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Abstract. We establish a criterion for the completeness and minimality of the system
(z7Pt\/zpeJ,(zpr) : k € N) in the space L*((0;1);2*dx) where J, is the Bessel
function of the first kind of index v > 1/2, p € R and (px : k € N) is a sequence of
distinct nonzero complex numbers.

1 Introduction

Let o € R and L?((0;1); 2%dz) be the space of measurable functions f : (0;1) — C
such that the function ¢ — /2 f(t) belongs to L?(0;1); the inner product and the norm
in L*((0;1); z%dx) are given respectwely by (f1; f2) fo tf1(t) fo(t) dt and ||f|]? =

fol t| f(6)|*dt. Let J,(z) = > 5 0 k,r Iﬁi:% be Bessel’s function of the first kind of
index v. It is well known that the functlon J, for v > —1 has an infinite number of
real zeros, among them positive zeros pi, k € N, and negative zeros p_p := —pi, £ € N
(see [8, p. 94], [16, p. 350], [19, p. 483|). All zeros are simple except, perhaps, the zero
po = 0. A system (e, : k € Ny) of the Hilbert space is said to be minimal (see [9,
p. 131], [10, p. 4258], [12]) if for each n € Ny the element e, does not belong to the
closure of the linear span of the system (e; : k € Ng\ {n}). A system is minimal if and
only if it has a biorthogonal system (see [10, p. 4258], [12]).

Various approximation properties of the system (v/xJ,(zpx) : k € N) were studied
in a number of papers (see, for instance, [2|, [6, p. 40|, [7], [8, p. 97|, [13], [16, p. 357],
[17]-[19]). In particular, it is well known that the system (y/zJ,(zpy) : k € N) is an
orthogonal basis for the space L*(0;1) if v > —1 (see [7], [16, p. 356], [19]). From this
it follows the following statement (see [7], [16, p. 357], [19]).

Theorem A. Let v > —1 and (pr : k € N) be a sequence of positive zeros of J,.
Then the system (O, : k € N), O, (x) := a7V J,(xpy), is complete and minimal in
L2((0;1); 2*dz).

Using J,(z) = O(z") as z — 0+ (see [8, p. 127|, [19, p. 43]) we have that the
function t — ¢ P~1/EpJ,(tp) belongs to L*((0;1); z*’dx) for each v € (0;+0), p € R
and p € C. We obtain the following result.
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Theorem 1.1. Let v > 1/2, p € R and (px : k € N) be a sequence of positive zeros of
J,. Then the system (O, : k € N), O, ,(x) := 7P~ J/rppJ,(xpr), is complete and
manimal in L*((0;1); 2%dzx).

If the system (O, : k € N) is complete and minimal in L?((0;1); 2%~ *dzx) then
it is complete and minimal in L?((0;1); z***dx). Therefore Theorem A follows from
Theorem 1.1 for v > 1/2. Moreover, we establish a criterion for the completeness
and minimality of the system (©y,, : k € N) in L?((0;1);2%dz) if v > 1/2, p € R
and (pr : k € N) is an arbitrary sequence of distinct nonzero complex numbers (see
Theorem 3.4).

2 Preliminaries

To prove our main results we need the following auxiliary lemmas.

Lemma 2.1. (see [1], [4], [15]) Let v > —1/2. A function F' has the representation

F(z) = / T () dt

0

with v € L*(0;1) if and only if it is an even entire function of exponential type o < 1
such that 2" TY/2F(z) € L?(0; +00).

