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Abstract. We obtain two-sided estimates which describe the behaviour of the ap-
proximation numbers of the Hardy operator and Schatten—-Neumann norms in the new
case, when the compact operator

Tf(z) :/Omf(f) dr. >0,

is acting from a Lebesgue space to a Lorentz space (T : LI (R") — LP9(R™)) under the
condition 1 < p <r < ¢ < o0.

1 Introduction

Let B(X,Y') be the space of all linear bounded operators from a Banach space X to a
Banach space Y. The approzimation numbers of an operator T' € B(X,Y") are equal to
the distances in B(X,Y") between the operator T and subspaces of finite-dimentional
operators in B(X,Y):

an(T) :=inf{||T — L||xsy: L:X—=Y, rank L<n—-1}, neN,

where rank L :=dim R(L).
In recent two decades, great attention has been paid to the study of the approxi-
mation numbers of the Hardy operator

Tf(z)=v(z) /093 f(u(r)dr, x>0

in weighted Lebesgue spaces. First steps in this direction were made by D.E. Edmunds,
W.D. Evans, D.J. Harris in the article [1], where implicit estimates for the approxima-
tion numbers of the operator T : LP(R') — L%(R") in the case 1 < p < g < oo were
obtained in the form

1
ZgN%—% < an(T), an42(T) < e.
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The next work by the same authors [2] was devoted to asymptotic estimates of the
a—numbers of the operator T : LP(R") — LP(R"). The study was further developed
in the article [5] by E.N. Lomakina and V.D. Stepanov, where implicit estimates for
the Hardy operator in Lebesgue spaces in the case 1 < ¢ < p < oo were found
and asymptotic estimates for 7" when 1 < p,q < oo were derived. The authors also
studied Schatten—Neumann (weak) norm estimates for 7" in all cases of integration
parameters p, ¢ and established the equivalence of the Schatten-Neumann norm of the
operator to an integral generalization of the Hilbert-Schmidt formula in [5]. Later,
M.A. Lifshitz and W. Linde in [4] considered the explicit asymptotic estimates for the
approximation and entropy numbers of the Hardy operator in the case 1 < p,q < oo.
The results of the monograph [4] was recently essentially complemented in paper A.
A. Vasil’eva [9]. The next work by E.N. Lomakina and V.D. Stepanov [6] dealt with
Lorentz spaces. In that work there was investigated the boundedness, compactness
and measure of non—compactness of the Hardy operator with Oinarov’s kernel, and
estimates of the approximation numbers of the operator T': L7*(R*) — LPI(R™) when
1 < max(r,s) < min(p,q) < oco. Further in [7], the authors continued to work with
even more general Banach function spaces satisfying the {— condition introduced by
E.I. Berezhnoi.

In this work we obtain two-sided estimates which describe the behaviour of the
approximation numbers of the Hardy operator and Schatten—Neumann norms in the
new case, when the compact operator

Tf(z) = /Oxf(T) dr. >0, (1.1)

is acting from a Lebesgue space to a Lorentz space (T : LI (R") — LPI(R™)) under the
condition 1 < p < r < g < oo. The equivalence

(Z a;m) T ( /0 ) ( /0 o) dt) " ( / ") dt) " ) dx)

of the Schatten-Neumann norm of the operator 7' : LI (R*) — LF'(RT), when 1 < p <
r <ooand 1 < s < 00, to the integral expression depending only on the weights v and
w is established in this paper as wells. The weights v, w are supposed to be Lebesgue
measurable and non-negative function on (0, 00) such that v(x) < oo, w(z) < oo a.e.
on (0,00).

1/s

Let L (R") be the weighted Lebesgue space of all measurable functions f on (0, c0)
satisfying the condition || f||z; < oo :

Ly(R") = {f: 1/l = (/Ooo |f () ["v(x) dw) " < OO}-

Let a function f be defined on the measurable space ((0,00),w(z)dz). Given 1 <
p,q < 0o and a weight w(x) on RT = (0, 00) the Lorentz space LY = LP1(R*) consists
of all measurable functions f such that

iz = ([ o)) <o
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where f* is the non-increasing rearrangement of the function f with respect to the
measure wdx:

)y =mf{A>0: w{z>0: |f(x)]>A}) <t}

For 1 < p,q < oo and 1 < r < oo the Lorentz space LP? and the Lebesgue space L,
are Banach function spaces with absolutely continuous norms. Recall that a norm in
a Banach function space X is absolutely continuous if ||fxg,||x — 0 for all f € X and
any sequences of sets {E,} C R such that xg, () — 0 a.e.

