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Abstract. The survey is aimed at providing detailed information about recent results
in the problem of the boundedness in general Morrey-type spaces of various impor-
tant operators of real analysis, namely of the maximal operator, fractional maximal
operator, Riesz potential, singular integral operator, Hardy operator. The main fo-
cus is on the results which contain, for a certain range of the numerical parameters,
necessary and sufficient conditions on the functional parameters characterizing general
Morrey-type spaces, ensuring the boundedness of the aforementioned operators from
one general Morrey-type space to another one. The major part of the survey is dedi-
cated to the results obtained by the author jointly with his co-authores A. Gogatishvili,
M.L. Goldman, H.V. Guliyev, V.S. Guliyev, P. Jain, R. Mustafaev, E.D. Nursultanov,
R. Oinarov, A. Serbetci, T.V. Tararykova. Part I of the survey contains discussion of
the definition and basic properties of the local and global general Morrey-type spaces,
of embedding theorems, and of the boundedness properties of the maximal operator.
Part II of the survey will contain discussion of boundedness properties of the fractional
maximal operator, Riesz potential, singular integral operator, commutators of singu-
lar integral operator, Hardy operator. It will also contain discussion of interpolation
theorems, of methods of proofs and of open problems.

1 Introduction

The theory of the boundedness of classical operators of real analysis, such as maximal
operator, fractional maximal operator, Riesz potential, singular integral operator etc,
from one weighted Lebesgue space to another one is by now well studied. For the over-
whelming majority of the values of the numerical parameters necessary and sufficient
conditions on the weight functions ensuring boundedness have been found.

These results have good applications in real analysis and in the theory of partial
differential equations. In these areas, alongside with weighted Lebesgue spaces, general
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Morrey-type spaces also play an important role. ' However, until recently there were no
results, containing necessary and sufficient conditions on the weight functions ensuring
boundedness of the aforementioned operators from one general Morrey-type space to
another one (apart from the cases in which this follows directly from the appropriate
results for weighted Lebesgue spaces). The case of power-type weights was well studied,
but for general Morrey-type spaces only sufficient conditions were known.

In the last several years necessary and sufficient conditions for the case of general
Morrey-type spaces have been found, but for a comparatively restricted range of the
numerical parameters.

In this area there are many open questions which may be of particular interest to
experts in studying such problems for weighted Lebesgue spaces.

In this survey results on the boundedness of the aforementioned operators will be
given, with emphasis on the results containing necessary and sufficient conditions for
boundedness of these operators, and open problems will be discussed in detail.

Part T of the survey contains discussion of the definition and basic properties of
the local and global general Morrey-type spaces, of embedding theorems, and of the
boundedness properties of the maximal operator.

2 Morrey spaces

We shall use the following notation. For a Lebesgue measurable set G C R™ and 0 <
p < 00, L,(G) is the standard Lebesgue space of all functions f Lebesgue measurable
on G for which

Iflssicr = ([ 17G)F )" < o0
G

if 0 <p< oo and
1fllzec(ey = ess sup [ f(2)] < o0
xe

if p = oco. Also, for an open set G C R", L}DOC(G) is the set of all functions f such
that f € L,(K) for any compact K C G. If G = R" then, for brevity, we write L, for
Ly(R™) and Ly° for LP¢(R™).

The same convention refers to the case of weak Lebesgue spaces W L,(G), the space
of all functions f Lebesgue measurable on G for which

Lo
| fllwe,@ = sup trf*(t) < oo.
0<t<|C

Here |G| is the Lebesgue measure of GG, and f* denotes the non-increasing rearrange-

ment of f:
f*@t) =inf{7r: A\p(7) < t}, t>0,

where A\¢(7) = [{x € G : |f(x)| > 7}|,7 > 0 is the distribution function of the function

f-

1 Some of such applications are discussed in detail in the survey papers by V.S. Guliyev [21], P.G.
Lemarié-Rieusset [26], M.A. Ragusa [34], and W. Sickel [36] published in this issue of the Eurasian
Mathematical Journal.




Recent progress in studying the boundedness of classical operators of real analysis ... 13

Morrey spaces MZ;\, named after C. Morrey, were introduced by him in 1938 in [30]
and defined as follows: For Ae R, 0<p < o0, f € MI;\ if fe Lz)c and

Hf”M]i\ = ||f||Mg(Rn) = Sup TﬁAHfHLp(B(:w)) < 00,
z€ER™ >0

where B(x,r) is the open ball in R™ centered at the point x € R™ of radius r > 0.
Here the notation is slightly altered compared with the original definition in [30],
namely we write 7~ rather than =7 for the reasons which will be clarified in Section
3. Also in [30] p € [1,00], but there is no problem in extending the range of this
parameter to (0, co].
In other words f € M) if f € Lp°(R") and there exists ¢ > 0 (depending on f)
such that for all x € R™ and for all » > 0

£z, B < e

The minimal value of ¢ in this inequality is || f|| ;-
p

If A =0, then
M}?:Lp
If A =2 then
p
M} = Lo
If/\>%0r)\<0,then
M) =6,

where © = O(R") is the set of all functions equivalent to 0 on R™.
So the admissible range of the parameters is

0<p<oo and OgAgﬁ. (2.1)

i)

(If p = oo then the inequality for A holds only if A = 0 and M2 = L, .)

