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Abstract. In this survey, we will pay a few words on the solution of the Cauchy prob-
lem for the 3D Navier-Stokes or Euler equations (with a focus on real harmonic analysis
methods). Then we will highlight the role of Morrey spaces in other problems for the
Navier-Stokes equations : uniqueness, weak-strong uniqueness, self-similar solutions,
ete.

1 Euler and Navier—Stokes equations

The Euler or Navier—Stokes equations describe the motion of a fluid considered as a
continuum. Let p(z,t) be the fluid density at time ¢ € IR and point z € IR® and
let (t,z) be the velocity of the fluid. Applying Newton’s law on the conservation of
momentum, we obtain the Cauchy momentum equations:

p(Oyii + @.V @) = div o + f, (1.1)

where o is the stress tensor and f represents body forces (per unit volume) acting on
the fluid. Besides, the conservation of mass gives the mass continuity equation

dup + div (pit) = 0. (1.2)

We shall consider only the case of homogeneous incompressible fluids for which p is
constant: the mass continuity equation then gives that « is divergence-free:

div @ = 81u1 + 82142 + 83U3 =0 (13)

We shall consider only the case where the fluid is submitted only to stress, with no
other forces:

—

f=0. (1.4)
The stress tensor o is usually split in the sum ¢ = —p Id + T, where p(¢,x) is the
pressure. —p Id is the isotropic part of the stress tensor o: this part tends to change
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the volume of the stressed body. T is the stress deviator tensor, which tends to distort
the body. We shall consider the following cases for 7"

Case of an ideal fluid: In the case of an ideal fluid, there is no viscous effect that
distorts the fluid and we have T'= 0. In that case, we obtain the Euler equations:

p(Byii + @.ViI) = —Vp
{ divi =0 (1.5)

Case of a Newtonian fluid: in the case of an incompressible Newtonian fluid
with constant viscosity v > 0, we have div T" = vAu, so that we get the Navier—
Stokes equations :

{ p(0,T + @.VT) = vAT — Vp (16)
divii =0 '
Finally, we shall make the following assumptions:

Lack of border effects: the fluid fills the entire space (z € IR* with no domain
restriction) [for the physical irrelevance of the assumption, see the introduction of
Tartar’s book [68])

Vanishing at infinity: taking the divergence of (1.5) or (1.6), we get the following
relationship between p and

i=1 j=1

Thus, p is determined by @ up to some harmonic correction. In order to define unam-
biguously the pressure p, we shall consider only solutions @ which vanish (in a loose
sense [26], [45]) at infinity. In that case, we have:

.1
VA

1

0,0 (u;u;). (1.8)

3
Vp=—p

3

)

1

Let us stress that the operator T ; , = Ok %@aj is a convolution operator with a kernel
Kijr € & 4+ L'. The Leray projection operator IP is a projection on solenoidal (i.e.

divergence-free) vector fields. Formally, we have

1

Py = i~ Vdiv @ (1.9)

but the role of singular integrals in this definition makes it difficult to handle with. If
U is given as a divergence

3
U= i (1.10)
i=1
we find that ;
-1

1 j=1

3
Pv=v—

2

<
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This definition involves the convolution operators 7; ; ;, which may be defined on a very
large class of Banach spaces.

We may now formulate the equations we shall study in this survey:

A) Cauchy initial value problem for the Euler equations:
For some initial divergence-free vector field iy, find @ defined on (0,7) x IR? such
that

{ Ol + TP div (@ u) =0 (1.12)

Ujt=0 = Uo

B) Cauchy initial value problem for the Navier—Stokes equations:
For some initial divergence-free vector field iy, find @ defined on (0,7) x IR? such
that

{ p(Oyi + TP div (u (%u)) = vAdU (1.13)

Ujt=0 = Uo

With no loss of generality, we may assume that p = v = 1. There is huge literature
on the topic of fluid mechanics. Our main references in the rest of the text will be
the books of Chemin and co-workers for the Euler equations [13], [2] and the books of
Cannone [12] or Lemarié-Rieusset [45] for the Navier—Stokes equations.

2 Solutions to the Euler or Navier—Stokes equations

There are many ways to solve the Navier-Stokes equations. Classical solutions draw
back to Oseen [62]. The modern way is to use an integral formulation of the Navier—
Stokes equations and to look for a fixed-point of the associated integral transform
(through Banach’s contraction principle). More precisely, we define the bilinear trans-
form B with

B(u,7) = /0 IR div (d(s,.) @ (s, .))ds (2.1)

Then we have the following equivalence [26], [45]: @ will be a solution of (1.13) if and
only if it is a solution of
il = iy — B(, ). (2.2)

In order to find solutions to equations (1.13) or (2.2), we then have various strategies:

a) mild solutions: try to find a Banach space Er such that (e'#)o<;<7 belongs
to Er and B is bounded from Er x Er to Ep; then, if (e'®1)g<i<r is small enough
in B, the Picard-Duhamel iteration 70 = e, 7" = €2y — B(v™, 7™) will
converge in Er to a solution of (2.2). Following Browder [8] and Kato [33], such
solutions are called mild solutions. Mild solutions were first described by Fujita and
Kato in the context of Sobolev spaces [25]; Cannone proposed a systematic treatment
in terms of Besov spaces in [12], and this treatment was generalized to many functional
spaces in [45].
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b) weak solutions: when the strategy of mild solutions cannot be applied,
one uses arguments based on the control of energy (Leray’s energy inequality [50] or
Scheffer’s local energy inequality [65], [9], [45]). We may soften the nonlinearity by
choosing a bump function w € D(IR® (with [w dr = 1) and smoothen the quadratic
term @ @ @ into (w, * @) ® U (where w.(z) = ¢ 3w(x/e)) . We may then solve the
equations

e x4) (2.3)

[t=0 = Uo

{ Ot + IP div ((we * %) @ @) = vAU

or

il = ey — B(w, * i, ). (2.4)
Usually, the contraction principle works on some time domain (0, 7.) which depends on
€; using energy, we then prove global existence of the solution and thereafter let ¢ go
to 0. A compactness argument (based on Rellich’s theorem) provides a weak solution.

c) statistical solutions: we shall pay a few words to the setting of statistical
solutions, for which the individual energy inequality is not enough to grant existence
of solutions. Existence of weak solutions is then provided by the existence of some
characteristic function of a probability measure on trajectories, and individual existence
is then assured only generically (for almost every initial value with respect to some
initial distribution of random initial values). See |71], [24] or 4] for a modern treatment
of such solutions.

In order to solve Euler equations, one does not deal directly with equations (1.12),
where the transport term .V has been altered by the use of Leray’s projection oper-
ator. One reintroduces the transport term in the equations and write (since IP7 = )

{ 0, + @.Vi = @.VPi — P div (@ @) = >0 [u;, PO 2.5)

Uji=0 = U '

The now classical way [13], [2]| for solving (2.5) is to construct inductively approxima-
tions v, of the solution u as solutions of the linear transport problem

{ Oplins1 + Tn V1 = 2y [vni, PO, (2.6)
ﬁn—l—l [t=0 — ﬁ(]

(with 0y(t, z) = @p(x)) but the intermediate solutions @, are not divergence-free. We
shall see below why one should prefer divergence-free intermediate solutions. We there-
fore shall prefer the following scheme (as in [63], [16] and [47]): starting from fo = i,
find a solution ﬁHl of the equation

{ Oufnir + fuV fust = 0 [fnis PO fria (2.7)

Jnt1 =0 = Up

and check (by induction) that V. f,; = 0. In order to compute f,;H, we define induc-
tively Gn.k as Gno = U and gy, r+1 as the solution of the linear transport problem

{ Ot + FoN Gugrr = 0 s PO Gk 28)

In k+1 [t=0 = UQ

The problem is then to prove the convergence of g, to ﬁl“ (as k — +00) and of ﬁ
to 4 (as n — +00).
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3 Useful operators in order to deal with Euler or Navier—Stokes
equations

Which operators do we need in the study of Euler or Navier-Stokes equations? In
order to give some meaning to equations (1.12) or (1.13) we need to use the following
operations:

a) differentiation (to compute 0;@ or Aw); this can be dealt with as differentiation
in the sense of distributions; however, the use of a scale of Banach spaces defined in
term of regularity may turn to be useful;

b) pointwise product (to compute @ ® ): this can be done if we look for locally
(in time and space) square-integrable solutions. But the use of Banach spaces with
more acute description of the pointwise product will be useful;

c) convolution with L' functions: the operator IPdiv involves convolutions
with distributions which are L! outside from a compact neighbourhood of the origin.
Thus, it will be useful to deal with Banach spaces which are stable under convolution
with functions in L': it is more or less equivalent to ask that the norms of the dis-
tributions or the functions in those spaces are invariant through spatial translation of
their argument (see |45]). Since the equations (1.12) and (1.13) are invariant through
spatial translation (if «(¢,x) is a solution of (1.12) or (1.13) with initial value (),
then w(t, z — xo) is still a solution of (1.12) or (1.13) with initial value y(z — x¢)), this
requirement is quite natural.