The dual space to LP? is the space

e = {g ;/ | fg|< oo for all f € Lfﬂ}
0

with the norm -
ol =suwd [ 1ol 15l <1 (12)
0

and the related Holder’s inequality has the form

/0 " F@)g(e)w(z) d

< 1zl -

Boundedness and compactness criteria for the operator (1.1) are contained in the
following theorems.
Theorem 1.1. ([3],[8]) Let 1 < p,g < o0, 1 <r < oo and r < q. The inequality
1T fllzzs < ClLSfllzy

with operator (1.1) holds for all f > 0 with a constant C independent of f if and only

if
o0 1/p t ) 1/r!
A =sup A(t) = sup (/ w(z) daz) </ v (2) d:v) < 00.
t>0 t>0 t 0

Theorem 1.2. ([3]) Let1l < p,g < 00, 1 < r < o0 and r < q. The operator
T:LI(RT)— LPI(R") of form (1.1) is compact if and only if

A<oo and lim A(t) = tlim A(t) = 0.

t—0+

2 Estimates of the approximation numbers of the Hardy
operator

Let the operator T : L (R"T) — LP4(R*) be compact. Given a number ¢, such that
0 <e < ||T||, we choose a finite sequence of increasing numbers

O=cp<c <cg<...cyo1 <cy <Cnyypp =00

such that
Aler] = Alen] =€, (2.1)
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where N = N(¢) and

Aley] = sup A(t), Aley]= sup A(t).

o<t<ecy ey <t<oo

The rest of the numbers of the sequence ¢; < ¢3 < ...cy_1 < ¢y are to be defined after
proving the following theorem.

Theorem 2.1. Let 1 < p,g < oo, 1l <r<ocoandr <q. Let() <a <b< o,
I'=(a,b),

Fz) = /xf(T)dT, rel Fl—ﬁ / F(2)du(z),

where

u(h) = [ duta) = [ glayte) de:

I
and let a function g on the interval I be defined by the condition

-0 [wtwar) Y sl < [ steyeta) e

with 0 < § < 1. (The ezistence of the function g is guaranteed by the relation (1.2)).
Then there exists a point ¢ € I such that

[x; (F — Fp)||pea
Ix, fllzr

Afa.e) = sup. ( / " () dt> " ( / ) dt) "
B(e,b) = sup. ( /C S (t) dt) " ( L bw(t) dt> Up.

Proof. Necessity. Fix f € L, ¢ € (a,b) and put

~ max(A(a, c), B(c,b)),

Tzl gz r = sup
140

where

—/cf(T)dT, a<x<c,

\IIC(I) == T
/ frydr, e<x<b

and U, ; = ﬁ J; Wodp. Then

F(z) — Fy = U (z) — 0. (2.2)

To prove the lower estimate we choose f € LI'(I) so that suppf C (a,c) and assume
that the inequality

X, (F = FI)HLZQ < Cx. f|

Ly
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holds for all f € LI(R") with a constant C independent of f. Then

e HX(“’C) (11, — Ve )

CHX(a,c)fHLT Z HX(a,c)(F_FI)

Pq
L

o il ([ -09)”
Lz (/ e dt) "’
(1 gl e ([ s

(e

c 1/p
o ( / w(t) dt) . By the absolute continuity of the

> HX(a,C) \Ilc

X(a,e)9

> HX(a,c) qjc

1
- a,c \Ilc
re u(l) HX( ) LY

Pq
L

)
pq
L

where H(a,c) := HX(a,c)g
L

norms in LP? and LP?, we can find a point ¢ € (a,b) such that H(a,c) = Bu(l)
for any fixed 5 € (0,1 — ). Thus, by Theorem 1.1 applied to the interval (a,c), we
have