Under these assumptions, which will always be assumed in the sequel, the space
Mz;\ is a Banach space for 1 < p < oo and a quasi-Banach space for 0 < p < 1.

Also the space ]\/[pA does not coincide with a Lebesgue space, if and only if

0<p<oo and 0<A<-—. (2.2)
p

Furthermore,
LN L, CM).

If f € Ly, then f € M if and only if sup,cgn ooyt 7| fllL,(B(@r)) < 00, hence under
this assumption only local properties of f are of importance.
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Example 1. If o € R and conditions (2.2) are satisfied, then

|x|"‘eM;<:>a:,\_ﬁ,
p
n
12" X o (X) € M) = 0> X — =

p
and n
a M)\ < — =
|| XGB(O,I)(x> eEM; = a<A p
Here x,, is the characteristic function of the set G C R" and "G is the complement of
the set G.

Example 2. If o, € R and conditions (2.2) are satisfied, then

|z|* if || <1,

A
@f i o] >1 €M

foat) = {

if and only if
8 <a and E+ﬁ§)\§2+a.
p p

Sometimes it is more useful to consider the local variant of Morrey spaces, namely
the space of functions f € L}DOC(]R") which are such that

sup T_AHfHLp(B(xJ‘)) < 0.
r>0

for a fixed > z € R", in which case the behaviour of the expression || f| 1, (B(,) 18
important only in a neighbourhood of the pount z, in contrast to the case of standard
(global) Morrey space M, when the uniform in 2 € R™ behaviour of the expressions
I Iz, (B is assumed.

Also by WM;‘ we denote the weak Morrey space, the space the space of all functions
fe WL;"C with finite quasi-norm

W llwagy = 1 lwagpeny = 51D 71wy ey -
zeR™, r>0

3 Comparison of Morrey spaces and spaces of smooth functions

Consider the Nikol’skii space * Hz/»\ = HIQ\(R”) of functions possessing “common smooth-
ness of order A measured in the L, metrics”. For A > 0,1 < p < oo they are defined in
the following way: f € H;‘ it f € L, and

1y = 1f e, + sup [BITMAT L, < oo,
RER™, h7£0

)

2 Usually it suffices to consider = = 0.
3 Detailed exposition of properties of these spaces can be found in [32], [2].
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where AY f is the difference of f of order o € N with step h and o > A. (For different
o > A the definitions are equivalent.) One can prove that if 0 < A < %, then

A A
H) C M.

(For n =1 see [24], for n > 1 [31], [32].)

Clearly the converse inclusion does not hold, because if f € MPA, then clearly
fg e MpA for any bounded measurable function g, which is not true for the case of the
spaces H.

So, MpA is not a space of functions possessing any kind of common smoothness of
order A, but the expressions || f| 1, (B(z,r) behave like the ones for functions f possessing
certain smoothness of order .

Example 3. Let n € C§°(R") be such that n(z) =1 if || < 1. Then

n
z|*n(x) € H) <= |z|*n(x) € M) <= a> X — e

Remark 1. It appears that, in many situations in real analysis and especially in

applications to the theory of partial differential equations, of primary importance is

the behaviour of the expressions || f|/z,(B(,r) rather than smoothness properties of f.

In such cases the usage of Morrey spaces is natural and effective.

4 Morrey-type spaces

Definition 1. Let 0 < p,6# < oo and let w be a non-negative Lebesgue measurable
function on (0,00). We denote by LMpg ) = LMpgw)(R") the local Morrey-type
space, the space of all functions f Lebesgue measurable on R™ with finite quasi-norm

171300 = [0 1y o000 ],

and by WLMpg.,() = W LMpg () (R™) the weak local Morrey-type space, the space of
all functions f Lebesgue measurable on R™ with finite quasi-norm

“fHWLMpo,w(,) = Hw(r)Hf”WLp(B(Oﬂ”))HLg(o,oo) :

Furthermore, we denote by GMyp.w) = GMpgw)(R™) the global Morrey-type
space, the space of all functions f Lebesgue measurable on R™ with finite quasi-norm

Y

0O W oo, o,

||f||GMp0,w(4) - jeuﬂg 1 (2 + .)HLMPQ,w(') -

z€R™

and by WG Mgy = WG Mg ) (R™) the weak global Morrey-type space, the space
of all functions f Lebesgue measurable on R™ with finite quasi-norm

||f||WGMp91w(4) = ISGURBL | f(x+ .)”WLMpg’w(_) = Iseulgl Hw(r) Hf”WLp(B(x,T)) ‘LG(O@(}) .
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Remark 2. The spaces LM (), GMpyg () are mostly aimed at describing the be-
haviour of || f|z,Bom): ||f|lz,(B@r) respectively, for small 7 > 0 in a very general
setting.