When we turn to the integral equation (2.2), we see that we may find some interest
in studying the following operators:

d) heat hernel: when solving the Cauchy problem, the first task is to identify the
space where e/ lives; the operator f — f(f et=5)2f(s,.) ds will be very important,
as well;

e) Riesz potentials: factorizing e=92Pdiv for 0 < a < 1 as

t—s

eI Pdiv = e 2 APdiv (—A)20e T o (—A) /2 (3.1)

t—s
—/2 g heat kernel ez &

and a convolution with an integrable kernel (with L' norm proportional to (¢ — s)*HTQ);

f) Riesz transforms: factorizing e*~*2IPdiv as

we find that this is a combination of a Riesz potential (—A)

TPy = eHAA o IP(—A) TV 2div o (—A)7V2 (3.2)
we find that this is a combination of a Riesz potential (—A)~Y/2, a matrix
]P(—A)_l/ 2div of singular integral operators (in the algebra generated by Riesz trans-
forms) and the kernel e*=2A which appears when dealing with the well known max-
imal regularity property for the heat kernel;

The last operator will be very important in the study of the Navier—Stokes equa-
tions;

g) Dilation operators: Navier—Stokes equations satisfy a very useful scaling
invariance property: when (i, p) is a solution on (0,7) x IR® of the Cauchy problem

(1.13) with initial value @y, then, for every R > 0 the function 05(%@)(t, z) = 5i(+, &)
is a solution on (0, R*T) x R? of the Cauchy problem with initial value §o(%). This
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scaling property has an important consequence: if X is a functional space on IR?
such that [|f(z/R)||x = R*||fllr and Y is a functional space on (0,4o00) such that
lg(t/R)||y = R?, and if

Zr = Yi((0,7), Xo(R) = {f(t,2) / | Loy OIf(E )llx [y < +oo} (3-3)

then, since B(0r(u),0r(V) = 0gr(B(u,v)), a necessary condition on a and 3 for the
bilinear operator B to be bounded from Z2 x Z3 to Z2 is a + 28 < 1 (T < +0o0) or
a+20=1(T = +o0).

For the resolution of the Euler equations, one has to analyze the operators linked to
the transport equation (2.5), or its linearized version (2.7) (with f,1; as the unknown
and f, as the parameter.

h) Bi-lipschitzian homeomorphisms: The advective term, when the advecting
vector field is L}Lip,, is treated via the characteritics lines associated to the flow.
Moving along the characteristics generate bi-Lipschitzian homeomorphisms. Thus, we
shall analyze the operator f — f o X where X is a bi-Lipschitzian homeomorphism.

i) Commutators and singular integrals: if 7" belongs to the algebra of sin-
gular integral operators generated by the Riesz transforms and if A € Lip(]R3), then
the commutators between 70; (j = 1,...,3) and the pointwise multiplication oper-
ator M4 of pointwise multiplication by A are singular integral operators (they are
no more convolution operators but they belong to the class of generalized Calderén—
Zygmund operators [10], [17], [45]). But, since f, is divergence-free, the operators
at stake in equations (2.5) belong to a smaller class : if Pj are the coefficients of
the matrix operator IP, and if Ty, = Y0 | [fui, Pjr0i], then T} satisfies moreover
Tix(1) = =T;.(1) = —Pj(div fn) = 0, so that they belong to the algebra studied in
[42]. While generalized Calderén—Zygmund operators are known to be bounded on L?
spaces for 1 < p < 400 (and some other spaces of measurable functions), the operators
in the smaller class are also bounded on Besov spaces B;’q 0<s<land1l<p< oo,

1 < g < oo [43] (or Triebel-Lizorkin spaces F;q for0 < s <land 1 < p < oo,
1 < ¢ < oo as well [19]).

j) Atomic decompositions: When the advecting vector field is divergence-free,
the associated homeomorphisms are measure-preserving for the Lebesgue measure. It
is then obvious that if we take an atomic or a molecular decomposition in the sense
of Coifman and Weiss [18] , then it is transported by the flow to a new atomic or
molecular decomposition, respecting the scale of the molecule and moving its center
along the characteristics. Similarly, a generalized Calderén-Zygmund operator 7" such
that T'(1) = T*(1) = 0 will preserve the molecules, keeping their scales and their
centers [42].

As a conclusion of this section, we see that in the study of both the Euler and the
Navier—Stokes equations we may use many operators that are useful in real harmonic
analysis, or for analysis in the setting of Besov, Triebel-Lizorkin spaces, and, in what
is the main topic of this conference: Morrey spaces and generalizations.
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4 Mild solutions for the Navier—Stokes equations in Lebesgue
spaces and related spaces

In the formalism of mild solutions, we try to solve (2.2) by the fixed-point algorithm :
@ = lim,, s 7™ with 7 = ¢*24 and "+ = ety — B(0™, ™). The resolution of
this fixed-point problem is based on a general tool for bilinear equations in a Banach
space:

Lemma 4.1. Let E be a Banach space and B a bounded bilinear operator on E

1B(z,y)lle < Collzllellylle- (4.1)

Let xy € E with ||zo||p < ﬁ. Then, the equation v = xy — B(x,x) has at least one
solution. More precisely, it has one unique solution x € E such that ||z||g < ﬁ

In 1984, Kato [KAT 84| proved the existence of mild solutions in LP, p > 3. For
p > 3, he used the estimate

s N . . . t—s N 5 _l_i
[ IAPV (T @ T)|, < Ot —s)V2|le T 2 (@R0)|, < Cylt — )72 2 |||, ||7]], (4.2)

to prove the boundedness of B on L>([0,T], (L?)?3) :
[ 1_3 . -
1B(@, 0)(t, )], < Cpt2 2 sup |[i(s, )|, sup [|7(s,.)]]p- (4.3)
0<s<t 0<s<t

For the critical case p = 3, inequality (4.2) becomes

1
(-

This is a very unconvenient estimate for dealing with « and ¢ in L>([0, T], (L?)?), since
fot i_ss diverges at the endpoint s = t. Kato then used an idea of Weissler [72|, namely
to search for the existence of a solution in a smaller space of mild solutions ; indeed,
whereas the bilinear operator B is unbounded on C([0, 77, (L*(IR?))?) [61], it becomes
bounded on the smaller space {f € C([0,T], (L3(IR*))?) / SUPg<t et VEIFE Mo <
oo}. Thus, we replace the estimate (4.4) (which leads to a divergent integral) by the
estimates

=95 Pdiv (@@ D)lls < O Nl (4.4)

[e0-2P.(  7) s < O [[]3/5 7] (45)

v

and

- 1
€T D2PY.(7 @ 7)]| 0o < Cm

which lead to two convergent integrals. Now, we shall see how Kato’s ideas are easily
extended to the case of Morrey spaces. First, we fix the notations for Morrey spaces :

min(

| B B}
(t_S)||UI|3IIUI|37;\/EIIU||oo\/5||v||oo) (4.6)



The role of Morrey spaces in the study of Navier—Stokes and Euler equations 69

Definition 1. For 1 < p < g < oo, the homogeneous Morrey space Mp’q(]R?’) is defined
as the space of locally p-integrable functions f such that

sup sup R3(1/q_1/p)(/| | |f(2)[P dz)'? < oo; (4.7)
rz—x0|<R

zo€R3 0<R<co

For p = 1 < ¢ < oo, the homogeneous Morrey—Campanato space M L4(IR?) is
defined as the space of locally bounded measures p such that

sup  sup Rg(éfl)M(B(xo,R)) < 00; (4.8)

x0 €R3 0<R<00

The inhomogeneous Morrey spaces MP9 have the same definitions, except that in
(4.7) and (4.8) we take the supremum only on small balls (with radii R € (0, 1)).

Those spaces were introduced by Morrey [59]; they are usually written as M, , =

MP4 with X\ = 3(1 — ’6’). Our choice of notation is an easy reminder of the embedding

L4 Cc MP9 C I[P for 1 < p < q. Existence of mild solution in L((0,T), M?9)
has been proved by Kato [35] and Taylor [69] for ¢ > 3 (7" small enough if ¢ > 3,
T = +o0 if ¢ = 3 and 1y is small enough). In the important case of M?3 proof using
the wavelet decomposition in M?3 was given by Federbush [21]; Cannone replaced the
wavelet decomposition by the Littlewood—Paley decomposition [12]; both the proofs of
Federbush and Cannone are much more intricate than Kato’s proof.