C>(1-p)A(a,c). (2.3)

Similar argumentation, but for f with suppf C (¢,b), leads to the estimate

Wi(e,b
], = (1- ) o

p(1) 7
b 1/p
where W (e, b) = (/ w(t) dt) Xen)d|| -
c g1
We have Wieb) )
c
1-— L = I)—W(e,b
o) - ) = W)
>L<(1—(5) (/w(t)dt) ! X19 —W(e b))
2 D 1 19 e ~ WO
W (e, b)
> p(1—-9) -
(1=9) ey
If ¢ = b then W(c,b) — 0 and 5 — (1 — §). Therefore, we may choose ¢ € (a,b) so
that
W(Ca b) < 6(1 — 6)
pd) — 2
Since the operator is bounded, then
C > MB(C, b). (2.4)
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By equating the right-hand sides of (2.3) and (2.4) we find £:

_ B -9 2
1—-p= 5 = (= S5
Thus,
C' > max(A(a, ), B(c, b))

and the lower estimate is proved.
Sufficiency. In order to prove the upper estimate we use the boundedness of the
operator and Holder’s inequality:

bote = 0] = (-9,
1 1/p
<y w, —’ v, y t) dt
- ‘XI e * w(I) X LE X9 Ly (/1w< ) )
< 2 e, < 2 [xwar®e| .+ e
> (1_5> Xr¥e e = (1—5) Xla,c] ¥ ¢ L Xle,b] ¥ e L
< max(A(a, c), B(c, b)) (HX(a,c)f‘ LT HX(c,b)f‘ Lr)
< max(A(a, o), Be,b)| . £ -
This immediately yields the required result. [

Going back to the definition of the sequence {¢x} for k = 2,3,..., N — 1 we consider
the operator
Tif(x) = x,(x)(F(z) — F)
on a finite interval I C [¢1,cy]. By Theorem 2.1 the operator norm continuously
depends on the interval I. Therefore, we can choose intervals I}, = [cg, cpr1], k =
1,...N — 1 so that
1Tl = e k=1,.N =2, [Ty ]l <e 25)

where N depends on . Notice that the choice of the number § and the measures
w(I,) for each of the intervals, relevantly to the condition of the theorem, is not further
essential.

For our further investigation we shall need the following technical lemma.

Lemma 2.1. ([3], [8]) Let 1 < p,q < 0o and (0,00) = Uly, where {I} is a sequence
of disjoint measurable intervals.
1) If max(p, q) < « then

> Ixr hllgz < IAlIg. (2.6)
k
2) If min(p, q) > « then,

IPlEes < > lxs, ol (2.7)
k
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Upper and lower estimates for the approximation numbers of the operator T are
contained in the following

Theorem 2.2. Let 1 < p < r < q < oo. Assume that the operator T : L — LP1
of form (1.1) is compact. Given 0 < e < ||T|| and integer N > 2, let intervals
Iy = [ck, cpya], B = 0,1,...N be chosen so that conditions (2.1) and (2.5) are satisfied.
Then

ﬂ\'—‘

1 1
eV + 1)a~ < aysai(T), ay(T) < e.
Proof. The upper estimate. For k=1,2,3,. — 1 we define

= X, (2 / f(r

Pyf(x) = x5, (@) {Tf(x) — (Fe(z) — Fr1,)},

N-1
where the operator P = Py is linear bounded with rank P < N — 1. Then, by
1

k—
Jensen’s inequality,

ITf = Pfl7p
N-1

< oA Nz + DX (TF = Pf) [ + [Xew oo T [
k=1

< || X(0.c1)f]

Ly

N-1
ng + ZHTfkf”ifﬂ + EQHX[CN@O)H :
k=1

N
< et ZHXka‘

k=0

< <l F1I
vy <€A L

Therefore, by the definition of the approximation numbers,

CLN(T) <e.