Note that if w(r) = 1, then LMpo1 = GMps 1 = L,. Furthermore,

GMp,r = M), 0<p<oo, 0<A<—.
p
Definition 2. Let 0 < p, 0 < co. We denote by {2y the set of all functions w which are

non-negative, Lebesgue measurable on (0, 00), not equivalent to 0, and such that for
some t > 0

[w(r) |l 1, 4,00) < 00
Moreover, we denote by (2,4, the set of all functions w which are non-negative, Lebesgue
measurable on (0, 00), not equivalent to 0, and such that for all ¢ > 0

[Jw(r)r" <00, w00 <00

lzsc0

wa(r) (tir)

Lemma 4.1. ([9], [12]) Let 0 < p,0 < oo and let w be a non-negative Lebesgue
measurable function on (0,00), which is not equivalent to 0.

Then the space LMy () s non-trivial, in the sense that LMy ) # ©, if and only
if w € Qy, and the space GMyg () is non-trivial if and only if w € (.

Moreover, if w € Qg and T = inf{s > 0 : ||w||1,(s,00) < 00}, then the space LMyg (.
contains all functions f € L, such that f =0 on B(0,t) for some t > 7. If w € Qy,
then

or, which is equivalent,

s3

< 0
L92 (0,00)

for all ¢t > 0.

Lp N Ly C GMpg,w(‘) .

Remark 3. Keeping in mind this statement it will always be assumed that w € Qy for
the case of local Morrey-type spaces and that w € €2, for the case of global Morrey-type
spaces.

Remark 4. Let LM, .,.y(x), where z € R", denote the space of all functions Lebesgue
measurable on R” with finite quasi-norm

17 00 = |0 sy
Most of the operators A considered in the survey, though not all of them, possess the
property

(A(f(+n)(@) = (Af)(z +h), z heR" (4.1)
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For such operators the boundedness from LM, g, w, () to LM,;,g, w, () implies the bound-
edness from LM, g, w,()(z) to LMp,0, w,)(x) for any x € R™. Moreover

HA”LM p161,wy (1) (T) = LM, HAHLM 161,01 () (0)= LMy 10 (0)

262, w2()

- ||A||LM p101, wl()_>LM 209,wo ()

because
W loags o = 1@+ Mongy oo = 1@+ Mar,

Hence it also implies the boundedness from GM,, 9, w,(.) t0 GM,,6, w,() and

HAHGM p101.w1 ()G Mpogwy () = HAHL Mp101,w1 () LMpy6ywa () *

However, it should be kept in mind that necessary and sufficient conditions on w;
and w; ensuring the boundedness of A from LM, 4, w, () to LMp,0, () imply, in general,
only sufficient conditions for the boundedness of A from GM,, g, w, () t0 GMp,9, ()
and the problem of finding necessary and sufficient conditions on w; and wy ensuring
the boundedness of A from GM,, g, w, () t0 GMp,0, () Tequires further investigation.

Remark 5. Let 0 < |lw||r,(,00) < 00 for all ¢ > 0 and z € R". The fact that
[ € LMpgy(x) provides certain information about the behaviour of f(y) for all
y € R™. In particular, f € Lé"c. However, the most important is the information about
the behaviour of f(y) in a neighbourhood of the point . For example, if f € L,, then
|w) N fllz, s “)”Lg Loy < 00 for any ¢ > 0, and the fact that f € LMy ,y(x) N Ly,

describes the behaviour of the quasi-norms | f||.,(B(zr)) for small r > 0 and hence
completely depends on the behaviour of f(y) in a neighbourhood of z. For this reason
the term local Morrey-type space is used for the space LM, .)(z). If f belongs to
the global Morrey-type space G Mg ..y, then the situation is different: this implies the
uniform in 2 € R” behaviour of the quasi-norms || f||L,(B(.r)-

Remark 6. Let z € R™ be fixed and an operator A be bounded from LM, g, () ()
to LMp,0, w,(-)(x). This provides information about the behaviour of the quasi-norms
|AflL,,Br) for small r > 0 for f € LM, wl( )( x), hence by using the information
about behaviour of the quasi-norms | f||z,, (B for small 7 > 0 and some global
information about f. If A is bounded from GM p161,u1() 10 GMp,0, sy, and one is
interested in the behaviour of the quasi-norms ||Af||z,, (B for small 7 > 0, then
this information is obtained by using stronger assumption f € GM,y g, () Which, in
particular, contains the information about the behaviour of || f||z, (5(yr) not only for
y = x but for all y € R". (In this case one, of course, gets more information, namely
the information about the behaviour of ||Af||z,, 5. for all y € R™.)

In applications to partial differential equations this means that the usage of local
Morrey-type spaces can better describe local behaviour of solutions u to partial differ-
ential equations: the behaviour of the quasi-norms ||u||z,(B(,) may be derived using
the fact that the right-hand side f belongs to the local Morrey-type space LMpg .y (),
hence by using only the properties of || f| 1, (B, for sufficiently small r» > 0 and cer-
tain global information about f, rather than using the fact that the right-hand side
f belongs to the global Morrey-type space GMpg .., hence assuming uniform in y
behaviour of || f||z,Be.r)-
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Remark 7. Both variants of the boundedness of an operator, from a local Morrey-
type space to another local Morrey-type space and from a global Morrey-type space to
another global Morrey-type space, are of interest. However, for the reasons explained
above, of primary interest is the boundedness from a local Morrey-type space to another
local Morrey-type space. Moreover, by Remark 4 for a certain class of operators this
implies the boundedness from a global Morrey-type space to another global Morrey-
type space, whilst the converse, in general, is not true.