We may extend easily the proof to a large class of Banach spaces :

Theorem 4.1. Let E be a Banach space which is continuously embedded into S'(IR?).
Assume that:

a) convolution is bounded from L' x E to E,

b) for some o € [0, 1], we have, for all f € E and all R > 0, ||f(x/R)||g = R*||f||E;

c¢) if u and v belong to E N C, (where Cy is the space of bounded continuous appli-
cations from R® to R), then e®(uv) € E and

le (wo)lle < CllullBlullS vl (4.9)

for some constants C' >0 and 1/2 <~y <1lifa<l,1/2<y<1lifa=1.
Let Br — LE((0,T),E) and Fr — {f € Er | swpeert®?|f(t, )n <
+oo} with norms || fllg, = supoeyer |f (¢ )lle and [|flle; = supgeer | f ()2 +

SUPo<t<T ta/2||f(t> Moo

Then the bilinear operator f +— (2 f)oci<r is bounded from E to Ep and to Fr. B
defined by (2.1) is bounded from E3 x E3 to E3 for 0 <T < +oco ifa <1 and vy =1,
from F3 x F3 to F2 for0<T < +o0 if a <1 and 1/2 <~ <1 and from F3 x F3 to
Ffor0<T<+occifa=1and1/2<~vy<1

Remark 1. assumption a) is roughly equivalent to the stability of the norm of F under
spatial shifts of the argument (sup, cgs ||f(z — z0)||z < C|/f|l£) [45].

Proof. Entirely similar to [34]. When v =1 and « < 1, one uses the estimate

1_ o

| 2PV (@7)]| 5 < Ct—s) 2| T2 (@20)||s < Cult—s)"2 % [l 7lls (4.10)
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and thus: .
| B(@, 0)(t, )| gy < CeT272 ||Ju(s, )| e |0(s, ) 5y (4.11)
For 1/2 <~ <1, we write

et I2PY (i @ 0) |5 < Ct — ) 2[le? (@@ ) |s

_1_a@y=1 = T 1 =l ] —
< Cp(t—s)"27 = [lalBlolplal S o1 (4.12)
—S = (> — — « =
e 2PV (i ® 1) [0 < Cr(t — )2 |le2 2 (i @ 0)|
1l oy o 1y 1] =11 1—
< COp(t = s)7 2~ a1 L@l 128 (4.13)

and

eIV (i@ T)[|oo < C(t =) (@@ 1) ||oo < Ot = )2 |||l o0 (4.14)
If (a,) # (1,1), (4.12) gives

| B 5)(t, Mgy < CoT2% [id(s, )l |15, )| - (4.15)

If o <1, (4.14) gives

- A T -
sup /2| B(@, 7)o < CoT % (s, )5, ey (4.16)
0<t<T
If @ =1, we use (4.13) for s < ¢/2 and (4.14) for s > t/2, and we get (4.16). O

Thus, we may find existence of a solution in Fr :

Theorem 4.2. Let E be a Banach space which is continuously embedded into S'(IR?).
Assume that :

a) convolution is bounded from L' x E to E

b) for some a € [0, 1], we have, for all f € E and all R > 0, ||f(x/R)||g = R*||f||&-

¢) if u and v belong to E N C, (where Cy is the space of bounded continuous appli-
cations from IR* to R), then e®(uwv) € E and

le® (wo)llz < CllullBlullS vl Bllvle" (4.17)

for some constants C >0 and 1/2 <~y <1lifa<l1,1/2<y<1lifa=1.
Let By = L*((0,7),E) and Fr = {f € Er | supgo,ept*?||f(t,.)]|cc < +00} with
the norms
112 = supocrer 1F (e, [fllEr = supocier [1£(E ) llm+supgcrr 2] £ (£, )lloo-
Let iy € E? with div iy = 0.
Then: 1) if a« < 1, the integral problem (2.2) has a solution © € F3 with T =
2

Ollliol; ™).

ii) if « = 1, there exists a positive eg > 0 such that, if ||Uy||p < €g, the integral
problem (2.2) has a solution @ € F3,

i) if « =1 and if Uy = Uy + s with @ € (ENL>)* and
|ltis|| g < €g, then the integral problem (2.2) has a solutwn a € F3 with

—22 - 1—4(1
T < Cmin(|@ |12, 22V a2 il la5)-
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Examples.

a) Let us first notice that, if F satisfies a) and is stable under pointwise multiplica-
tion with bounded continuous functions then it satisfies ¢) with v = 1/2. If E is stable
under such pointwise multiplication, its elements are local bounded measures and we
find (from a) and b)) that £ ¢ M with ¢ = 3/a. If we want E to satisfy c) with
~ = 1, we should ask the pointwise product to be defined on E x E, and thus E C M?24
with ¢ = 3/a. This explains the special role played by the critical Morrey space M3
[21], [12], |46].

b) Lebesgue spaces: Theorem 4.2 may be applied to L? for 3 < p < +00
(a=3/p,y=1)orp=3(a=1,~v=1/2). This is Kato’s theorem [34].

c) Lorentz spaces: Theorem 4.2 may be applied to L»? for 3 < p < 400 and
1<g¢g<+o0 (a=3/p,y=1)orp=3and 1 <p <400 (=1, y=1/2). Solutions
in the Lorentz space L3* have been considered by Barraza [3]; Meyer proved that the
bilinear operator B is bounded on Er in the case £ = L>* (even if it corresponds to
the forbidden case o =y = 1) [56], [45].

d) Morrey spaces: Theorem 4.2 may be applied to MP for 2 < p < +o0 and
max(p,3) < ¢ < +o0 (. =3/q,y=1) or M for 1 < p < 400 and max(p, 3) <g<
+00 (v =3/q, v = 1/2). This has been proved by Kato [35] and Taylor [69].

e) Lorentz—Morrey spaces: One may replace the LP norm in the definition of
a Morrey space by a LP9 Lorentz norm: define

||f||]\'/lpyq,r = Sllpg 0<S}%1£) R3(1/T_1/p)||1\x*330|<Rf(x)||Lp’q (418)
zo€ER o)

Theorem 4.2 may be applied to MP¢" for 2 < p < 400, 1 < ¢ < 400 and max(p, 3) <
r < +oo (a0 =3/r,v=1) or MP%" for 1 < p < 400, 1 < ¢ < 400 and max(p,3) <
r < 400 (a=3/r,y=1/2). Those spaces have been considered in [46]

f) Multiplier spaces: For 1 < p < 400 and 0 <r < 3/p, let H; = (—A)7"/2Lp
be the homogeneous Sobolev space and let X; = M(H; — LP) be the spaces of
measurable functions whose pointwise product maps H; boundedly to L” :

1z, = sup [£glly (4.19)

llgll 7z =<1

Theorem 4.2 may be applied to X;’ forl<p<+4ocand0<r<landr<3/p(a=r,
v = 1/2). The case p = 2 has been discussed in [45]. Those multiplier spaces have
been studied by Maz’ya [54].

5 Mild solutions for the Navier—Stokes equations in Besov
spaces with negative regularity index

In 1972, Fabes, Jones and Riviere [20] proved the existence of mild solutions in Fp =
LPLe 2/p+3/g<1and 2 < p < 4o00. They used the estimate

. o S U TR
PV (i@ ), < Coft — 5) 4 E il 71, 6.1



72 P.G. Lemarié—Rieusset

and Young’s inequality for convolution between Lorentz spaces (or the Hardy-—
Littlewood inequality) to prove the boundedness of B on LP([0,T],(L%)3) : let
%:%+i(1—%—§);wehave2<r§pand, since%—l—;—q—i—%—l:%,

|B(@, 0)l|zess < Cogllll ol Tl rre < Cpg T2 il ool e (5.2)

Thus, we find that, if e, € (LP((0, +00), L4(IR?)))3, then the integral problem (2.2)
has a local solution in (LP((0,T), L¢(IR?)))? for T small enough (2/p+3/¢ < 1,2 <p <
+00) or a global solution (7' = +o0, if 2/p+3/q¢=1,2 < p < +oo and ||e" || rrpq is
small enough). Let us notice that emf € L*((0,+00), LI(IR?)) if and only if f belongs

to the homogeneous Besov space qu, where the homogeneous space is not defined
modulo polynomials but as a subspace of S’ [47] :

for —oco <o <3/q, f€ B;p & f = ZAjf in & and (277]|A;fll,) € (5.3)

JEZ

We can replace in the result of Fabes, Jones and Riviere the Lebesgue space LY by
the weak LP space LP* of Marcinkiewicz, which is equal to the Lorentz space LP>°. If
2/p+3/g <1and 2 < p < +oo , then B is bounded on (LP*((0,T), LY(IR?)))? (for
every T' < +o0 if 2/p+3/q < 1; for T = 400 if 2/p + 3/q = 1); more precisely, let
%:%+i(1———§) we have

11y .
IB(@, 0l noers < Cpg T ™% @] oo 1|7 oo . (5:4)

Thus, we find that, if e, € (LP>=((0,+00), L(IR*)))3, then the integral problem
(2.2) has a local solution in (L7*°((0,T), L%(IR?)))? for T small enough (2/p+3/q < 1,
2 < p < +00) or a global solution (T' = 400, if 2/p+3/g =1, 2 < p < 400 and
|t g || oo o is small enough).