The lower estimate. Fix A € (0,1) and define a sequence of functions f;, € L!, with
supp fr C I, satisfying the inequalities

pq

HXI,-Fi
“ >X, 1=0,N, (2.8)

‘ Ly

fi

HXIk Fk[k)

qu
“ > e, k=1,2,..
”fk L

N —1, (2.9)

where

x):/ fu(t)dr, k=0,1,...,N.
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Let P : L7 — LP? be a linear bounded operator with rankP” < N. Then, by linear
dependence of the functions Pf, £ = 0,1, ..., N, there exist constants vy, vy, vs,...,Vx
such that

N N
k=0 k=0
Put
N
Fr) = vefu(7)
k=0
and

F(x):/ f(r)ydr, k=1,..N—1, =>0.
0

We have for all = € I:
Ck x
Fa)=w [ fr)ar o [ f()dr = e+ nFife), (2.10)
0 Ck

k=1,..,N — 1, where the constants yu; are defined by the right hand side.
We shall need the following inequality for our proof of the lower bound:

It (F = Fi)lze < 28 flxr (F = )0 (211)

Indeed,
X1 (F = Fp)|[ e < llxs (F == (F =) )| o
< lxr (F =)l gpa + [(F = )| Ixall oo
1
(f[w(x) dx) v
(1)

dx
)

< b (B =)l g +

)l/p

< |bxr (F" = )| g + ez (E = )l ceellxrgll

< [bxr (F =)l + Ixr(F = )lleze < 2Ixr (F =)l pa -

1
=9

We now obtain, by using (2.6) and with help of decomposition (2.10) and inequality
(2.8):

q q

frr-

s

pq Prq
L L

q

pq
L

N-1
q .
Z ||XI()F0||%EII + ;HXI}CFHL%Z + HxlNFN

N-1

q
> (Ae)|lvofoll?, + ZHM (veFy + i) HL + ) on fl,
k=1 «



On estimates of the approximation numbers of Hardy operator

(by (2:11)
1\a Nl
> 0l + (3) X [ (a0 [, + Ol
k=1
1\a Nl
= Ol + () 3 bl (B = B[, + el
(by (2:9)
DYER iy
> 0elndoll + (5 ) X Il + 0ol
k=1
= Ol + () ZHukfk () ol
A\ q
> (3) sl
k=0 v
AE Lyl T " 1—q/r
> (7) ZHkak G
k=0 v
Hence

1
an+1(T) 2 GAe(N + et

and, letting A — 1, we obtain the required estimate.

49

3 Schatten—Neumann norm estimates of the Hardy operator

Let a sequence {&,}, n € Z, be defined by the formula

U(&,) = /O - oI () dt = 2",

Moreover, let

Jn = (571—17 fn)a

£n ) 1/r Ent1 1/p
Op = (/ v (t) dt) </ w(t) dt) :
En—l fn
, Ent1 1/p
o, = 2" ( / w(t) dt) :
STL

and

(3.1)

(3.2)

(3.3)

(3.4)
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§n+1 P
/ w(t)dt = 2n
n 2ne/r

&n , % En+1 % nt1 Ent1 %
o, < (/ v (t) dt) (/ w(t) dt) =2 </ w(t) dt) :
0 €n én
, Ent1 , En+1
one/r (/ w(t) dt) = gP < gt/ (/ w(t) dt). (3.5)
én €n

Lemma 3.1. Let numbers ny,nq,ng € Z be such that ny < ny < ns, and points cy and
c1 of the partition Iy, = (ck, cxr1) fall within the following intervals: co € Jp,, o €
Inys €1 € Jng. Then

o ) 1! c 1/p y
(/ v (t) dt) (/ w(t) dt) <27 % max o, (3.6)
o zo no—1<n<nsz—1

Proof. We have
o . /v c1 1/p
( / v (t) dt) ( / w(t) dt)
co xo
€ny ) 1/r €ng 1/p
< (/ v (t) dt) (/ w(t) dt>
énl—l fng—l

Since

then

g’ﬂg*l

1/r! Enz—1 Eng 1/p

< v ([ e [T wwar)
f’ﬂg*l 571371

1/p
_ ona+1)/r! Opy1 i Opa—1
2(na—1)p/r" * 9(n3—1)p/r’

1/p
< gt/ Un(#)

no—1<n<ng—1 2(n2—1)p/r’