Lemma 2.2. (see [3, p. 67|, [14, p. 212]) Let v > —1. Then every function f €
L*(0; 4+00) can be represented in the form
+o0

f(z) = Va2t J, (zt)h(t) dt

0

with some function h € L*(0;+00). In this case,
+oo

)= | VAL dz,

0

and || f|| = [l

3 Main results

Theorem 3.1. Let v > 1/2. An entire function S0 has the representation
1
Qz) = / 27N ()t () dt (3.1)
0
with ¢ € L*(0;1) if and only if it is an even entire function of exponential type o < 1
such that 27" F1/2(22QO(2)) € L?*(0; +00). In this case,
+00

q(t) = i Vitzd, 1 (t2) 27" T2 (22 Q(2)) dz. (3.2)
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Proof. Necessity. Let Q have the representation (3.1). Using Schwartz’s inequality and
a well-known formula [9, p. 6 (7)] for finding the type of an entire function in terms of
its Taylor coefficients, by direct calculation we get that €2 is an even entire function of
exponential type o < 1. Since (2, (2)) = 2"J,_1(z) (see [8, p. 14|, [19, p. 45]), we
obtain

2HO(2)) = /1 2OV, (t2)q(t) dt.

Put W(z) := 2"~ V27241 (2O (2)) = 277222 Q(z))'. Since v — 1 > —1/2 then
by Lemma 2.1 the function ¥ belongs to L?*(0; +00). Sufficiency. Since € is an even
function, then € is an odd function. Therefore z=21(22€)(2))’ is an even entire
function of exponential type o < 1. Hence, according to Lemma 2.1, there exists the
function ¢ € L?(0;1) such that

() = /1 z*(”“)\/fjl,,l(tz)q(t) dt, Q'(z) = /01 ZV\/EJV—1(tZ)q(t) dt,

0
where Q(2) := 2%€(z). Since Q(0) = 0 then using Fubini’s theorem, we get

Q(z) :/Oz dw /Olw”\/%Ju_l(wt)Q(t) dt:/ol Vit () dt/ozt(wt)VJu—l(wt) dw.

Further, using ((tw)”J,(tw)),, = t(tw)"J,—1(tw), we have [;t(wt)"J,_1(wt)dw =
(tz)"J,(tz). Thus

Q- | VL) () de,

whence it follows (3.1). Furthermore, if the function €2 is representable in the form
(3.1), then

1
S22 (2)) = / Vi, 1 (£2)q(t) dt.
0
Therefore by Lemma 2.2 we get (3.2). The theorem is proved. O

Let EO,Q be the class of the entire functions {2 that can be represented in the form
(3.1), and let Eyo be the class of even entire functions Q of exponential type o < 1
such that z7"*Y/2(22Q(2))" € L*(0; +-0).

Corollary 3.1. Eo,g = FEps.

Lemma 3.1. Letv > 1/2 and (py, : k € N) be an arbitrary sequence of nonzero complex
numbers such that p; # p2 for k # n. For a system (O, : k € N) to be incomplete
in the space L*(0;1) it is necessary and sufficient that a sequence (py, : k € Z \ {0}),
P—i = —pPk, 15 a subsequence of zeros of some nonzero function Q0 € Ejy,.

Proof. According to the well-known completeness criterion |9, p. 131], the considered
system is incomplete in L?(0; 1) if and only if there exists a nonzero function ¢ € L?(0; 1)
such that

1
| oevad o) tate) ds =0
0

for all £ € N. Therefore, taking into account Theorem 3.1, we obtain the required
proposition. The lemma is proved. O
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Lemma 3.2. Let v > 1/2 and an entire function Q € Eyo be defined by the formula
(3.1). Then (here and so on by Cy, Cy, ... we denote arbitrary positive constants) for

all z € C, we have
€2(2)] < Cs(1 + |z[) " exp(|Sz]).

Proof. Since [11, p. 125 (A.4)]

v+1/2
< 1Sz E
VzJd,(2)| < Cie (—1 e , z€C,

then applying Schwartz’s inequality, for all z € C we get

||qH 1 9 1/2 1 5 t2v—1 1/2
] 2tz
920 < (/0 V2, (t2) |t dt> <Gy (/O N o dt)

1/2
<c 6\%2\ /|z u2v—1 p / . e|$z| |Z|2I/ 1/2 036|Sz|
< _ —_— AU = —_ -
e \Joo (w2 el \2v (1 + =) (1 +[2])”

The lemma is proved. O

Lemma 3.3. Let v > 1/2 and (py, : k € N) be a sequence of distinct nonzero complex
numbers such that p2 # p2, for k # m. Let a sequence (py : k € Z\ {0}), p_1 := —px,
be a sequence of zeros of some even entire function G ¢ Eyo of exponential type o < 1
for which on the rays {z : argz = ¢;}, 7 € {1;2;3;4}, o1 € [0;7/2), 2 € [7/2;7),
w3 € (m;31/2], w4 € (31/2;2m), we have

(G(2)] = Ca(1 +]2]) /% exp(|32]). (3:3)
Then the system (Oy.,0 : k € N) is complete in L*(0;1).