Let us notice that, since t — [|e*2 f||, is non-increasing, e'® f € LP((0, +00), LY(IR?))

if and only if we have sup,- v le!® f|l; < +oo. This is equivalent to the fact that f
2

belongs to the homogeneous Besov space B; L. In that case, it is more convenient to
1
work with Gy = {f / supgeyert ?|le®f|l,} instead of Fp = LP*L4. We find that,
for0<t<T,
| B, )(t,)lg < Ctrt20 7D g | (5.5)

and that
||—B(?7 )(t, g < Ctat 120707 0)| ) g, | T oy (5.6)

VA

so that

||B(7~7717)(757-)\|B—%SCHB(@U)(R-)Hq Hm
(5.7)

Thus, we see that, if g E X3 where X is a Banach space which is stable under
2

convolution L' and if B ” C X C By&, then the integral problem (2.2) will have a
local solution in (GTﬂLOOX) if 2/p+3/q < 1 and T is small enough, or a global solution
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=
in (Goo NLPX)?if 2/p+3/q =1 and ||ty||x is small enough. We can chooseX = B~
=
with 1 <7 < 400 or X = F;?? with 1 <r < +o0.
Solutions in G were first studied by Cannone [12] and Planchon [64].
Those results are easily extended to the case of Besov-Morrey spaces. Such spaces
have been considered by Kozono and Yamazaki [39].

Theorem 5.1. Let 1 < p < g < +o0 and 1 < g < +o0. B?\m,r be defined as

for —00 <0 <3/q,f € Byppa, & [ =Y Ajf inS and ()| Ajf|lapa) €1 (5.8)

JEZ

Let E be a Banach space which is continuously embedded into S'(IR®). Assume that:
a) convolution is bounded from L' x E to E
b) for some 1 < p < q < +o0 (¢ > 3) and some o € (0,1 — %] we have the

3 H—o —0
embeddings BMP%1 CFEC BMp’q’OO

Let Gr = {f [ supoqyert™|fllyma < +oo} and Hy = {f €

o3
Hyp | supgeicr t#} Let iy € E® with div iy = 0. Then :

i) z'f0~|—§ < 1 andp > 2, the integral problem (2.2) has a solution @ € (GrNL>®(E))?
fot T small enough.

i) if « —1—2 < 1land 1 < p < 400, the integral problem (2.2) has a solution
@ € (Hr N L*®(E))? fot T small enough.

iii) z'fo—i—% =1 and if ||ty|| g is small enough, the integral problem (2.2) has a global
solution @ € (Hy N L®(E))?
iv) there ezist eg > 0 such that, if o + g =1 and if Uy = Uy + o with u; € (E N L>)3
and ||iz|| g < €g, then the integral problem (2.2) has a solution @ € (Hy N L®(E))3 fot
T small enough.

Example. An interesting example is the case of £ = (—A)7/ 2M P4 which satisfies that

it is stable under convolution with L' and that B&‘;q L CEC B]&Z’q o

The limiting case ¢ = 1 and ¢ = oo has been discussed by malny authors. The
space B;ofoo is not well adapted to the Navier—Stokes equations. It was first stated in
[58] for a model equation, then proved by Bourgain and Pavlovi¢ [7| (and by Germain
[29] and Yoneda [75] in the case Bo_ofq with ¢ > 2). The greatest (homogeneous) limit
space in which one can work is the space BMO~! = /=A BMO was introduced by

Koch and Tataru [36]:

Lemma 5.1. Let f € S'(IR*). Then the following assertions are equivalent.

a) f = Zje% A;f in 8" and f belongs to the homogeneous Triebel-Lizorkin space
feFSh.

b) There exists g € BMO such that f = /—A g.

c¢) There exists § € (BMO)? such that f = div g.

d) Sup,~ o Sup, cps t2 o Saaopvz €2 f (@) dz ds < +o0.
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BMO is a limit case of Morrey spaces. Recall that MP94 = M, with A\ = 3(1 — £).
When 1 < p < ¢ < 400, we find that A € [0,3). We have

[ i< ifi, 2 (5.9)
B(.Io,R) ’

Now, if A = 3 we have M, , = L* and if A > 3 we have M, , = {0}. Campanato [11]
modified the definition of Morrey-spaces into

feEMpr&  sup R_)‘/ |f(x) — Mpwe,r) [P de < 400 (5.10)
B(vo,R)

z0€R3, R>0

where mp(z,,r)f is the mean value of f on the ball B(zo, R). We have M,,,, = BMO.
Koch and Tataru’s result is the following one:

Theorem 5.2. Let Fr be the space of functions on (0,T) x IR

_ t
Fr={f/ supgcier Supg s t /2 [} f|x—a:0|\/i |f(t,z)]? do ds < +o0
and (5.11)

SUDg<t<7 SUPzcR3 \/Elf(ta r)| < 400}
with

¢
N flle = ( sup sup t_g/z/ /I \[|f(ta33)|2 dr d3)1/2 + sup sup \/ﬂf(tax)’
0 r—xo|V1

0<t<T zocR3 0<t<T zcR3
(5.12)

Let @y € (BMO™1)? with div iy = 0. Then:

i) if ||Uo||Baro-1 is small enough, the integral problem (15) has a global solution
u € (Fr)?

i) there exists € > 0 such that, if Wy = U, + Uy with @, € (BMO™' N L>®)? and
|@2|| Brro-1 < €, then the integral problem (2.2) has a solution @ € (Fr)® fot T small
enough.

In order to generalize Theorem 5.2, May and Xiao both considered solutions in FZ
defined for 0 < o0 < 1 as

o _ t s\o
Ff ={f / suPocrer $uPners t2 [y Jiomsyivi |[f (& 2)P(3)7 d ds < +oo
and (5.13)
SUPgp<r SUD,ers VI (L, 2)] < 00}
Xiao published his result [74] and explained the connection between F and Q-spaces

73], May did not publish this part of his thesis [51] since the condition e'®f € F7
reduces to f € (—A)?/2M?9 with ¢ = 2

E.
6 Mild solutions for the Navier—Stokes equations in Besov
spaces of positive regulatity index

The resolution of the Navier—Stokes equations can be performed in Besov spaces of
positive regularity index [12], [64] or of null regularity index [56]. In [45] a general
framework is presented which can be applied to Besov—Morrey spaces.
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The key estimates for studying mild solutions for initial values in such spaces are
the following ones :

for 0 <o <3/q, |fgllgs < CUflg  Mallo +llgllze  lfllc) — (6.1)
MP-q MP-q r MP-q r

I£9ls,, < CUS s, , Nolsn, +lolls, . 1Fa ) (6.2)

7 Weak solutions : the role of the L? norm

In Leray’s theory [50], a weak solution of equations (1.13) is a solution @ € L{°L2NL?H}
defined on (0, +00) x IR® which satisfies the energy inequality

t
IW@JM+2/HV®MEMSH%M (7.1)
0

where the initial value u is a square-integrable divergence-free vector field. The asso-
ciated pressure p(t, x) belongs to LfLi/ % and can be recovered from @ by the formula

3
=-2 2> % L 0,0, (uiuy). (7.2)

=1 j5=1
In particular, a Leray solution @ belongs to Lf/ 3L§,. If we assume more regularity on
the solution @ (4 € L{Lj;), then the inequality (7.1) becomes an equality. Indeed, in
that case p € L?L? and thus 0,4 € L?H_*. Thus, we may write 0;|d|* = 20,u.i. and
find :

Oa)? + 2|V @ a]? = Za — (|@? + 2p)w) + R (7.3)

where

R=(|@]*+2p) V.i =0 (7.4)

When 4 is a Leray solution but does not belong to L} L3, we cannot write 9;]i]* =
20yu.u. Energy equality is not fullfilled (or, at least, is not known to be fullfilled). If
i, is the solution of the mollified equations, we have

3
Ot |* + 2|§ ® i |* = Z 03 (21,05t — |t |*we * Uei — 2Delei) + Re (7.5)

i=1

where

R. = || we % (V.0.) + 2p. V., =0 (7.6)

By a compactness argument based on Rellich’s theorem (for details, we refer to [45]
chapters 13 and 14), there is a sequence €, — 0 and a distribution @ € L{°L*> N L2H}
such that ., converges to @ weakly in L? H} and strongly in L? norm on every compact
subset of (0, 400) x IR®. Thus, we have (in D’((0, +o0) x IR?))

lim Oy, + (we, * li,).Vily, — Ail., +Vpe, = i+ a.NVi—Ai+Vp=0 (7.7

Ek—>
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and

hm 8t|uek|2 + Z O3 (=21, .Oile, + [T, |*We, * Ueyi + 2Dy Ueri)
i=1

3
= O)]* + > 0i(—2i0.0;i + |if]*u; + 2pu;) (7.8)

However, there is no reason that |ﬁ ® t, |* should converge to ]ﬁ ® |*. The best we
can get is
limO|V®ﬁ5k|2 =|Veil*+u (7.9)
€p—

where 1 is a non-negative distribution on (0,400) x IR® (hence a locally finite non-
negative measure). This gives

A + 2|V @ @ = Ald)* — V.((Ja@)? + 2p)@) — p (7.10)

This is Scheffer’s local energy inequality [65]. This inequality plays an important part
in the study of partial regularity of weak solutions [9]. Solutions which satisfy the local
energy inequality (7.10) are called suitable.