2.1
=27"p max On.
no—1<n<nsg—1
]
r'p
Lemma 3.2. Let v = T Iy = (CryChr1), T € Iy and &y <1 <3 < ... < ¢ <
r-p

&ns- Then

Tk , /7! Ck41 v/p ,
Z (/ (1) dt> (/ w(t) dt) <2/"g) ..
Ck T

l
k=1
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Proof. We obtain

([ wa) ([ ea)”

l
k=1
! ) p/(r'+p) ' /(p+r")
< ( / v (t) dt> ( / w(t) dt)
k=1 N1k I

/

r—l—pa

(applying Holder’s inequality with exponents

/

< (2; /Ik o (1) dt> o (i /Ikw(t) dt) o

k=1

< (/::: T (t) dt) ! (/:: w(t) dt)

e P v/p
= |:U(£n3> - U(éngfl)] (ﬁ)

v/

QR

|:2n3+1 . 2n3:|
_ 24 _ ov/r
= e Om-1 = 27

Lemma 3.3. Let [ = (a,b), I CR" and

1

0= ([ ) ([ eom)
B = aili%(/: o' () dt) ’ ( / o) dt) g

AT\ Tn) 2 47 0,

B(J.|JTur1) = 0w

LA

Then

Proof. We have

1

_ bt N v
A(JnUJn+1):§ up. ( / vl_r(t)dt) ( /ﬁ w(t)dt)
n—1<TEn+1 x n—1

([ ([ )

51
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g,

/v’ P 1/p
= [U(Sn-‘rl) - U(Sn)} 1 (Q(nn—l_);/r/)

1/r
|:2n+2 . 2n+1}
1
= cOp—1 = 4+ On—1,

n—1

27

- z , % Ent1 %
BT = sw ( / o= (#) dt) ( / 0 dt)
En—1<2<&n+1 \J &1 x

én , % En+1 %
> (/ v () dt) </ w(t) dt) = 0.
gnfl £n

Lemma 3.4. Let 0 <a <b < oo, [ =(a,b) CR" and a point ¢ € I be chosen so that

F — FY)|| ppa
Pt = POVt max(Afa, ), Be.b)),

and

]

[7:]| = sup

20 xSl

where ) )
A(a,c) = sup (/ () dt) ' (/ w(t) dt) p,

a<s<c s a
L UNELP N
B(e,b) = sup </ v (t) dt) (/ w(t) dt) :

c<s<b c s

Define

D(I) = max(A(a, ¢), B(e, b)),

and let 0 < e < ||T|,

Sie)={ne€eZ: J,.1CI, o,>¢} and cardSi(e) > 4.
Then D(I) > ¢.

Proof. If
ny =min{n: n € Si(e)},

ne = max{n: n € Sr(e)},
then J,, | Jn,+1 C (a,c), and, by Lemma 3.3,

— | — 1 1
mm@zAL%L}Mﬂ)z@vm>@@>s
For the same reason, J,, 1 J,, C (c,b) and
B@ﬁ)ZBChrde;)ZUM4>€.

Therefore,
D(I) = max(A(a, c), B(c, b)) > €.



On estimates of the approximation numbers of Hardy operator 53

Lemma 3.5. Let 0 < e < ||T|| and card Si(e) > 4, then
72| > e.
Proof. By Theorem 2.1 ||7;|| = D(I). From here the result follows by Lemma 3.4. [

Lemma 3.6. Let 0 < ¢ < ||T|| and N = N(¢e) be defined by formulas (2.1) and (2.5).
Then
card {k €Z :o,>c} <6N(e).

Proof. We have
card {k €Z :¢; € J, forsomei, 1 <i< N} <2N. (3.7)

For k € Z out from the set (3.7) such that J, C I; = (¢, cip1) for 1 < i < N, we
obtain, by the choice of ||77,|| and in view of Lemma 3.5, that

card {k€Z : J, CI,00 >¢} <3.
Therefore,

N
card {ke€Z : ak>5}:anrd {(keZ : J,Clo,>¢}+2N
i=0

<3(N+1)+2N <6N.

