J ′s and, therefore, J ′s <∞.

Conversely, let J ′s <∞. Then

lim
t→0

(∫ t

0

v1−r′(t) dt

)s/r′(∫ ∞
t

ω(t) dt

)s/p
= 0

and, by the same argumentation,

J ′s ≥
(
r′

p

) 1
s

Js.

Therefore, Js <∞.
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Put

As =

(∑
k

σsk

)1/s

, Bs =

(∑
k

δsk

)1/s

.

Theorem 3.4. Let 1 < p < r ≤ q <∞ and 0 < s <∞. Then

As ≈ Bs ≈ Js ≈ J ′s.

Proof. We obtain, by Lemma 3.8, that Js ≈ J ′s.
Let 0 < s <∞. Then

Ass =
∑
k

σsk =
∑
k

2ks/r
′
(∫ ξk+1

ξk

ω(t) dt

)s/p
≤
∑
k

2ks/r
′
(∫ ∞

ξk

ω(t) dt

)s/p
.

Put ∑
k

2ks/r
′
(∫ ∞

ξk

ω(t) dt

)s/p
≡ Ass.

We have

Jss =
∑
k

∫ ξk+1

ξk

(∫ x

0

v1−r′(t)

)s/r′(∫ ∞
x

ω(t)

) s
p
−1

ω(x) dx

≥
∑
k

∫ ξk+1

ξk

(∫ ξk

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x)dx

=
∑
k

∫ ξk+1

ξk

2(k+1)s/r′
(∫ ∞

x

ω(t) dt

) s
p
−1

ω(x) dx

= 2s/r
′ p

s

∑
k

2ks/r
′
∫ ξk+1

ξk

d

[
−
(∫ ∞

x

ω(t) dt

)s/p]

=
p

s
2s/r

′∑
k

2ks/r
′
[(∫ ∞

ξk

ω(t) dt

)s/p
−
(∫ ∞

ξk+1

ω(t) dt

)s/p]

=
p

s
2s/r

′
[
Ass − 2−s/r

′∑
k

2s/r
′
2ks/r

′
(∫ ∞

ξk+1

ω(t) dt

)s/p]

=
p

s
2s/r

′
[
Ass − 2−s/r

′Ass
]

=
p

s

[
2s/r

′ − 1

]
Ass ≥

p

s

[
2s/r

′ − 1

]
Ass,

that is
Jss ≥

p

s

[
2s/r

′ − 1

]
Ass.

Therefore,

As =

(∑
k

σsk

)1/s

≤
[
p

s

(
2s/r

′ − 1
)]−1/s

Js, 0 < s <∞.
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In order to prove the reverse inequality we assume that 0 < s < ∞ and s ≤ p.
Then

s

p
≤ 1, that is

s

p
− 1 ≤ 0, and if

∫ ξk+1

x

ω(t) dt ≤
∫ ∞
x

ω(t) dt

then (∫ ∞
x

ω(t) dt

) s
p
−1

≤
(∫ ξk+1

x

ω(t) dt

) s
p
−1

.

We have (∫ ξk+1

ξk

ω(t) dt

) s
p

=
s

p

∫ ξk+1

ξk

(∫ ξk+1

x

ω(t) dt

) s
p
−1

ω(x) dx

≥ s

p

∫ ξk+1

ξk

(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx,

that is (∫ ξk+1

ξk

ω(t) dt

) s
p

≥ s

p

∫ ξk+1

ξk

(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx.

Therefore,

∑
k

2ks/r
′
(∫ ξk+1

ξk

ω(t) dt

) s
p

≥ s

p

∑
k

2ks/r
′
∫ ξk+1

ξk

(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx.

Notice that

2(k+2)s/r′ =

(∫ ξk+1

0

v1−r′(t) dt

)s/r′
≥
(∫ x

0

v1−r′(t) dt

)s/r′
,

if ξk ≤ x ≤ ξk+1. Thus,

Ass ≥
s

p

∑
k

∫ ξk+1

ξk

2ks/r
′
22s/r′2−2s/r′

(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

=
s

p

∑
k

2−2s/r′
∫ ξk+1

ξk

2(k+2)s/r′
(∫ ∞

x

ω(t) dt

) s
p
−1

ω(x) dx

≥ s

p
2−2s/r′

∑
k

∫ ξk+1

ξk

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

=
s

p
2−2s/r′

∫ ∞
0

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx =
s

p
2−2s/r′Jss .

Finally, we obtain
Ass ≥

s

p
2−2s/r′Jss ,
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2−2/r′
(
s

p

)1/s

Js ≤
(∑

k

σsk

)1/s

, if 0 < s <∞ and s ≤ p.

Consider the case 1 < p < s <∞. We write

Jss =
∑
k

∫ ξk+1

ξk

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

≤
∑
k

∫ ξk+1

ξk

(∫ ξk+1

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

=
∑
k

∫ ξk+1

ξk

2(k+2)s/r′
(∫ ∞

x

ω(t) dt

)s/p−1

ω(x) dx

=
p

s
22s/r′

∑
k

2ks/r
′
[(∫ ∞

ξk

ω(t) dt

)s/p
−
(∫ ∞

ξk+1

ω(t) dt

)s/p]

≤ p

s
22s/r′

∑
k

2ks/r
′
(∫ ∞

ξk

ω(t) dt

)s/p
.