Proof. Assume the converse. Then according to Lemma 3.1 there exists a nonzero
entire function €2 € Ej 5 for which the sequence (py : k € Z \ {0}) is a subsequence of
zeros. Let V(z) = Q(z)/G(z). Then V is an even entire function of order 7 < 1 for
which (see Lemma 3.2)

V(2)] < Csv/1+ |z, argz=¢;, Jje€{l;2;3;4}.

Therefore according to the Phragmén-Lindel6f theorem (see [9, p. 39|, [10, p. 4263])
the function V' is a constant. Hence Q(z) = CsG(z) and Q ¢ Epo. Thus we have a
contradiction and the proof of the lemma is completed. O

Lemma 3.4. Let v > 1/2. If an even entire function L belongs to Eyo and has a root
at a point p # 0, then the function L(z) = L(z2)/(2* — p*) also belongs to Ey .

Proof. Let ®(z) := 27*/2(22"[(2))'. Then ® € L2(0; +0c). Further, the function L
is an even entire function of exponential type o < 1. Furthermore,

Y I _ (I)(Z)

q)(z) — z7u+1/2(z21/[j<2)) _ 22V+3/2

22 p2 (22 _ ,02)2’
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/ N

1+p|

and according to Lemma 3.2
/ N

1+|pl

Hence the function ® belongs to L2 (0; +00). This concludes the proof of the lemma. [

2

O (x)

$2—p2

+o0
dr < 07/ 1@ (z)[2 dz < +o0,
1+|pl

LUV+3/2

2 +o0 I’2V+3 )
iz = / T L) dz < +oo.
L (@2 = p)F

Lemma 3.5. Let v > 1/2. If an even entire function L has zeros at points py # 0,
k € N, and the function L(z)/(z* — p3) belongs to Eya, then the functions Li(z) =
L(2)/(2* = p}) also belong to Eyy for every k € N\ {1}.

Proof. Let Qu(z) = (0} — p) iz Then Qu(z) = (0} — )55 and Ly =
Qr + Li. Therefore, taking into account the previous lemma, we get the required

proposition. O

Lemma 3.6. Let v > 1/2 and (py : k € N) be an arbitrary sequence of distinct nonzero
complex numbers such that p; # p2, for k # m. If the sequence (py : k € N) is a
subsequence of zeros of some even entire function G which has simple roots at all points
pr and the function G(z)/(2% — p?) belongs to Ey o, then the system (O, 0 : k € N) has
a biorthogonal system (v : k € N) in L2(0;1). The biorthogonal system (v, : k € N) is
formed, in particular, by the functions v, defined by the equality

+o0

Ye(t) = i Vitzd, 1 (t2) 2" T2 (22 Gy(2)) dz, (3.4)

where
2G/(z)

o PG () (22— p2)

Proof. According to Lemma 3.5 the functions Gy belong to Eys for every k € N.
Therefore there exist nonzero elements ~; of the space L?(0;1) such that

Gk(z) =

o) = [ gt ()

0

and by Theorem 3.1 the functions 7 can be found by (3.4). Moreover,

1, k=n
v+1/2 — ) )
Pn Gk<p7L) { 0, k 7& n.