O

Lemma 3.7. The following estimate is true for any t > 0:
11t
card {ke€Z o, >1t} <6 card {k: eN :aqp(T)kr"a > 5}
Proof. By Theorem 2.2,
1 1 1
card {k: EN aqp(T)kr 4 > 55} > N(e)
Then we obtain, by Lemma 3.6,
t
card {k €Z 10, >ty <6N(t) <6 card {keN : ak(T)k%_% > 5},

and the proof is complete. O

Consider the space ¢¢(Z), s > 1, which consists of all sequences {z}} satisfying the
condition ||[{z}||es(z) < 0o, where

{zr}Hles (z) = sugt(card {ke€Z: |z > t})l/s.
t>

Theorem 3.1. For any s € (1,00)

fi

S

<6-2°

{ak(T)k%—%}

05,(2) 05, (N)’
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Proof. Let {ak(T)k%_é} € ¢°(N). Then, by Lemma 3.7,

Q=

card {k; €Z :0,>1t} <6 card {keN : ak(T)k;%_ >

)

N | o+

and, therefore,

t
supt’card {k € Z : o, >t} <6supt’card {k eN : ak(T)k%_% > —}
>0 >0 2
S 1 1 S
<62 {amp i}l
H{Uk} s(2) ax(T) £5,(N)
[
Theorem 3.2. For any s € (0,00)
S 1 1 S
<6-2|[{a@r}]
[ ez () ()
Proof. We have
H{ak}Hs = s/ t*eard{k € Z : o), > t}dt
€(2) 0
® a1 i1t
< 6s t card{k eN :aqp(T)kv "« > 5} dt
0
—6.2° {ak(T)k%*%} .
03(N)
[
/
Theorem 3.3. Letl <p<r<g<oo, v= %, s>vyandT : LI(RY) — LPI(RT)
p+r

be a compact operator of form (1.1). Then

| o)

|

Proof. Let 0 < e < ||T||, N = N(¢) be defined by formulas (2.1) and (2.5). Then for
any c, there exists a number j; such that ¢, C 7jk and only the following cases are
possible:

(1) jko < jk0+1

(2) Ik = Jka1 = .- :jk+mk7 I; C ij, k<1< /{:—l—mk, my > 1.
We obtain, by Theorem 2.1 and Lemma 3.1,

< C*(p,7)B(s/7)| | {on}

S S
25, (N) 05,(2)

S

{ax(T)}

< C*(p,7)B(s/7)| | {on}

e(N)

05(2)

(1) &= ITi, | < CiDUk) < Ci(Al) + B(l,)) SC_ sup 0, =Cay,

kg <G <ing+1
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for some ji € [Jky, Jho+1]- We also have:

k+my, /
(2) e'my, = Z |75 < CYo), where ~= T -

i=k prr

Then
€ emi/?
N(g) = card {k’: Ujk25}+ Z card {k: 0j, > Cff }
kmp>1
- n'/e

< d {k: > }

< ;car Ok 2~
By Theorem 2.2,

card {k €N :a, >¢c} < N(e)+1<2N(e).
Therefore,
‘ = 2supt’N(t)
N t>0
= nl/rt
SQStg%)tS;card{kEZ: oL > 8 }—QCS( 2 )H{Uk}H
and -
‘ {ap(T }H s/ t*eard{k € N : ay(T) > t} dt
0

0 oo X 1/’Yt
< s/ TN (t) dt < 25/ Zt*lcard{k: €Z: o> nC }dt
0 0 n=1
. tns/7\ 1 ni/ "t ns/t
= 2sC /0 Zns/v( > card{k: o > c }d( c >

=20(X 5 [ = 003660,

n=1

O

Let the sequence {&}, k € Z be defined by formula (3.1), and {nx}, k € Z be such
that

Vi) = / () dt = 27,

Mk

woo Yr' g s 1p
O = ( / v (t) dt) ( / w(t) dt)
Mk—1 Nk

Mk , 1/r
= ok/p ( / v () dt)
MNk—1

Put
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and denote
1/s

J, = (/OOO (/Oxvl—r'(w dt) . (/:Ow(t) dt) o) dx) ,
Jl = </OOO (/Ox v (1) dt> o (/:O w(t) dt) S/va’ (z) dx) 1/5.