Inequality (7.10) is a key tool to develop a theory of weak solutions for initial
values y with infinite energy (||ug||2 = +00). In [44] [45] a theory has been developed
to exhibit suitable weak solutions associated to an initial value wy which is uniformly
locally square integrable (i.e. sup, eps [, < [40(2)]* dz < +00 or equivalently i, €
(M?2)3). The basic idea of the proof is to consider the mollified equations (2.3) and

to compute the L?,  norm of 4, as

G|z, = sup [lpo(z — zo)tcl2 (7.11)
onR?’

for some ¢, € D(IR?) (with ¢ 7& 0). In contrast with the finite-energy case, p.

cannot be computed as p, = Zz L Z =1 i@ Oj(we * ue; uej) since the kernel of the
convolution operator %810]- has slow decay at infinity, hence is not defined on L?, .

But ﬁpﬁ is well defined: the kernel of 0 %@-8]- has enough decay at infinity to operate
on LP, . Then formulas (7.5) and (7.6) remain true. Carefully integrated against test
functions ¢(z) = @i(x — ), they give a control independent of €: we start from the

identity

/ (2)|T.(t, z) d.r—|—2// (2)|V ® (s, 2)|? do dt = /gp(aj)Wg(m)\z dz + I.(1)

(7.12)
with
t t . t .
[e(t):// |t (s, 2)|* Ap(x) da:d3+//|ﬁ€|2(w6*ﬁ€)*V<pdxds+2// Petie. Vo dx ds
0 0 0
(7.13)

and defining

t
ac(t) = sup / R (@—0)|(t,2)|? dx and f.(t) = sup / / PR (w—0)|V@i(s, z)[? da dt

IL‘OGRS :EQG]RS 0
(7.14)
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we find that

1) < O auls)ds+ ([ o) a0+ [l asy  (@1s)

In [45], we show that inequalities (7.12) and (7. 15) provide a control uniform in e
on a time interval (0,7) with 7" = O(min(1, ||iol|;3 5 ). Then the same compactness

argument as in the case of finite-energy initial Values allows us to show that :

Theorem 7.1. Let @y € (L2,,.(IR%))® be such that V.idy = 0. Then, there exists a posi-

tive constant Cy (which does not depend on ty) such that, defining Ty = & gl ﬁﬂOHQ L
0 ) 12

uloc

the equations (1.18) have a suitable solution @ on (0,Ty) x IR® such that for all
0 <t <Ty we have

1/4
(¢, ez, <V Colltoll e, (1— 0) (7.16)
and
su t V®a 2dr ds < o2 _ by
p IV @ (s, 2)|* do ds < Cy||do)7- (1 T ) (7.17)
zo€R? JO J|z—x0|<1 uloe 0

The Morrey norm in M?? may be viewed as a non-scaled version of the norm in
L2

uloc *

1£llzz,, = sup 151 fll2 and [[fl[y2s = sup R||f(Ro)lr2,, (7.18)

roGR

A direct consequence of (7.18) is that, when i, € M?3 the Proof of Theorem 7.1 can
be adapted to any scale, hence will provide a solution on any time interval (0,7"), anf
finally (through a diagonal extraction process) a global solution [46]:

Theorem 7.2. Let iy € (M2>3(IR?))® be such that V.ily = 0. Then, there exists a posi-

tive constant Cy (which does not depend on ty) such that, defining Ty = CTsun(, in” L
M2:3

equations (1.13) have a suitable solution @ on (0,+00) x IR* such that

sup i(t,x))* dz < Col|dol%2s (7.19)

zo€R3, R>0, t>0 R + / /x a:o|<R

and

T t —
sup 4/ —0/ / | Vei(s,z)* dr ds < CO||170||?\~42,3. (7.20)
zo€R3, t>0 t Jo |x,m0|<\/%0
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8 Homogeneous statistical solutions

Statistical solutions for three dimensional Navier—Stokes equations were introduced by
Hopf [32] as a mathematical model for the statistical theory of turbulent flows. More
precisely, we consider spatially homogeneous statistical solutions (which correspond to
homogeneous turbulence), in the sense of Vishik and Fursikov [71], [24].

We consider the Cauchy problem (1.13) for the Navier—Stokes equations, with (di-
vergence free) initial value ), being a random variable w +— #y(w) defined on some
probablity space (Q, P) with values in (L2 )3. We define j the distribution law of y:

loc
it is a Borel measure on (L2 )% defined by

po(A) = P({w € Q /4y € A}) (8.1)

For 2y € IR?, we define 7,, the map f € L2+ 7., f € L}, by 7o f(2) = f(z — z0).
We define, for A C (L2,)3, 7uyA = {72, (f) / f € A}. We shall say that p is spatially
homogeneous if, for every xy € A and every Borel set A C (L2 )3, 1o(72oA) = po(A).
We shall be interested in solving (1.13) for a random ujy, where @ is locally square-
integrable and divergence-free, and where the distribution law puy will be spatially

homogeneous and satisfy the following energy estimate:

/sz(/3<o,1) |t (w, ) |? dx) dP(w) < 400 (8.2)

A statistical solution of (1.13) on (0,T) x IR* is a random varianble @ on (£2, P) with
values in (L2 ([0, 7] x IR?))? such that

a) for P-almost every w, for every N > 0, dyii(w,t,x) € (L*((0,T), H3(B(0,N)))?

b) for P-almost every w, @(w,t,z) is a solution of the Cauchy problem (13) with
initial value 4(w, 0, )

c) for P-almost every w, i(w,0,z) € (L},
has the same law as w — wp(w, )

Property a) allows us to give some meaning to the mapping w — @(w,0,z): if
0 € D(IR) satisfies #(0) = 1 and 6(t) = 0 for t > T'/2, we define u(w, 0, z) as u(w, 0, z) =
fOT 0 (0(t)u(w,t,x)) dx. (See [4] for a more precise description of those conditions).

The main trouble with spatial homogeneity is the fact that the initial value 1y, if
not identically equal to 0, cannot be in L?, so that it forbids the use of Leray’s energy
inequality. More precisely, if w is a positive continuous weight on IR®, then we have
the following properties:

1) if [w(z) de = +o0, then P{w € Q / dp(w,.) # 0 and [ |dp(w, z*w(z) dz <
+o00}) =0

ii) if (8.2) is fullfilled, then, if [w(z) dz < +oo, for P-almost every w, we have
J o (w, zPw(x) dz < +oo.

In order to use energy estimates, one may consider only periodical solutions. Leray’s
method works in the periodical setting as well and provides weak solutions to the
Navier—Stokes equations.

However, one may consider non-periodical solutions. For instance, Vishik and Fur-
sikov describe spatially homogeneous random initial values iy that are (non-periodical)
trigonometric polynomials iy = Zgil e™2d (w). Vishik and Fursikov “solve” (1.13)

(IR*))? and the variable w — @(w,0,z)
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in the space L? (W dx) with € > 0: as a matter of fact, one cannot solve (1.13) in

a deterministic way in such a space, but Vishik and Fursikov can construct a random
variable @ which solves (1.13) for P-almost every w. If we want to be able to exhibit a
solution for one special initial value, one has to consider a smaller space of initial val-

ues. A space that is larger than periodical functions but smaller than Lz(ﬁ dx)

is the space L2, .

In dimension 2, the space L?,. is well adapted to the problem (1.13): to any
divergence free initial value in (Liloc) , one may associate one unique global regular
solution to the Cauchy problem [5]. In case of iy being a (non-periodical) trigonometric
polynomial, or being almost-periodic in tne sense of Stepanov (i.e. belonging to the
closure of trigonometric polynomials in the L?, . norm [6]), we have a solution @ that
is almost-periodic in the sense of Bohr for every positive t.

In dimension 3, we can construct only local solutions for initial values in L?, .
case of 1y being almost-periodic in tne sense of Stepanov, we don’t even know whether
one may find an almost-periodic solution (since the space of almost-periodic functions

in the sense of Stepanov is not closed in L?, . for the weak-* topology).