Let α =
p

2r′
. We obtain, by applying Hölder’s inequality with exponents

s

p
and

s

s− p
,

that ∫ ∞
ξk

ω(t) dt =
∑
m≥k

∫ ξm+1

ξm

ω(t) dt =
∑
m≥k

[
2αm

∫ ξm+1

ξm

ω(t) dt

]
2−αm

≤
[∑
m≥k

2
αms
p

(∫ ξm+1

ξm

ω(t) dt

)s/p]p/s[∑
m≥k

2−αm·
s
s−p

]1− p
s

= C12−kα
[∑
m≥k

2
αms
p

(∫ ξm+1

ξm

ω(t) dt

)s/p]p/s
,

where C1 =
2α(

2
αs
s−p − 1

) s−p
s

. Therefore,

Jss ≤
p

s
22s/r′

∑
k

2ks/r
′
C
s/p
1 2

−kαs
p

∑
m≥k

2
αms
p

(∫ ξm+1

ξm

ω(t) dt

)s/p

= C2

∑
k

2
ks
2r′
∑
m≥k

2
ms
2r′

(∫ ξm+1

ξm

ω(t) dt

)s/p
,

where

C2 =
p

s
· 25s/2r′(

2
ps

2r′(s−p) − 1
) s
p
−1
.
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We also have

C2

∑
k

2
ks
2r′
∑
m≥k

2
ms
2r′

(∫ ξm+1

ξm

ω(t) dt

)s/p
= C2

∑
m

2
ms
2r′

(∫ ξm+1

ξm

ω(t) dt

)s/p∑
k≤m

2
ks
2r′ .

Since ∑
k≤m

2
ks
2r′ =

m∑
k=0

(
2

s
2r′

)k
=

2
ms
2r′ · 2 s

2r′ − 1

2
s

2r′ − 1
,

then

C2

∑
m

2
ms
2r′ ω(t) dt

)s/p(2
ms
2p′ · 2

s
2p′ − 1

)
(

2
s

2r′ − 1

)
≤ p

s
· 23s/2r′(

2
ps

2r′(s−p) − 1
) s
p
−1(

2
s

2r′ − 1
)∑

m

2
ms
r′

(∫ ξm+1

ξm

ω(t) dt

)s/p
≡ C3A

s
s,

where

C3 =
p

s
· 23s/2r′(

2
ps

2r′(s−p) − 1
) s
p
−1(

2
s

2r′ − 1
) .

Thus,
Js ≤ C

1/s
3 As, if 1 < p < s <∞,

and, therefore,(∑
k

σsk

)1/s

≈

(∫ ∞
0

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

)1/s

,

for all 0 < s <∞.
Analogously, we can prove that(∑

k

δsk

)1/s

≤
[
r′

s

[
2s/p − 1

]]−1/s

J ′s, 0 < s <∞;

(
s

r′

)1/s

2−2/pJ ′s ≤
(∑

k

δsk

)1/s

, 0 < s <∞ and s ≤ r′;

(
s

r′

)1/s

(
2

r′s
2p(s−r′) − 1

) s−r′
sr′
(

2
s
2p − 1

)1/s

22p
J ′s ≤

(∑
k

δsk

)1/s

, 1 < r′ < s <∞.

Finally, (∑
k

δsk

)1/s

≈

(∫ ∞
0

(∫ x

0

v1−r′(t) dt

) s
r′−1(∫ ∞

x

ω(t) dt

) s
p

ω(x) dx

)1/s

,

when 0 < s <∞.
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Corollary 3.1. Let 1 < p < r ≤ q <∞, γ =
pr′

p+ r′
and T : Lrv(R

+)→ Lpqω (R+) be a

compact operator of form (1.1).
If 0 < s ≤ p <∞, then

1

2

(
s

6p

)1/s

2
−2
r′

(∫ ∞
0

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

)1/s

≤
∥∥∥{an(T )n

1
r
− 1
q

}∥∥∥s
`s(N)

.

If 1 < p < s <∞, then

1

2

(
1

6

)1/s

C

(∫ ∞
0

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

)1/s

≤
∥∥∥{an(T )n

1
r
− 1
q

}∥∥∥s
`s(N)

.

If γ < s <∞, then ∥∥∥{an(T )}
∥∥∥
`s(N)

≤ C(p, r′)β1/s(s/γ)

(∫ ∞
0

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

)1/s

.

Here the constant C(p, r′) depends on p and r′ only,

C =

(
s

p

)1/s

(
2

ps
2r′(s−p) − 1

) 1
p
− 1
s
(

2
s

2r′ − 1

)1/s

2
3

2r′

and β(s/γ) =
∞∑
n=1

1

ns/γ
.

Corollary 3.2. Let 1 < p < r < ∞, 1 < s < ∞ and the operator T : Lrv(R
+) →

Lprω (R+) of form (1.1) be compact. Then(∑
n

asn(T )

)1/s

≈

(∫ ∞
0

(∫ x

0

v1−r′(t) dt

)s/r′(∫ ∞
x

ω(t) dt

) s
p
−1

ω(x) dx

)1/s

.
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