Lemma 3.8. Let 0 < s <00, 1l <p<r <g<ooand Jg < oo (J. < 00). Then
Jl < oo (Jg < o0) and
1/s
J=(5)"
r

/

Proof. Since 0 < J; < 0o, then

00 x s/r! ) i—l 1/s
lim ( / ( / v () dt) ( / w(t) dt) w(r) d:c) = 0.
t—o00 t 0 -
This yields
t - s/r' 00 s/p
lim ( /0 o= (1) dt) ( /t w(t) dt) 0.

Therefore, we have, integrating by parts:

00 > JF = g/@m </0mv1_rl(t) dt> S/T/]f) (/:Ow(t) dt) ;1w(x) dx
_ g/ooo (/Ox o' (8) dt) S/T/d(— /:ow(t) dt) "

g/oo (/:ow(t) dt) S/pd(/ox 7 (1) dt) .

(/ |

>

=
o

I g~

=2
7

T/

Thus, J, > (2) J. and, therefore, J, < oo.

Conversely, let J. < co. Then

[ 08) ([ w0a) "

and, by the same argumentation,

Therefore, J; < 0o. O
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Put

1/s 1/s
A, = <Z ag> . B,= <Z 5;;) .
k

k

Theorem 3.4. Let 1 <p<r<qg<oo and0 < s < oo. Then
A, ~ By~ J, =~ J..

Proof. We obtain, by Lemma 3.8, that J; ~ J!.
Let 0 < s < 0o0. Then

ra /o Sk+1 s/p re /o 00 s/p
A=) oy =) 2 (/ﬁ w(t)dt) <y ok (/5 w(t)dt) :
k k k k k

Put
) 00 s/p
Z oks/r (/ w(t) dt) = A
k &k
We have
€kt T ) s/r! o0 2-1
J: = Z/ (/ v (t)) (/ w(t)) w(z)dx
k &k 0 Eg
Ert1 &k , s/r’ o0 »1
>3 / < / o= (1) dt) ( / 0 dt) w(z)dz
k &k 0 €z
St , e 51
= Z/ o(k+L)s/r (/ ( )dt) w(z) dx
r Y&k z
P k41 00 s/p
= 2s/"'C 22’“/’“ / [— (/ w(t) dt) }
o] s/p
ey ([ Toma) "= ([ oa)
2 2
5 ; €k fk+1
_ 825/7" |:A§ . s/r 223/7“ 2ks/r (/ ) :|
S ki1
PR [T PR P i
s S
that is
s>t {28/“ - 1] A8
S
Therefore,

o7
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In order to prove the reverse inequality we assume that 0 < s < co and s < p.
s s
Then — < 1, that is — — 1 <0, and if

p p
Ek+1
/ w(t)dt

IN
S~
3
S
=
&

then
00 1 Ek+1 p L
(/ 0 dt) < (/ w(t) dt)
We have
k41 z s Ekr1 €kt -1
</ w(t) dt) = —/ (/ w(t) dt) w(z)dx
g [kt oo »1
> —/ (/ w(t) dt) w(z) dx,
p & T
that is
[ % s Ek+1 oo 1
(/ w(t) dt) > —/ (/ w(t) dt) w(x) dx
Therefore,

, Skt1 P . [k 00 51
Y ok ( / w(t) dt) > 2N gkl / ( / w(t) dt) w(z) dz.
k &k p & =

Notice that
, Ekt1 , s/r! T , s/r!
0 0

if & <2 < &yr. Thus,

S Skt / / / o0 ;
AT >~ Z/ oks/r'g2s/r!9=2s/r (/ w(t) dt) w(z)dx
P4 .