In

uloc

9 Serrin’s uniqueness criterion

Leray [50] studied the Cauchy initial value problem for equations (1.13) with a square-
integrable initial value. He proved the existence of weak solutions, which satisfy more-
over energy inequality (7.1). An easy consequence of inequality (7.1) is then the strong
continuity at ¢ =0 :

lim ||@ — |2 = 0. (9.1)

t—0+
But it is still not known whether we have continuity for all time ¢ and whether we have
uniqueness in the class of Leray solutions. Serrin’s theorem [66] gives a criterion for
uniqueness:

Proposition 9.1. (Serrin’s uniqueness theorem) Let iy € (L*(IR*))? with div iy = 0.
Assume that there exists a solution @ of the Navier-Stokes equations on (0,T) x IR?
(for some T € (0, +o0]) with initial value iy such tha:

i) @ € L=((0,T), (IA(R*);

i) @ € L*((0,7), (H'(IR®));

i) For some r € [0,1), @ belongs to (L7((0,T), L*/™))® with 2/ = 1 —r.

Then, U satisfies the Leray energy inequality and it is the unique Leray solution
associated to iy on (0,T).

The limit case r = 1 is dealt with Sohr and Von Wahl’s theorem [76] (¢ be-
longs to (C([0,T],L?))?) , or Kozono and Sohr’s theorem [37] (@ € (L>([0,T], L?))3).
Serrin’s theorem is quite easy to prove. We sketch the proof for r < 1. Let
U be another solution associated to iy on (0,7") (with associated pressure ¢) such
that @ € L®°((0,7), (L*(IR*)?) N L2((0,T), (H'(IR?)?) and ' satisfies the energy in-
equality (7.1). « is regular enough to justify the formulae 9;(|d|?) = 2u.0;u and
0y (U.0) = u.0,U + U.0pi. We then write

nwwrmmnw2/@ mn/@**a (9.2)
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Now, v satisfies the Leray inequality

t
wmm&W%ms—zAHV®m@@, (9.3)

so that we get the following inequality for « — v

la(t,.)—a(t, )5 < 2//RS|V® 7)|? da ds—2 //R ((@—0).V) (T~ @) dz ds.

(9.4)
We then write

=

7).V)(T — 4) dx ds

RS

(/|wm¢dﬁlrm(/Nw—muqm) (/Ww—murw) (9.5)

t (147r)/ %
scx(/|wm¢ww> (/nv—mul ‘) (&m|w—um)
- TIs<t
With help of the Young inequality, we find that
mmHﬁ—Mb<C‘/HME%dsWsmwm—vm (9.6)
0<s<t

and we may conclude locally (for ¢ small enough) and then globally by bootstrap.
Thus, the main tool in proving Proposition 9.1 is the fact that when f € L®L?N
L?H', then f belongs to L¥"H" and that the pointwise product is bounded from
H" x L3/" to L?. Considering the space X" of pointwise multipliers from H" to L? then
gives a direct generalization of Proposition 1, as it has been observed in [45], [49]:

Theorem 9.1. Let iy € (L*(IR*))? with div iy = 0. Assume that there exists a solution
il of the Navier-Stokes equations on (0,T) x R* (for some T € (0,+00]) with initial
value Uy such that:

i) @ € L=((0,T), (L*(R*)),;

i) i € L*((0,T), (H'(IR*)?);

iii) For some r € [0,1), @ belongs to (L°((0,T), X,))® with 2/o =1 — 7.
Then, U satisfies the Leray energy inequality and it is the unique Leray solution asso-
ciated to iy on (0,7).

A similar results holds for r =1 when m) 15 replaced by

iii’) @ belongs to (C([0,T), X1))%, where X, is the closure of the space D of smooth
test functions in X;.

The spaces X, have been characterized by Maz'ya [53] in terms of Sobolev ca-
pacities. A weaker result establishes a comparison between the spaces X, and the
Morrey—Campanato spaces M?? : for 2 < p < 3/r and 0 < r we have

MP3T X, c M3, (9.7)
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a result first noticed by Fefferman and Phong in the setting of Schrédinger equation
[22], [55], [45].
There are many ways to outperform Theorem 9.1. The point is to estimate

1(f.g.5) = //f j.h) (9.8)

with f =u, g = h = @ — ¥. What information can we use on g and h and what
information do we need on f ?

A) Sobolev regularity of §: we use h € (L2H')® and § € (L7H")? (0 < r < 1).
In that case, we shall need some pointwise multiplication that maps H” to L2, hence
we shall need f e (LT-X")3if 0 <r <1, f € (C([0,T], X1))? if r=1 (Theorem 7) or
f € (L*L>)3 if r = 0 (Proposition 1).

B) Solenoidality of §: we use h € (LH")® (0 < r < 1), § € (L*L?)3 and
div ¢ = 0. In that case, we shall need to replace direct estimates on p01ntW1se products
by estimates on paraproducts : we split ﬁﬁfl into three terms and write (for 0 < r < 1)

132562 253.V Sihll g1 < Collgllalbll e
ldiv (Z ez She 2255 @ Al g < Collgllallfll o (9.9)
156z 59V Aihllgrsr < Collgllallhl e

Thus, we obtain the following theorem of Kozono and Taniuchi (r = 1) and Germain
(0<r<1)]38], |28

Theorem 9.2. Let iy € (L*(IR?))? with div @y = 0. Assume that there exists a solution
i@ of the Navier-Stokes equations on (0,T) x IR* (for some T € (0, +o00]) with initial
value ty such that:

i) @ € L=((0,T), (L(R*P);

i) @ € L*((0,7), (H'(IR®)?);

iii) For some r € [0,1), (—=A)2"@ belongs to (L°((0,T), BMO)? with 2o =2 —r.
Then, u satisfies the Leray enerqy inequality and it is the unique Leray solution asso-
ciated to iy on (0,T).

A similar results holds for r = 1 when i) is replaced by

iii’) V @ @ belongs to (L*((0,T), L>®)°.

C) Besov regularity of §: we use h € (L2H")3 and § € (L%B§71)3 (0<r<1).
In that case, we shall need some pointwise multiplication that maps BQI to L2, hence
we shall need f € (L%Y”)3 with Y™ = /\/l(B’Q"1 — L?). While the structure of
the multiplier spaces X, is not easy to describe, the mulitiplier space is much more

simple : for 0 < 7 < 3/2, we have Y" = M?23/" This is easily proved through a wavelet
decomposition for By, [46]. Theorem 9.1 now turns into the following one:

Theorem 9.3. Let iy € (L*(IR?))? with div @y = 0. Assume that there exists a solution
i@ of the Navier-Stokes equations on (0,T) x R* (for some T € (0,+00]) with initial
value Uy such that:

i) @ € L®((0,7T), (L*(IR?)%);
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i) @ € L*((0,T), (H'(IR*)?);

iii) For some r € [0,1), @ belongs to (L7((0,T), M>3/"™))3 with 2o =1 —r.

Then, U satisfies the Leray energy inequality and it is the unique Leray solution
associated to iy on (0,T).

Theorem 9.3 does not include the limit case » = 1, which is still an open question:
we don’t know whether a similar results holds for » = 1 when iii) is replaced by

iii’) 7 belongs to (C([0, T], M??%))? where M?3 is the closure of the test functions D
in M?3.

D) Besov regularity of & and solenoidality of §: we use h € (L%BQJ)?’ (0 <
r<1), g€ (L*L?)?3 and div § = 0. We write

[div(3" 5,7 ® Ashll g1 < Coldllllflls,, (9.10)

JEZ
Theorem 9.2 now turns into the following theorem of Chen, Miao and Zhang [15]:

Theorem 9.4. Let iy € (L*(IR*))? with div @y = 0. Assume that there exists a solution
i@ of the Navier-Stokes equations on (0,T) x IR? (for some T € (0, +00]) with initial
value ty such that:

i) @€ L((0,7), (LA(IR*)?*);

i) @ € L*((0,T), (H'(IR?));

iii) For some r € [0,1), d belongs to (L7((0,T), B;ggo):s with 2/ =2 — .

Then, U satisfies the Leray energy inequality and it is the unique Leray solution
associated to iy on (0,T).

E) Regularity of @ — ¥: We may now consider what happens if @ is controlled in
a norm of negative regularity. Following an idea of Chemin [14] and Lemarié-Rieusset
[48], Chen, Miao and Zhang [15] and May [52] proved the following theorem:

Theorem 9.5. Let iy € (L*(IR?))3 with div iy = 0. Assume that there exist solutions
@ and T of the Navier-Stokes equations on (0,T) x IR* (for some T € (0, +00]) with
the same initial value ty such that:

i) @, v € L>((0,T), (L*(IR*)?);

i) i@, 7 € L*((0,T), (H'(IR%)?);

ii1) For some r € (0,1), 4 belongs to (L“((O,T),Bgofoo)3 with 2/ =1—r.
(0,1

0,1), ¥ belongs to (L7((0,T), Bz.)* with 27 =1 — p.

) 00,00

iv) For some p €
Then, © = v.