This completes the proof of the lemma. O

Theorem 3.2. Let v > 1/2 and (pr : k € N) be an arbitrary sequence of nonzero
complex numbers such that pi # p2 for k # n. The system (O, 0 : k € N) is complete
and minimal in L*(0;1) if and only if the sequence (p : k € Z\ {0}), p_x :== —pr,
is a sequence of zeros of some even entire function G ¢ Ego such that the function
G(2)/(2* = p}) belongs to Eys.
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Proof. 1f the considered system is minimal then there exists a nonzero function v; €
L?(0;1) such that

! 1, k=1
—v —1 _ ) - 5
/0 P \/E‘]V(tpkﬂ ’yl(t) dt = { 0’ k 7& 1.

Let T(z) = fol 27V, (t2)t 7y (t) dt. The function G(z) = (22 — p?)T(2) is the
required, because the function T'(z) = G(z)/(2* — p?) belongs to Ey, and has zeros
at all points p, all its zeros are simple and it has no other zeros. Indeed, if p is
another root of the function G then the function D(z) = G(z)/(2* — p*) which has
roots at all points py, would belongs to Ej 5 that, according to Lemma 3.1, contradicts
the completeness of the considered system. Besides, the function G' does not belongs
to Eps2, because otherwise the system would be incomplete. Conversely, if all the
conditions of the theorem hold then, basing on Lemma 3.6, we obtain the required
proposition. The proof of theorem is thus completed. O

Theorem 3.3. Let v > 1/2 and (px : k € N) be a sequence of positive zeros of J,.
Then the system (Oy.,0 : k € N) is complete and minimal in the space L*(0;1). There
exists a biorthogonal system (v : k € N) in this space which formed by the functions
Vi, defined by the formula

— 2
() = —————t\/Tor ., (tpr). 3.5
O = T (3
Proof. The sequence (px : k € Z \ {0}), p—r := —px, is a sequence of zeros of the

function G(z) := z7"J,(z) which is an even entire function of exponential type o < 1

[5, p. 48]. Using J,(2) = \/%cos (z—=Zv—7%) + O (|2[*?%¥]) as 2 — oo and
larg z| < 7 (see [8, p. 127|, |16, p. 352], [19, p. 199]), we obtain (3.3). Further
VR G(2)) = 27 HY2(20 0, (2)) = /2J,_1(z). Furthermore, by [13, Lemma 2.1,
p. 226] we have [J'z|J,_1(x)]*dx > Cgn for n € N. Therefore G ¢ Ey,. Hence, by
Lemma 3.3 the system (0,0 : k € N) is complete in L*(0;1). Moreover, since (see [8,

pp. 96-97], [16, p. 347])

1 172
5Sor1(on), k=n
Iy (tpp)J,(tpn) dt = q 27007 ’
/0 (tow) o (tpn) {07 EZn

then
1 - 2/ PP 1 1, k=n
=Y Topd, (t ntdt:—/tjl,t Jytndt:{ ’ ’
/0 Vi ltp a0 dt = S [t e 0 r

Thus the system (O, : k& € N) is also minimal in L?(0;1). This completes the proof
of the theorem. ]

Remark that by using Hankel’s integral [19, p. 429 (4)] we can obtain formula (3.5)
by Lemma 3.6.
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Theorem 3.4. Let v > 1/2, p € R and (pr, : k € N) be an arbitrary sequence of
nonzero complex numbers such that pi # p2 for k # n. The system (O, : k € N) is
complete and minimal in L*((0;1); 2?Pdz) if and only if the sequence (py : k € Z\ {0}),
Pk = —px, IS a sequence of zeros of some even entire function G ¢ Eyo such that the
function G(z)/(z* — p3) belongs to Eq,.

Proof. A system (©y,, : k € N) is complete and minimal in L?((0;1); 2?dz) if and
only if the system (O, : k € N) is complete and minimal in L?(0;1). Therefore by
Theorem 3.2 we obtain the required proposition. O

Theorem 1.1 is an immediate consequence of the Theorem 3.3. Theorem 1.1 implies
the following assertion.

Corollary 3.2. Let v > 1/2 and (py : k € N) be a sequence of positive zeros of J,.
Then the system (O, : k € N) is complete and minimal in L*((0;1); 2*~1dx).
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