&k

S / §k+1 / > ;
== Z 9 28/ / ok +2)s/r (/ w(t) dt) w(z)dx
p k I x
s , Ekr1 x , s/r! 0o z-1
> 2972/ Z/ (/ v T (t) dt) (/ w(t) dt) w(z)dx
p Y& 0 z
S ’ & r ’ s/7 ee %_1 S ’
— 2972/ / (/ v (t) dt) (/ w(t) dt) w(x)de = 2272/ J3.
p 0 0 x p

Finally, we obtain

Ai > f2—2s/r’J§7
p
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1/s 1/s
9—2/1" (f) Js < (ZUZ) , if 0 <s<ooands <np.

p k

Consider the case 1 < p < s < oo. We write

Jo = zk: /:+ ( /0 o) dt)S/r/ ( / ) dt); () dz
< g /E §+ ( /0 R dt) . ( / () dt) " ) de

k1 , (9] s/p—1
= Z/ ok +2)s/r (/ w(t) dt) w(z) dx
kY€ z

k

e ([a0s) - ([ 04) ]

k

P 525/ ks/r! OO o
< =259/ 288/ /wtdt) .
5 Zk: <sk g

Let a = % We obtain, by applying Hélder’s inequality with exponents  and
r p

that
00 Em+1 Em—+1
/ w(t) dt = Z/ w(t)dt = Z{zm/ w(t) dt} g-om
fk mzk 57" mzk gm
ams £m+1 S/p p/s s 17%
(e[ a0n) T g
m>k Em m>k
ams £m+l 8/p p/s
= ()27 ke {Zz v (/ w(t) dt) 1 :
206
where C = - Therefore,
@ -1)°
P 2s /1’ ks/r' /p —kas ams Smt1 s/p
Js < Lo2s/r oks/r S —
2 < Dopent SR ool iy 3 0% (/g w@)dt)
k m>k m
s e Em+1 s/p
=Cy ) 227 227 </ w(t) dt> ,
k m>k €m
where )
95s 2r'
o, =2.
S

ps 2-1"
(22r’<s—p> — 1) g

29

Y

§—Pp
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We also have

ks ms £m+1 S/p ms £m+1 S/p ks
02§:22~§:2w</ w(t)dt) :@Ejzw(/ w(t)dt) 32k
k Em

&m

m>k m k<m
Since " . - .
95 — Z(%) _ 2 52 ~ 1,
k<m k=0 227 —1
then
sw(ﬁ?-%3—1>
Cy ) 257 w(t) dt)
=) )
235/27"’ s Em+1 s/p
<z — > 2 (/ w(t) dt) = (5A°,
5 (27%(1;1)) — 1)" <27 — 1> m &m
where 1o/
2 S T
Cy="Y — .
) )
Thus,

J, < CifA,, if 1<p<s<oo,

and, therefore,

() " ([ ([ im) ([ o) )

for all 0 < s < o0.
Analogously, we can prove that

—1/s

1/s /
(Za) < [Fpr-1)] a o<s<m
- s
s 1/s 1/s
(77) 272 < (2};52) , 0<s<ooands <7

/
s—r

st/

,r./

r's s 1/8
G\ /s <2W _ 1) <2@ _ 1) 1/s
( ) J;S(Z(F,‘z) , l<r<s<oo.
k

2%p

Finally,

1/s

(%:5;)1/8 ~ (/Ooo (/Omvl—f’(t) dt):/l (/:Ow(w dt)gw(x) dx) ,

when 0 < s < 0.
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/
J_" - and T : LI(R*) — LP(R*) be a
p r

Corollary 3.1. Let 1l <p<r <g<oo, 7=

compact operator of form (1.1).
If 0 < s < p< oo, then

(o) ([ ([ rrom)”

< fourni-)

/ 1/s

(/;Ow(t) dt) @) dx)

s

05(N)’

If 1 <p<s<oo, then

i(6) e </m ([ o) ([Toma) e dgE) N

{an(T)n%_%} )

<

:(N)’
If v < s < 00, then

|{an(T)}

£5(N)

< Clp.")B(s/) ( [ ([ erwa) " ([ wwa) ") daz)

Here the constant C(p,r") depends on p and v’ only,
1/s
=

1/s

3=
® =

E 1/5(2m_1)
o= (2
( ) 237
= 1
and 5(3/7):ZW~

n=1

Corollary 3.2. Let 1 <p <r < oo, 1< s < oo and the operator T : LI(R*) —
LP'(R") of form (1.1) be compact. Then

(Z a;<T)> " A ( /0 h < /0 ' 0 () dt> " < / Oow(t) dt) ;_lw(x) dx)

n

1/s
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