We shall also use the notation LM;‘H, GM];\O respectively, for the particular case in

which w(r) = 7~*~#. In this case

1
o] 0 0
HfHL (B(0,r)) dr
1Al eany, = / (;—)\ | <ee

0

By Lemma 4.1 the space LM]j‘@ is non-trivial if and only if A > 0 for § < co and A > 0
for # = oo, and the space GMZ;\G is non-trivial if and only if 0 < A < % for § < oo and
OS)\S%forH:oo.

Note that the expression for || f||, a3, is very similar to the semi-norms || f Hbgg of the
Nikol'skii — Besov spaces B;y. In the latter case A > 0,1 < p,# < oo and 1z, B0
should be replaced by the L, modulus of continuity w?(f,r) = supy, <, [|A7 fllz, @)
with o > A. Recall that || f]| gy, = [IfI|z, + Hbeﬁe' If @ = oo then B, = H. There are
several definitions, equivalent for these values of the parameters, of the spaces B;‘o. The
definition mentioned above makes sense for a wider range of the parameters, namely
for A > 0,0 < p,0 < oco. For this range of the parameters the equivalence of the
quasi-norms || - || B, for different ¢ > A\ was proved in [13].

If & = p then 1
£llag, = )73 ([ ar)” (12)
J

Forn=1,1<p,0 <o00,0< A< % the inclusion
By, C GMy,

was proved by Yu.V. Kuznetsov [25]. In the case p = 6 it follows by equality (4.2) and
the estimate of the right-hand side of (4.2) via || f[|sy for functions f € B, proved by
G.N. Yakovlev [39], [40]. (See also [18].) Further results in this direction can be found
in [4].

The spaces LM;‘O, GMIQ\O and b]);e behave similarly with respect to dilations 7.

((ref)(x) = flex),z € R"):
||7'sf||LMZ§9 = 5)\_%||f||LM39 ) ||7'ef||GMI§9 = 5)\_%||f||GM;‘G

and

A—T
7oy, = 5 1l
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Moreover,

e fll gy, ~ 5)\_%Hf“B% as € — +00.
po po

Also, for natural A,
_n
17 fllwp ~ 77| fllwy as e — +oo,

where W;‘ is the Sobolev space.

This implies that in the terminology, used in particular in [3], p. 32, the differential
dimension of the spaces LM ;9, GM ;‘9, by, Boy, and, for natural A, W' coincide and
are equal to \ — % .

Assume that 0 < ||w]|,(,0) < 00 for all t € (0,00) and let
v(t) = ||w||£91(t7oo) , 0<t<oo.

Then

1
1 lzatpomcy = 07NNl Lage

where
o0

17l pagrs = (0/ (\|f!\zp<<f)<o,r>>>aciv(§j~))>é’ )

11z, B0
”f“LM;’Q = il>113 T

if # < oo, and

it 6 = oo.
The definition of the quasi-norm || f| 2 the definition of the space LM ;;9(') respec-

tively, may be used for any positive non-decreasing function on (0,00) not equivalent
to a constant. (In this case the integral in (4.3) is the Stiltjes-Lebesgue integral.?)
If v is also locally absolutely continuous on (0,00), the case in which we are mostly
interested in, equality (4) holds with the function w defined by

D=

w(r) = (91}’(7")0(7")_9_1) , 1€ (0,00),

if 8 < oo and by

if 8 = oc.
4If {rp}3o __ is an increasing sequence of positive numbers satisfying kEglm ry =0, klggo rE = 00,
o0
{vK}32 _ . is a sequence of positive numbers, and v(r) = . > UkX(y, o> then
=—00

=

= (e, o) \°
Wl = 22 (=5

k=—o0
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We shall also use the notation
GMpoo’w(.) = Mpﬂu(.), WGMpoo,w(-) = WMpyw(.).

The spaces M), .y, WMy, ..y respectively, are the most straightforward generalizations
of the Morrey spaces Mz;\ = M, ,-x, the weak Morrey spaces WM; = WM, ,-x respec-
tively.

5 Embeddings

Let A, B be some sets and ¢, be non-negative functions defined on A x B. (It may
happen that ¢(a, 3) = +00 or ¥(a, ) = +oco for some o € A, f € B.) We say that ¢
is dominated by 1) (or ¢ dominates ) on A x B uniformly in o € A and write

ola, f) S¢Y(a, B) uniformly in o€ A,
if for each § € B there exists ¢() > 0 such that

oo, B) < c(B) (e, B)

for all o € A. We also say that ¢ is equivalent to ¥ on A x B uniformly in o € A and
write
ola, B) = Y(a, 3) uniformly in o€ A,

if ¢ and 1 dominate each other on A x B uniformly in o € A.