One may be tempted to drop the assumption on ¢ by noticing that @ — ¢' is more
regular than « and v 23], [45]

i - € (L(0,7), B;1))° (9.11)
One would get the following result:

Theorem 9.6. Let iy € (L*(IR*))? with div @y = 0. Assume that there exists a solution
i of the Navier-Stokes equations on (0,T) x R* (for some T € (0,+00]) with initial
value Uy such that:
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i) @ e L=((0,T), (L*(IR%)*);
i) @ € L*((0,T), (H'(IR*)3); '
wi) For some r € (0,1/2), @ belongs to (L7((0,T), B! ..)* with 2/o =1 — 2r.

Then, U satisfies the Leray energy inequality and it is the unique Leray solution
associated to iy on (0,T).

However, Theorem 9.6 is neither new nor optimal. In Theorems 9.1 to 9.6, we
are dealing with conditions @ € (LYyX,)® where the norm of X is homogeneous :
lf(x/R)||x = R*||fllx. While in Theorems 9.1 to 9.5, the indexes o and « respect
the critical scaling condition o + % = 1, in Theorem 9.6 we need a subcritical scal-
ing condition: « + % = 1—1r < 1. But this subcritical condition is not optimal: if
we LPH'N L"((O,T),Bgofoo with o = 5% [thus, a + 2 = 1 — %], then, using the
generalized Sobolev inequalities of Gérard—Meyer-Oru [27], we find that u € LPL? with
1/g =55 and 1/p = 255 + -5 1 = $-1-(1 — §) so that 2/p + 3/¢g = 1 and we may
apply Serrin’s theorem ...

10 Uniqueness of mild solutions

In 1984, Kato [34] proved the existence of mild solutions to problem (1.13) when @, €
(L?)3. However, the fixed-point algorithm did not work in the space C([0,T), (L?)?),
but in a smaller space (one required that supy,.; VZ||i(t,.)Joo < 400 and that
limy o vt||i(t, .)oo = 0). In 1997, Furioli, Lemarié-Rieusset and Terraneo [26] proved
uniqueness of mild solutions in C([0,T*),(L3)?). They extended their proof to the
case of Morrey-Campanato spaces by using the Besov spaces over Morrey-Campanato
spaces described by Kozono and Yamazaki [39] and found that uniqueness holds as
well in the class C([0,T*), (M??)?) for p > 2, where MP? is the closure of the smooth
compactly supported functions in the Morrey-Campanato space M?3. In his thesis dis-
sertation, May [51], [49] proved a slightly more general result by extending the approach
of Monniaux [57] (i.e. by using the maximal L?L? property of the heat kernel):

Theorem 10.1. If @ and U are two weak solutions of the Navier-Stokes equations on
(0, T%) x IR* such that @ and ¥ belong to C([0,T*),(X1)?) and have the same initial
value, then 4 = v.

May’s result generalizes the results of Furioli, Lemarié-Rieusset and Terraneo, but
leaves open the limit case of M2 :
Open question:

Does uniqueness holds in (C([0,T*), M?3))3?2

In [46], we considered the following problem of uniqueness:

Definition 2. (Regular critical space) A regular critical space is a Banach space X
such that we have the continuous embeddings D(IR®) ¢ X C L2 (IR?) and such that
moreover:

(a) for all zp € IR* and for all f € X, f(z —x0) € X and || f|lx = || f(z — z0)||x.

(b) for all A > 0 and for all f € X, f(Az) € X and \||f(\2)||x = || f]|x-

(c) D(IR?) is dense in X.
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We have the obvious embedding result for a regular critical space X: X is contin-
uously embedded in M?3. The uniqueness problem is then the following one:

Uniqueness problem:

Let X be a regqular critical space. If 4 and U are two weak solutions of the Navier-
Stokes equations on (0,T*) x IR* such that @ and ¥ belong to C([0,T*), X?) and have
the same initial value, then do we have i =vU ¢

In order to deal with that problem, we modified the notions of adapted space for the
Navier—Stokes equations that were introduced by Cannone [12] Meyer and Muschetti
[56] or Auscher and Tchamitchian [1]:

Definition 3. (Fully adapted critical space) A fully adapted critical Banach space for
the Navier—Stokes equations is a Banach space F such that we have the continuous
embeddings D(IR*) ¢ E C L?_(IR*) and such that moreover:

(a) for all zp € IR® and for all f € E, f(z —x0) € E and || f||z = ||f(z — 20)| &

(b) for all A > 0 and for all f € E, f(Ax) € E and A|f(\2)||lg = || f||&-

(c) The closed unit ball of E is a metrizable compact subset of &'(IR?).

(d) e® maps boundedly E to the space M of pointwise multipliers of E

(e) Let F' be the Banach space

F={f €L/ 3(f),(9n) € BN st. f=2 fugaand Y _ | fullellgallz < oo

nelN nelN

(normed with || f||F = ming—y> 1.6, D nen [ fullEllgnll£). There exists a Banach space
of tempered distributions G such that

i) e® maps boundedly F to G

ii) the real interpolation space [F, G]; /2,00 18 continuously embedded into £

iii) for all A > 0 and for all f € G, f(Ax) € G and ||f(A\x)|lc = || fllc-

Hypothesis (c) (together with (a)) shows that E is invariant under convolution with
an integrable kernel :

VfeEVge L' fxge Eand|fxglle<Iflzsllglh (10.1)

This hypothesis (c) is fulfilled in the case where E is the dual space of a separable
Banach space containing S as a dense subspace.

The following proposition shows why those spaces are called adapted to the Navier—
Stokes equations :

Proposition 10.1. Let E be a fully adapted critical space and let M = M(E — E) be

the space of pointwise multipliers of E. For T € (0,400), let Ar and Br be the spaces
defined by

feAre feLi(0.T)xR?, sup [f(t )]z <oo
0<t<T

and
feBr&s fe L}OC((O,T) X IRg), sup tl/QHf(t, Ilm < oo

0<t<T
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Then B is bounded from (A7)? x (Ar)? to (Ar)* and from (Ar)® x (Br)* or (Br)® x
(A7)? to (Ar)®. More precisely, there exists a constant Cg such that, for all T €
(0,400], all ty € E3, all f,§ € (A7)* and all h € (Ar)® we have

sup Vit||e ol m < Crlliol|e (10.2)
>
IB(, Dl ar < Cill Fllarll§llar (10.3)
and o o _ .
IB(f, m)llag + 1 B(h, )l az < Cell fllagllhlls,- (10.4)

The basic idea in Furioli, Lemarié-Rieusset and Terraneo |26] is to split the solutions
in tendency and fluctuation, and to use different estimates on each term. More precisely,
we consider two mild solutions @ = e'?iiy — B(#, @) = e'®iiy — w; and 7 = ey —
B(7,7) = e'®tiy — Wy in C([0,T*), X?3) and write @ = @ — T = Wy — W, = —B(wW, v) —
B(u, ), and finally

W = B(,, W) + B(W, ;) — B(e iy, W) — B, ™). (10.5)
Combining (10.5) and Proposition 10.1, we easily get the following uniqueness result:

Theorem 10.2. If X is a reqular critical space such that X is boundedly embedded
into a a fully adapted critical space E, then uniqueness holds in (C([0,T*), X))3.

Examples of fully adapted spaces:
i) the space of Le Jan and Sznitman [40]

E =By ={f € S(RY) / f € Lj,. and €f(¢) € L}
with F C By and G = B}y,
ii) the homogeneous Besov space

E = B;’/p_l’oo where 1 < p <3

with F' C B;’/p_Q’OO and G = B;’/p’l
iii) the Lorentz space
E=L*®

with F = L3/2% and G = L*®

iv) the homogeneous Morrey—Campanato spaces based on Lorentz spaces :
E = MP? where 2 < p < 3

with F = MP*¥? and G = L. The space Mf’q(IRS) is defined for 1 < p < ¢ < o0 as
the space of locally integrable functions f such that

sup sup R3(1/q’1/p)HlB(mR)fHLp,oo < 00;
CL’OGIR? 0<R<o0

the predual of Mf’q(IR?’) is then the space of functions f which may be decomposed as
a series ) . Anfn With f, supported by a ball B(z,, R,) with R, >0, f, € Lp/(e=1).1
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I foll s < REMITYP) ang > onen [An] < oo. All those examples however give

no new information on the uniqueness problem, since we have the embeddings (for
2<p<3and2<q<3)

By C BivThee ¢ L3 ¢ M C X, (10.6)

and thus uniqueness may be dealt with by using May’s theorem (Theorem 10.1).
We finish this section with an example of a regular space where uniqueness holds
but which cannot be dealt with by using either Theorem 10.1 or Theorem 10.2:

Theorem 10.3. Let X be defined as the space of locally integrable functions f such
that

sup sup  R™V2||1pgy.m fll20 < oo (10.7)
zo€R3 0<R<oco

and let X be the closure of D in X. Then
a) Uniqueness holds in (C([0,T), X))3.
b) X is not included in the multiplier space X, = M(H" — L?)
c) there is no fully adapted critical space E such that X CE.