Lemma 5.1. ([11]) Let 0 < p,0 < oo and wy, wy € Q. Then® for each 0 < p < oo
L Mg,y C LMy ay(y <= [[W2l|Ly(t.00) S Wi L(t,00) uniformly in ¢ € (0, 00)
and
LMy, () = LMpg.wo(y = |01l Ly(t,00) = |02 || Ly(t,00) uniformly in ¢ € (0,00) .

For a measurable set 2 C R™ and a function v non-negative and measurable on {2,
let L, ,()(£2) be the weighted L,-space of all functions f measurable on € for which

1 fl2y0s@ = vfllz,0) < oo

Moreover, let Ly ) = Ly ) (R™) and ||f||Lw<'> = ||f||quv('>(]Rn).
Recall that L, ., C L,,, if and only if, for some ¢ > 0, vo(z) < cv;(z) for almost all
x € R". In the case of local Morrey-type spaces the condition ||wal|z,(t,00) S w1l 2y (t,00)

5By the above convention the right-hand side of this equivalence means that, given 0 < p < oo,
for each 0 < 6 < 0o and wy, we € Qy there exists ¢ > 0 such that

[w2ll Lo(t,00) < €llwillLy(t,00)

for all ¢ € (0,00). (In this case A = (0,00), B = {0, w1,ws : 0 < p,f < oco;wy, we € Qy}. So, for a
fixed 0 < p < 00, ¢ may depend on 0 < 6 < co and wy, wy € Oy, but is independent of ¢ € (0, 00).)
However, for the whole range of the parameter p, ¢ may depend also on p
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uniformly on (0, 00) arises because the definition of these spaces contains the function
| fllz,(B(os)) Which is non-decreasing. The statements of Lemma 5.1 follow by the
appropriate results for non-decreasing functions contained in [37], [38].

Let 0 < p,6 < oo and w € €. If p <0, then

Lpw(y C LMpgu()

and
[ IFAYRTS | VR (5.1)
where for all x € R”
W (z) = [[w| Ly(jo),00)-

If 6 < p, then
Lyw() © LMpo,u()
and
1Ly S NI, (5.2)
Inequalities (5.1) and (5.2) are corollaries of the following inequality:
1)yl gy < HEG Dt g (5.3)
for functions F' Lebesgue measurable on R™ where 0 < p < ¢ < c0.
In particular, for 0 < p < oo
LMppu(y = Lpy (),
and
I zatyp iy = 1ALy (5.4)

where for all x € R
V() = [lwllL, ()00 -

Moreover, given a function v non-negative and measurable on R", the equality
LMppw(y = Lpw()
holds if and only if for certain ¢y, co > 0
aViz) <wv(z) < V()
for almost all z € R™.

Remark 8. Inequality (5.1) implies that || f|lzaz, ., < W]z, 000 f[lz, for 0 <p <
< oo, because W (x) < [|w]|,(0,00) for all z € R™. However, this inequality holds for
all 0 < p, 0 < oo, because clearly

< [wllLo.00) I flI 2, -

et = [0 161 2y 0 )Lemm)

Hence L, C LMyg () if w € Lp(0,00) and |11, — a1, < [[WllLy(0,00), Where I is the
corresponding embedding operator.
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On the other hand

1w (™)X 50,0 |2, (BO.) | Lo(e,00)

|, ~L0, ) = SUP = lwllzs0,00) - (5.5)
2>0 X5 0.0l Lo )
So the embedding
Lp C LMpgyw(.) (56)
holds if and only if ||w||,(0,00) < 00 and
1 2y 22ty = N[0l Lo(0,00) - (5.7)

Next we discuss conditions ensuring the validity of the embedding
Lpl C LMPZQ’w(.) (58)

where 0 < p1,po,0 < 00, w € €y, and p; # po.
Assume that p; < p,. Since w € y there exists 79 > 0 such that ||w]|z,(g,00) > 0.
We can find f € L, such that f ¢ L,,(B(0,r)). Then f ¢ LM,,9..), because

1 eat, 0y 2 1 |2y BOr0)) 101 20,00 = 00

Thus, embedding (5.8) cannot hold.
If 0 < py < p1, then by Holder’s inequality it immediately follows that
lw(r) | f1|z,,, (B0, Ls(0,00)

fen, 11
£ 0

|| ‘[||Lp1 —>LMp29,u,(.) -

11 11
<o T )
uniformly in w € §2y. Hence the condition

1

Hr"(i_ﬁ)w(r)”Le(Om) < 0o (5.9)

is sufficient for the validity of embedding (5.8).

However, in spite of the fact that Holder’s inequality is sharp, it appears that this
simple sufficient condition is also necessary if and only if § = co. If 0 < oo it is
not necessary (though is rather close to being necessary). In this case necessary and
sufficient conditions are more sophisticated.

Theorem 5.1. ([7]) Let 0 < py < p; < 00,0 <0 < 00, and w € §y.
1. If po=p1,0< 80 <00 0or0<py <py,t =00, then

(L _ L
||]||Lp1—>LMp297w<,> =~ H’r‘ (p2 pl)w(r)HLg(O,oo) (510)

uniformly in w € Q.
2. If 0 < py <py and 6 < oo, then

n(L_1y_1
0|2y =21y 0y 2 1187272075 0 (7) | Ly ti00) | 2o (0,00) (5.11)
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~ tn(%_ﬁ)_g ( r >Ew(r)‘ ‘ (512>
r+t Lg(0,00) 1 L5 (0,00)
uniformly in w € g, where
Pl if ¢
s=4 m-o LUSPL (5.13)
00 if 0>p.
(Here the semi-norm || - || ,(0,00) (0,00)
in the variable t.)
Remark 9. Since 6 < s by inequality (5.3)
e (ED I
r+t Lg (0,00) I L (0,00)
< [ e () ) |
- r+t Ls,t(0,00) 11 Lg -(0,00)
= (3 _?)_% P2 pi_pi)
= ||g" 7T (14 6) e L4 (0,00) e )HLe(O,oo)’

which conforms with sufficient condition (5.9).

6 Maximal operator

Let f € L'°. The Hardy-Littlewood maximal operator M is defined by

My () =sup Bt [ |fldy.
t>0 B(z,t)
The boundedness of M in Morrey spaces was investigated by F. Chiarenza and M.
Frasca.

Theorem 6.1. ([14]) For any 1 <p <oo and 0 <\ < % the operator M is bounded
from M to M.
For any 0 < X\ < n the operator M is bounded from M7 to W M.

Sufficient conditions for the boundedness of M from M, ,, () to M, ) were ob-
tained by T. Mizuhara, E. Nakai, and V.S. Guliyev.

Theorem 6.2. ([27],[29],[19]) Let 1 < p < co. Moreover, let wy € Qpo, Wo € Qoo be
positive functions satisfying the following condition:

—n_q

|wit(r) > <wy'(t)t e (6.1)

HLl(t OO) ~
uniformly in t € (0,00).

Then for p > 1 M 1is bounded from M, .,y to My ) and for py =1 M is bounded
Jrom My ) to WMy (.
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In the [27], [29] this statement was proved under the following additional assump-
tions: it was assumed that w; = we = w and that w was a positive non-increasing
function satisfying the pointwise doubling condition, namely that for some ¢ > 0

crw(r) <w(t) < cw(r) (6.2)

for all ¢, 7 > 0 such that 0 < r <t < 2r. In [19] it was proved without these additional
assumptions. (See also [22],[23], [20].)

The known results on the boundedness of the maximal operator in general weighted
Lebesgue spaces (see [35], [16], [15], [17]), inequalities (5.1), (5.2) and equality (5.4)
imply the following statement for the case of Morrey-type spaces, including necessary

and sufficient conditions for the boundedness of M from LM, w, () t0 LM, 0, wo(.)-

Theorem 6.3. Let 1 < p; <py <00, 0< 01,0, < o0, wy € Qy,, we € Qp,.
Let 01 < p1 and ps < 0y and

n-1 ne
sup R {[¢ 7 Wi (1) ™" thlWQ(t)‘ < 0. (6.3)
R>0 Ly (0,R) Lp, (0,R)
1
or equivalently
1 1
o el e
L, w,(B) Ly (B)
uniformly in balls B C R™, where p| = pfip
Wi(t) = lwillze, o)y Walt) = llwallLg, t.00); (6.5)
for allt >0 and
Wiz) = lwillz,, (afo),  Walx) = lwallL,, 12,00 (6.6)

for all x € R™. Then M is bounded from LMy g, w, ) to LMy,0,u,) and from
GMp0,w,() 0 GMp,0,w,()- (In the latter case it is assumed that wy, € Qp4,,
wy € QP292')

If p1 < 0y and py > Oy, then condition (6.3), or equivalently (6.4), is necessary for
the boundedness of M from LM, 9, w, () 0 LMp,0, ws(.)-

In particular, if 01 = p1 and 0y = po, then condition (6.3), or equivalently (6.4), is
necessary and sufficient for the boundedness of M from LM, p,, w, () to LM,

pap2,wa(-)-

If p1 # 6, or py # 0Oy, for the first time in the problem of boundedness of the
maximal operator in general Morrey-type spaces, for a certain range of the numerical
parameters necessary and sufficient conditions ensuring the boundedness were obtained

by V.I. Burenkov and H.V. Guliyev [§], [9].
Theorem 6.4. ([8],[9],(6]) If 1 <p < o0, 0 < b <0y < o0, w € Qy,, and wy € Qy,,
then the condition

|w r

< lnllzy o (6.7)
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uniformly in t € (0,00) is necessary and sufficient for the boundedness of M from
LMy, w0y t0 LMpg, wy(y- (The quasi-norm || - ||z, 0,00) s taken with respect to the
variable r.)

Moreover,

(6.8)

||M||LMP<91aw1(~)_’LMP92»w2(') ~

_ T \o»
i)

su 7
0<t<oo +7r Lo, (0,00)

uniformly in wy € Qp, and wy € Cy, .
If p =1, then condition (6.7) is necessary and sufficient for the boundedness of M
from LMig, 1, ()(R™) to W LMig, 1) (R™) and

— r "
1120t B b ) = SUD 0alz 2) (77 (6.9)

t+r Lo, (0,00)

uniformly in wy € Qp, and we € Cy, .