11 Self—similarity

In 1934, Leray [50] proposed to study backward self-similar solutions to the Navier—
Stokes equations in order to try to exhibit solutions that blow up in a finite time.
Leray’s self-similar solutions on (0,7%) x IR? are given by @(t, z) = A(¢)U (\(t)x) with
A(t) = \/ﬁ for some positive a.

In 1996, Necas, Ruzicka, and Sverdk [60] proved that the only solution U €
(L3(IR?))® was U = 0. Their result was extended by Tsai [70] to the case U € (Co(IR?))?
or to the case of solutions u with local energy estimates near the blow-up point:
SUPTy <pete Jipjeq [U(E, )P dz < 00 and fTTo Jiaja IV @ i(t, 2)|* doe dt < oo. Their proof
was based on Hopf’s strong maximum principle applied to II = %|[j >+ P +aX.U , where
P is associated to the pressure p(t,z) by Vp(t,z) = A(t)}(VP)(A(t)z), and where X
be the identical vector field on R*: X () = (21, 22, 23); another key ingredient was the
regularity criterion of Caffarelli, Kohn, and Nirenberg.

In contrast with backward self-similarity, it is easy to construct forward self-similar
solutions. In his book [12], Cannone gave a very clear strategy for exhibiting self-
similar solutions to the Navier—Stokes equations. We take a shift-invariant Banach
space of distributions X whose norm is homogeneous with the good scaling for the
Navier-Stokes equations (|| f(Az)|x = $[/f|lx). This implies that X C B> or
equivalently that for all f € X we have supy_, vVt |2 floo < C|f|x. We assume that
X contains nontrivial homogeneous distributions, and we try to arrive at a theorem of
global existence and uniqueness for solutions of the Navier—Stokes equations. Such a
theorem will provide us with self-similar solutions when the initial data is homogeneous
(with a small norm).
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We write B(f, ) = fot e=)APdiv (f® ) ds, and we check on which Banach space
£ based on X and containing the tendencies e**, for iy € X? the bilinear transform
B is continuous. The first space we can try is & = L>((0,00), X4¢). Of course, the
bilinear product uv should be defined for elements of X; hence, we should assume that
X is embedded in L?; we then find that X C M?3. There are many instances of
spaces X which can be treated this way and provide self-similar solutions:

*) homogeneous Besov spaces B;”Oo where p < 3 and s = 3/p — 1 (Cannone [12],
Chemin [14], Furioli, Lemarié-Rieusset and Terraneo [26])

*) the Lorentz space L>* (Meyer [56])

*) the space B3 = {f/|¢|* f € L>} used by Le Jan and Sznitman [40].

We may use the smoothing effect of e'® and start from a more singular initial value.
Cannone [12| and Planchon [64] have shown that it is possible to take ), € B;’Oo where
p € (3,00) and s = 3/p — 1; then & = {f/supy_, t"/273/%||f(t, )], < oo} is a good
choice.

This latter example can even be generalized by replacing LP by a Morrey—
Campanato space (Kozono and Yamazaki [39]). As a matter of fact, the first instance
of self-similar solutions was constructed with help of Morrey—Campanato spaces (Giga
and Miyakawa [30]).

Thus, we are interested in homogeneous initial values. In particular, we shoukd
know when a distribution is homogeneous. We begin by a simple remark: if 7" is a
distribution on IR?, then the following assertions are equivalent:

(A) T is homogeneous with degree —1:

Yo € D(IRY) YA>0 (T(2)|Np(Ar)) = MT(x)|p(2)) (11.1)
(B) There exists w € D'(S?) such that T'(z) = w(o)r™
(T'(2)|e(2)) prrs) pws) = (w(o)] /OOO p(ro) rdr)ps2)p(s?) (11.2)

The distribution w is then unique. We shall write w = T|g2.

We then have the following trace theorems: let T'(z) = w(o)r~!, then:

i) (Besov spaces [12]) : for p € [1, +00], T € BY" " (R?) & w € BY/P~17(32).

i) (Lorentz space [3]) : T € L¥>®(IR?) & w € L3(S?)

iit) (Morrey spaces [45]) : if 2 < p < 3, T € MP3(IR?) & w € LP(S?)

iv) (Morrey spaces [45]) : if 1 < p < 2, T € MP3(IR?) & w € MP?(S?)

Whereas small homogeneous initial value provide us with self-similar solutions, the
problem remains open for large initial value. The case of a large initial value in M?23
has been discussed in [46] and [41]. Using the energy method in L2, and a scaling
argument, one may exhibit global suitable solutions (see Theorem 6). But, due to
the possible lack of uniqueness, we don’t know whether we may find large self-similar
solutions. If a large self-similar suitable solution exist, it is smooth for positive times,
due to the Caffareli, Kohn and Nirenberg regularity criterion [31], [41].

12 Euler equations

We now pay a few words to the resolution of Euler equations (1.12). In [47], we solved
equations (1.12) in an abstract space A7, A" belongs to a scale of Banach spaces
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A® (where s > 0 stands for a regularity index) which satisfies the following hypotheses:
o Hypothesis (H1) : integrability

A® C LL (IR*) (continuous embedding)
o Hypothesis (H2) : monotony

For s; < s, A%2 C A
© Hypothesis (H3) : regularity

fe A & fe A and Vf € A (with equivalence of the norms || f|
1fllas + IV f[]a5)
o Hypothesis (H4) : stability

If a sequence (f,)nen is bounded in A® and converges in D’'(IR?) then the limit
belongs to A* and we have ||lim,, ., fullas < Csliminf, . || /5]
o Hypothesis (H5) : invariance

The map (f,g) € D x A® — f % g extends to a bounded bilinear operator from
L' x A% to AS.
o Hypothesis (H6) : interpolation

If T is a linear operator which is bounded from A*' to A®' and from A** to
A® then it is bounded from A® to A® for every s € [s1,5:] and ||T|zas,45) <
C(s, s1, 52) max(||T|| geass,a1), | T £asz, as2))-
o Hypothesis (H7) : transport by Lipschitz flows

Let @ € L'((0,T),Lip) be a divergence-free vector field and let fy € A® for some
s € (0,1). Then the solution f € C([0,T7], L},.) of the transport equation

As+1 and

As -

Of+aVf=0
{ f\t:o = fo (12'1)

satisfies supgzcr | f(f,)l|ar < Cue® o I7hhaw ] £y
o Hypothesis (H8) : singular integrals
Let T be a bounded linear operator from D(IR?) to D’(IR?) (with distribution kernel
K(z,y) € D'(IR® x IR?)) which satisfies the following conditions
e T is bounded on L? : || T(f)|l2 < Collfll2
e outside from the diagonal x = y, K is a continuous function such that
K (z,y)| < 00|x7y|3

ET ) .
e outside from the diagonal, K satisfies |V, K(z,y)] < Colz — y|™* and
9,k (2,1)| < Cole -yl
o T(1) = T*(1) = 0 in BMO
Then, T' is bounded from A® to A® for all 0 < s < 1 and ||T'||£(as,45) < CsCo
We further consider an hypothesis on some o > 0:
o Hypothesis (H9): pointwise products with A”
A% C L™ (continuous embedding) and, for all s € (0, ], the product (f,g) — fg
is a bounded bilinear operator from A% x A® to A®.
We then have the following theorem on the Cauchy problem for the Euler equations
with initial data in A :

As -

Theorem 12.1. Let A® be a scale of spaces satisfying hypotheses (H1) to (H8) and let
o > 0 satisfy hypothesis (H9). Let vy € A7 be a divergence free vector field. Then
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there exists a positive T such that the Cauchy problem
Ujt=0 = o (12.2)

has a unique solution v € C([0,T], A7) such that supy<;<r ||V]| 4r+1 < 4-00.

Examples.

*) Besov spaces [13]: Att = B 17 with 1 < p < +o00, 0 > 3/pand 1 < ¢ < +o0,
or with 1 <p < 4000 =3/pand ¢ =1. (The case of p = +00, 0 =0 and ¢ = 1 [63]
is not covered by Theorem 12.1). [Work in the scale By , for 0 < s <1+ 0]

*) Triebel-Lizorkin spaces [16], [47]: A°T" = F 17 with 1 < p,q < +oc and
o > 3/p. [Work in the scale F; for 0 < s <1+ 0.

*) Besov-Lorentz spaces: A7 = Bg;ﬂm with 1 <p < 400, 1 < q < 400, 0 > 3/p
and 1 <r < +o0 (or 0 = 3/p and r = 1). [Work in the scale B}, for 0 <s < 1+0].
The case r = 400 was discussed in [67].

*) Besov-Morrey spaces: ATl = BX;}M with 1 < p < ¢ < 400, ¢ > 3/q and

1 <7 < 400 (or o =3/qand r = 1). [Work in the scale B, for 0 <s <1+ o0].

Some other spaces are discussed [47], such as Sobolev-Morrey spaces.
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