Keeping in mind that, in general, it may happen that |[w1 ]|z, (t,c0) = 0 for a certain
t > 0 or that [|wi||z, (1,00) = +00 for a certain ¢t > 0, in (6.8) and (6.9) it is assumed
that 07! = +o00, (+00)"t =0, and 0 - (+00) = 0.

Inequality (6.7) implies that for the boundedness of M from LMy, () to
LMy, wy() it is necessary that ||wil|L, (0,00) > 0 for all ¢ > 0. Otherwise by (6.7)
wy ~ 0 on (0,00) which contradicts the assumption wy € Q,. This also follows di-
rectly for any 0 < 61,0, < oo. Indeed if ||wi|L, (0,00 = O for a certain ¢ > 0, then
1z|x, () € LMpg, () but (M f)(x) = +oo for all z € R™, hence M f & LMyp, ()

B(0,t)
since wy is not equivalent to 0 on (0, co).

Remark 10. Condition (6.7) is equivalent to the two conditions

< lunllyy e (6.10)

n

t P

U)Q(’f’)?“%

L92 (Ovt)

and
w2, 0y S 0l 10 (6.11)

uniformly in ¢t € (0, 00).

By Lemma 5.1 condition (6.11) is equivalent to the embedding LMy, .y C
LMy, (). Hence the necessity of condition (6.11) is obvious, because (M f)(z) >
| f(z)] for almost all z € R™ hence

||]||LMp91,w1(~)_’LMp927w2(*) < ||M||LMP(’LU&(-)_’LMP%MQ(')'

Remark 11. In [8],[9] Theorem 6.4 is proved under the additional assumption 6; < p;,
in [6] without this assumption by using a different method.

In the formulation of Theorem 6.4 there is a natural assumption wy € €y, (non-
triviality of the space LMy, ,). However, inequality (6.11) and Definition 2 imply
that the stronger assumption wy € 1,4, is necessary for the boundedness of M from
LMy, 1w, () t0 LMy, (). Moreover, if 0, = oo and 61 < oo it is also necessary that

walr) (tir)z

lim = 0. (6.12)

t—o0
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Corollary 6.1. Let 1 < p < o0, 0 < 0; < 0y < 00, we € Qyp, and, if O = oo and
01 < 00, then also condition (6.12) be satisfied.

Then

1) M is bounded from LMy, w:(y to LMpg, w,y(), where wy is a non-increasing con-
tinuous function on (0,00) defined by

r n/p
0000 = |12 (75

2) If wy € Qg, and M is bounded from LMy, () t0 LMpg, wo(), then

. te(0,00). (6.13)

L92 (0700)

LMpel,un C LMp91,wi‘- (6.14)

(Hence LMyp, w: () is the mazimal among the spaces LMyp, w, (), w1 € S, for which
M is bounded from LMyp, v, to LMpg, ,-)

Note that equality (6.13), under the assumptions (2) and (if #; = co and 6, < o)
(6.12), defines a non-increasing continuous function wj uniquely. In particular, if 6, =

00, then
n/p
r
wQ(T) (t + r)

In Theorem 6.4 61 < 0. In the case in which LM, () = Ly, 1. e. 01 = oo, w; =1,
necessary and sufficient conditions were obtained also for 6, < 6.

We start with the following simple observations aimed at clarifying necessary as-
sumptions on 0 < pq, pe, 0 < oo for which for certain w € €y the operator M can be
bounded from L, to LMy, ...

wi(t) = : t € (0,00).

L92 (0700)

Remark 12. Let 0 < 0 < oo, w € {0y, and 0 < p; < ps < 0o. Then there exists ro > 0
such that [|wl|z,(rg,0c) > 0. We can find f € L, such that f ¢ L,,(B(0,79)). Then
Mf & L,,(B(0,79)) and therefore M f ¢ LM,,9 ., because

IM fllLat0 00 = Ml Ly, (BOr0) W] Lo (ro,00) -

Thus, in the problem of boundedness of the maximal operator M : L, — LM,,g,, one
should assume that ps < p;.

Remark 13. Assume that 0 < 6 < oo, w € €y, and p; = p, = p > 1. Since
M f(x) > |f(x)| for almost all z € R™ by (5.5)

MLy~ 000 = M Ly—rp00 = 102000 -

On the other hand, by applying the classical L,-estimate for the maximal function, it
follows that
[w(r) 1M |z, (30.r)) || Lo (0.50)
fer, 171,
f#0

H MHLP—J/MP(;’UJ(.) =
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[ (P f 1]z, [l 2o (0,50)
< s P = (wl| g 0,00)
fel, 1f1lz,

/0

uniformly in w € 2y. Thus

[ M2, —10.000 = W] Lg(0,00) (6.15)

uniformly in w € €.
For similar reasons by the equality [[X ., WL (B(0.0) = Xz 2:(B0.0) and the
boundedness of M from L; to WL, it follows that

[ M —wrang o, = 10]l2g0,00) (6.16)

uniformly in w € €.
Equivalences (6.15) and (6.16) also follow by equivalences (6.8) and (6.9) with
w; = 1, wy = w, 0; = 00,0y = 6, because

w(r) (t :; r):

If pr = py =1, then | M|z, —Lm,,,, = o0 forall 0 < 0 < co and w € Q. This follows
if one considers test-functions x, ., and passes to the limit as ¢ — 0.

sup
0<t<oo

= [lwl|Ly(0,00) -
Lg(0,00)

Summarizing, if one investigates the boundedness of M from L, to LM, .., then
one should always assume that

O<9§OO, 1§p1§00, O<p2§plifp1>1,0<p2<1ifp1:1,
and w € (.

Remark 14. What happens if 0 < p, < p1? If py > 1, then by applying Holder’s
inequality and the boundedness of M from L, to L,, it immediately follows that

1 1

11 n(l_ 1
IM fliz,, o < (war™ e o | M £z, <o) fll,,
uniformly in » > 0 and

[w(r) [ M |z, (30| o(0.00)

fen. 171z,
A0

HMHLpl A’LMp29,w(-) =

)
S ||r reen w(r)HLg(O,oo)
uniformly in w € . Hence the condition (5.9) is sufficient for boundedness of the

maximal operator M from L, to LM,,g ..
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If 0 < py < 1, then condition (5.9) with p; = 1 is also sufficient for the boundedness
of M from L, to WLM Lyt This follows since by the boundedness of M from [,
to WL1

IM flz,, B0 = 1M F)X g0 1 Lpy BO) < N F)X p0.00) | Ly 0,18:1)

< (s U0, ) 1 2agiogm0

0<t<|By|

1

_1 _ n(L_
= (1—pa) 22 (0™ 72 M flwrason S 7% VN fll,
uniformly in r > 0.

Denote by L the space of all functions f € L, of the form f(z) = g(|z]),z € R”,
where ¢ is a non-negative non-increasing function on (0, 00).

Theorem 6.5. ([7]) Let n € N0 < ps < p; < 00,0 <0 <00, and w € Q.
1. If p1 > 1, then M is bounded from L, to LMy, ., if and only if

L}Dl C LMp00, 190

and

1M 2y~ 2000, iy = 1My

202, w2 (- —LMpy69,ws(-)
ST (PR 1 PRI

uniformly in w € g, where I is the corresponding embedding operator.
2. If py = 1, then M 1is bounded from Ly to W LMg ) if and only if

L% C LMlgyw(.),

and
IV i eatson, = 1Mt i
~ s rany s = Mlleszng e,
uniformly in w € Q.
Theorems 5.1 and 6.5 imply the following statement.

Theorem 6.6. ([7]) Let 0 < py < p; < 00,0 <8 < o0, and w € .
L If1<po=p1,0<0<000r0<py<pi,p1 >1,0=00, then

L,L)

||M||Lp1—>LMp2@7w(.) ~ HTn(pQ 1 wOﬁ)HLg(0,00)

uniformly in w € .
In particular, if 1 <p < 00,0 <60 < oo, then

1M 2yt 0, = (0], 0,00

uniformly in w € Q. Also for all 0 < 0 < oo

1M imwatig e, = [0 1,000
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uniformly in w €
2. If0<py <p1,p1 > 1, and 6 < oo, then

11y 1
HMHLP1—>LMI)29 w(+) ~ ||tn(p2 Pl) s

()| Lo(t00) 124 (0,00) (6.17)

uniformly in w € Sy, where s is defined by equality (5. 13) (Here the semi-norm
| - |Lo(0,00) @s taken in the variable r and the semi-norm || - |1 0,00) @ the variable t.)

Example 4. Letn e N;0 < py <p; <oo,p1 >1,0<60 <00, A\, Aa €R, and

wlr) = e i 0<r <1,
T lree o if 1<r<oo.

Then w € Qy if and only if Aoy > 0 for 8 < oo and Ay > 0 for 6 = oo
Under this assumption M is bounded from L, to LMp,, () tf and only if
1) forpa <p1 <0 <00

3) for py =m
M <0 if =00, AN <0 if <0
(if po = p1 = 1, this condition is necessary and sufficient for the boundedness of M
from Ly to W LMg .))-

Example 5. (Particular case of Example 4.) Let n € N;0 < py < p; < o00,p; > 1,0 <
0 <oo, \>0 for <ooand A >0 forf =
Then M is bounded from L,, to LM

p26 —

LM v if and only if

pabr A0

1 1
p1 <6 and Azn(———).
b2 N

(The necessity of the above equality easily follows by the dilation argument.)

If p1 = po = p > 1, then M is bounded from L, to LM’\ only in the case 8 = oo
and X\ = 0, in which LM wo = Ly Similarly, if p1 = pa = 1 then M 1s bounded from
Ly to WLMy, only in this case.

Example 6. Letn € N0 < ps < p1,p1 > 1,0<0 <p,v €R, and
w(r)=1r" (55~ p1)+0(1 +|Inr)™”
Then M is bounded from Ly, to LMy,e, .y if and only if > i_1,

p1°
Remark 15. Examples 4 and 6 imply, in particular, that the right-hand side of
equivalence (6.17) is not equivalent to the right-hand side of equivalence (6.6) for all
O<py<pir <oo,p1 >1, and 0 <6 < oo.
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